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PREFACE 


There has been considerable enthusiasm in recent years for the idea that the 
gauge field theories describing elementary particle interactions should 
possess global supersymmetry. This enthusiasm has been generated to a 
considerable extent by the capacity of supersymmetry to solve the gauge 
hierarchy problem of grand unified theories, fine tuning at each order of 
perturbation theory to preserve the electroweak scale being avoided in 
supersymmetric theories as a consequence of non-renormalization 
theorems. 

Once one is committed to global supersymmetry the commitment does 
not end there. Potentially realistic supersymmetric gauge theories have a 
supersymmetry-breaking scale sufficiently large that effects of gravity can- 
not be neglected so that one must derive the globally supersymmetric theory 
from a theory of supergravity in which the supersymmetry is local. However, 
supergravity, like any (point particle) field theory containing gravity is non- 
renormalizable and cannot be the fundamental theory of interactions. There 
is, at the time of writing, only one known renormalizable theory that can 
describe quantum gravity in the presence of matter, namely the theory of 
superstrings. Thus, once embarked on a study of supersymmetry we are led 
almost inevitably to string theory. 

This book introduces the reader to supersymmetry, supergravity and 
superstring theory in a single volume. In view of the fact that there is 
potentially enough material to fill five or six volumes, we have been very 
selective. In particular, the discussion of supersymmetry is entirely in terms 
of component fields, the discussion of supergravity entirely from the 
Noether procedure standpoint, and the development of string theory does 
not go beyond interactions at tree level. However, we have thought it 
appropriate to include two chapters on the construction of string theories in 
four dimensions so as to make contact between string theory and low-energy 
supergravity. 

We are grateful to many colleagues, including D R T Jones, G G Ross, 
B Sendhoff and especially D C Dunbar and S Thomas for the supersym- 
metric physics that we have learned from them, and to Miss A S Clark for her 
very careful and speedy typing of the manuscript. Finally, we wish to thank 
our wives, to whom this book is dedicated, for their invaluable encourage- 
ment throughout the writing of the book. 


David Bailin 
Alexander Love 


Taylor & Francis 
Taylor & Francis Group 
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SUPERSYMMETRY ALGEBRA AND 
MULTIPLETS 


1.1 Introduction 


At the time of writing particle accelerators are beginning to probe the 
100 GeV to 1 TeV energy scale at which many theorists expect the first direct 
evidence of supersymmetry to appear. We shall see shortly that super- 
symmetry implies that all particles possess supersymmetric partners having 
opposite statistics. This is because supersymmetry multiplets consist of 
equal-mass particles whose spins differ by 3. So far no supersymmetric 
partners of any known particles have been discovered, so supersymmetry if 
it exists is not only broken, but broken at an energy scale beyond the reach of 
accelerators to date. Nevertheless, supersymmetry remains attractive, at 
least to particle theorists, for several reasons. 

First, it provides the only known solution of the ‘technical hierarchy 
problem’. This will be described in detail in Chapter 6. For the present we 
merely remark that in a grand unified theory (of strong and electroweak 
interactions) the unification scale is at least 10'° GeV, and the (hierarchy) 
problem is to understand how the electroweak scalars remain massless way 
below this scale when they are not protected by any symmetry that would 
guarantee it. This problem is solved in a supersymmetric theory by a 
cancellation of Feynman diagrams that separately would generate the 
undesired mass scale. This illustrates the second attractive feature of 
supersymmetry, which is that supersymmetric theories have better high- 
energy behaviour than non-supersymmetric theories. In fact some 
(extended) supersymmetric theories are so ‘well-behaved’ that they are 
completely finite“. (Thus these theories meet Dirac’s criticism of (non- 
supersymmetric) theories, such as quantum electrodynamics, that they 
cannot be considered as complete physical theories if one has to calculate 
and manipulate infinite quantities.) The third, and most recent, reason for 
supersymmetry being so well regarded is that it appears to be an indispens- 
able ingredient of the ‘superstring’ theories which we shall discuss in 
Chapter 9, and the succeeding chapters. These theories have some quite 
remarkable properties, as we shall see, and at the moment they are the best 
candidates we have for ‘theories of everything’, i.e. quantum theories of the 
strong, electroweak and gravitational interactions. 

The cancellation that solves the hierarchy problem arises because of the 
negative sign associated with closed fermion loops, as compared to bosonic 
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loops. The fact (if it is one) that each boson has a fermionic partner of equal 
mass suggests the enlargement of the Poincaré algebra by the inclusion of a 
spinor generator Q. Then since Q commutes with the mass operator, but not 
with the spin operator, we obtain irreducible representations of the enlarged 
algebra that have a definite mass, but different spin values. We can then see 
how this might, in principle, solve the hierarchy problem: since we know 
how to arrange that fermions stay massless, by having a chiral theory, we can 
ensure that their bosonic partners are also kept massless by making such a 
theory supersymmetric. 

In the first instance, supersymmetry is introduced as a global symmetry of 
the Lagrangian and this will be the standpoint adopted in Chapters 1-3. 
However, it is attractive to think that supersymmetry, like gauge symme- 
tries, may occur as a local symmetry. In that case, because the supersym- 
metry algebra contains the generators P, of translations we will be 
considering translations that vary from point to point in space-time. Thus, a 
theory of local supersymmetry will contain general coordinate transform- 
ations of space-time, and so, amongst other things, will be a theory of 
gravity. Such supergravity theories will be discussed in Chapter 4. 

One might imagine that it will only be necessary to take account of 
supergravity, as distinct from global supersymmetry, at very high energies, 
close to the Planck scale. However, it turns out, as will be discussed further 
in §4.1, that potentially realistic supersymmetric theories have supersym- 
metry breaking scales of 10'°-10!! GeV. As will be seen in Chapter 5, this 
supersymmetry breaking feeds through into the low-energy theory as masses 
for scalar partners of fermionic states of the order of 10*-10° GeV. Thus, it is 
not possible to neglect the effects of supergravity even at low energies. 
Supergravity will be developed in Chapters 4 and 5. 

Like gravity itself, supergravity is a non-renormalizable theory and 
cannot therefore be an acceptable final theory of everything. The only 
known theory containing gravity that is renormalizable is the relativistic 
string and, as will be discussed further at the end of Chapter 12, supergravity 
should be regarded as an effective low-energy theory derived from the 
fundamental string theory. The development of string theory will take up 
the second half of the book. In string theory, supersymmetry enters in two 
distinct ways. First, it occurs in the formulation of the superstring in Chapter 
8 as a symmetry associated with the two-dimensional world sheet of the 
string. Second, it can also occur as a space-time symmetry such as is studied 
in this chapter. Although space-time supersymmetry need not necessarily 
arise from a superstring theory (with world sheet supersymmetry) theories 
that do not enjoy space-time supersymmetry usually (if not always) lack a 
stable ground state when the question of stability of the ground state is 
studied beyond string tree level. 

At the time of writing the first fairly direct evidence of supersymmetry 
may already have been seen in the running of gauge coupling constants from 
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their measured low-energy values to high energies. When non- 
supersymmetric renormalization group equations for the standard model 
are employed nothing special happens, but when supersymmetric renorma- 
lization group equations, taking account of the supersymmetry partners of 
the standard model particles, are run instead, the SU(3) x SU(2) x U(1) 
gauge coupling constants reach a common value at around 10’° GeV. This 
may be regarded as evidence for supersymmetric grand unification. This 
empirical observation is a little more tricky to interpret in the context of 
superstring theory where there is a natural unification of gauge coupling 
constants at tree level at around 10'* GeV, regardless of whether there is a 
grand unified group or not, and the observed unification at about 10'° GeV 
may require string loop threshold corrections to the renormalization group 
equations to move the unification scale down in energy. 


1.2 Dirac, Weyl and Majorana spinors 


We start by reviewing the Poincaré algebra. A Poincaré transformation P is 
a proper Lorentz transformation A followed by a translation a. Let x“ 
(u=0,1,2,3) denote the coordinates of a space-time point. Then the 
Poincaré transformed coordinates are given by 


x'H = AP x” + a" (1.1) 
where A is the restricted Lorentz transformation. So 
det A = +1 A% >1 (1.2) 


and all such transformations are continuously connected to the identity. We 
denote such a Poincaré transformation by 


P={),a}. (1.3) 


The generators of the Poincaré group are evidently the six generators M“” of 
the Lorentz group plus the four generators P4 of the translation group. We 
use Hermitian generators so that P“ is the energy-momentum operator, and 
M*’ is the angular momentum tensor. By considering infinitesimal trans- 
lations 


Xj, =X, +a, =X, —ia,(P*),, (1.4) 
we find 

(P^) = ið}. (1.5) 
Similarly for an infinitesimal Lorentz transformation 

xP = xP + oX EPO Fi Ou (MW)? x? (1.6) 


where wps = —O po it follows that 
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(M*”),, = i(04 65 — 6565). (1.7) 
It is then easy to verify that the Poincaré algebra is 
[P*, P*] =0 (1.82) 
[M“”, P4] = i(y” PY — nM P”) (1.85) 
[M“", M] = i(n? M¥? + M” — g? M” — n°? MHP) (1.8c) 


and we are using the ‘Bjorken and Drell’ Minkowski space-time metric 
Na = N“ = diag(1, =1, —1, —1). (1.9) 


We have already declared our intention to enlarge this algebra by the 
introduction of a spinor generator, but to avoid confusion we need to be 
quite precise about the various spinors that arise. First we have the familiar 
Dirac spinor, discussed in §3.4 of Bailin and Love I. This is defined in terms 
of the 4 x 4 matrices y“ which satisfy 


ty y} = yy” + yy” = WL. (1.10) 

It is easy to verify that the matrices 
V i v v 

o (1.11) 
satisfy the Lorentz algebra (1.8c), and in fact on the Dirac spinor the 
Poincaré generators are given by 

P* =i 04 (1.12a) 

M” = x#P” — x” P“ + 53", (1.12b) 


When discussing massless solutions of Dirac equation it is particularly useful 
to use the Weyl representation for the gamma matrices. In the Weyl 
representation 


y= (2. A (202103) (1.13) 
where 

o“=(h, a) (1.14a) 

GY = (h, -0) = 0,. (1.14b) 
Then 

ys = iy y!y?y? = 2 n (1.15) 


and we see that in this representation the upper two components of the Dirac 
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spinor Yp have left chirality, while the bottom two components have right 
chirality. In other words, we can write 


Fo = Yi + Ve, (1.16) 
where 

WL =2(1 - ys)¥p (1.17a) 

Yr = 31 + y5)¥p (1.17b) 


and then Y, has two non-zero components, denoted y, (a = 1, 2), in the 
upper two components. The two non-zero components of Vp are denoted 
Z* (a = 1, 2). These two component spinors are called Weyl spinors. We use 
a dotted label & for the right-handed spinors, since the two types of spinor 
transform differently under Lorentz transformations. This is easily seen 
from (1.11), for example. Both spinors transform identically under ro- 
tations, since 


ij in (o* 0 
EAA a (1.18) 


The difference is in their behaviour under Lorentz boost transformations, 
since 


iyo _ fio’ 0 1.19 
pa al (1.19) 
Thus we write (in the Weyl representation) 
= (Ve = 
P= 0 (a = 1,2) (1.20) 
0 
Ya =| 2a] (a= 1,2). (1.21) 


Now suppose the Dirac spinor Vp has ‘charge’ e, and satisfies the Dirac 
equation 


iy“(d, — ieA, Vp = 0 (1.22) 


where A,, is the vector potential associated with some external electro- 
magnetic field. Then using ¥ = WV'yo, we find 


-iy“"(a, + ieA,)¥p? =0. (1.23) 


The matrices —y,,’ also satisfy (the Clifford algebra) (1.10), and (in four 
dimensions) there is a non-singular matrix C such that 


C7 ly#C = yT. (1.24) 
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Thus if we define the ‘charge-conjugate spinor’ Vp by putting 

YE = Cp (1.25) 
we see that it has ‘charge’ —e and satisfies 

iy“(d, +ieA,)Vp. (1.26) 


It is easy to show that C is always anti-symmetric, and in the Weyl 
representation (1.13) we may choose C to be (proportional to) y°y”. So 


-0 0 
C= wy? = o| 0 2i (1.27) 


Writing Vp in terms of two-component spinors 


Vp = (") (1.28) 
we find 

Wo o( 97), (1.29) 
We require that 

(yp) = Yp (1.30) 
which implies 

|o| =1. (1.31) 


It is easy to verify that o*y* transforms in the same way as % does under 
Lorentz boosts, and that o*7* transforms like y. We therefore introduce the 
following notation: first we define 


Pa= (Wa)* L= (1.32) 


and then use the matrix wo? to raise dotted indices, and —wo to lower 
undotted indices. It is convenient to choose 


w = —i (1.33) 
and then the two matrices are the inverses of each other: 
0 1 
—w0*)o3 = = 1.34 
(woda = eas = I | (1.34) 
(wo?) = e = R a (1.35) 


Then 
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Xa = Capt? (1.36) 
p= cP py (1.37) 
and we have 
= r z = (2) 
Wp =|" we =|). 1.38 
5 - b=(% (1.38) 


The above definitions specify how to raise undotted indices and to lower 
dotted indices: 


X= Py, (1.39) 
Pa= T (1.40) 
where 
0 -1 
aß = 
€ È 0 (1.41) 
0 1 
= i 1.42 
Ea © ( ) 
Thus 
Ex = Egg =i 07 (1.43) 
e% = ef = io, (1.44) 


Evidently a Dirac spinor in general has four independent components, two 
for each Weyl spinor. A Majorana spinor Vy, is defined as one that is equal 
to its charge-conjugate spinor 


Fu = Ym. (1.45) 
It follows from (1.38) that this occurs if, and only if, 

Ya = Xa (1.46) 
which implies 

y= gå. (1.47) 


Clearly a Weyl spinor cannot be a Majorana spinor, and vice versa. 
However, given a Weyl spinor Ya we can always construct a Majorana 
spinor from it: 


Vu = (ea l (1.48) 
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A general Dirac spinor Yp can always be written in terms of two Majorana 
spinors: 


where 
Yvi = 5 (Un + Y) (1.504) 
1 č 
Fu = i (Yp - YD). (1.50b) 


The reason for introducing raised and lowered indices on the spinors is to 
facilitate the construction of Lorentz-invariant (and covariant) quantities in 
terms of Weyl spinors. (It is analogous to the definition of covariant and 
contravariant vectors from which we construct Lorentz scalars.) Consider 
first the behaviour of a Dirac spinor under the Lorentz transformations (1.1) 
with a“ = 0. The invariance of the Dirac equation requires that the wave 
function Vp(x’) describing a spin-5 particle in the Poincaré transformed 
coordinates is related to the wave function in the original frame by 


Vox’) = SA) Fpl) (1.51) 
where S(A) satisfies 

S(A)7!y#S(A) = M@yy”. (1.52) 
We may write the general (proper) Lorentz transformation A in the form 

A = exp |- 5 pM (1.53) 
with M“” given in (1.6), and w,, = —@,,, and then 

i 1 
= = Wy, = >” 1.54 
SA) = exp |~ 54053 (1.54) 


with 2“” given in (1.11). In the Weyl representation given in (1.13) we may 
write 


Leg io” 0 
iyu 1.55 
z> | 0 ia” i ) 
where 
g= 3046" a oa’a") (1.56a) 
1 


a’ =l(GXo" — ao"). (1.56b) 
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Evidently the matrices o“” and o“” control the transformation properties of 
the dotted and undotted spinors, and clearly have indices 


(oP) Cisi (1.57) 
which is consistent with o“ and g“ having indices 
(0 aa a"), (1.58) 


Then under the Lorentz transformation (1.53) the undotted spinor wy, 
transforms to 


Pa = SiN Pvp (1.59) 
where 

S,(A) = exp Goo”). (1.60) 
Similarly the dotted spinor ¥* transforms to 

Z” = H(A’ (1.61) 
where 

S(A) = exp Gwna”). (1.62) 


It is easy to verify that o“” = —G“” and hence that 
SAY = S(A)™. (1.63) 


The transformation properties of the undotted raised spinor y“ follow from 
its definition (1.39): 


y= Pyh = EFSA) py = PS (A) es? = BAs y. (1.64) 
We leave it as an exercise to check that 

axle get 

o?“ = ott 

gato? = -gT 

ogo? = —GH"t (1.65) 
and from these it follows that 

SA) = SA". (1.66) 
Similarly 

Zi = SAM oP Zg (1.67) 


where 
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Sa(A) = SA)" = S,(A)* (1.68) 


which is just as well, since this is certainly required by (1.32) and (1.59). 
Finally we may check that the quantities 


Xa = Hap (1.69a) 
Zat = -Z Ya (1.69b) 
are Lorentz invariant, as the notation suggests. We may also construct 


covariant four-vectors from the Weyl spinors using the matrices o“, g“. 
Thus 


Zal" y = F (0 Jaa Y (1.70a) 

Laip = XalT“ Ya (1.70b) 
both transform as vectors. Similarly 

Lo oP Wp = Xala”) yf (1.71a) 

Lalo" a PË = (O's Bp (1.71b) 


transform as tensors. We can make the indices occur in the natural order on 
the right-hand sides of (1.70), (1.71) by interchanging the two spinors. 
However, in doing this we must remember that the spinors are all Grass- 
mann variables®), That is to say all spinors are anti-commuting (c-numbers). 
Then 


{v.x} = {V.X} = {4,7} =0 (1.72) 
for upper or lower indices. It follows that 

XVa = YXa (1.73a) 

Za = WX" (1.735) 

Tilo" F Pa = —Y*(O" Jaag (1.74a) 

Wa) P pF = —por") Xg (1.745) 

La Tr” hy PP = -palT Fh pf. (1.74c) 


It is often useful to use an abbreviated notation and omit the summed 
spinor indices. Thus we define 


XY =X Ya = YX (1.75a) 
ZP = Lab" = YX (1.756) 
where we have used (1.73) to establish the right-handed sides. The reason 
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for the definition 7 as Z4y* rather than 7“, is so that we may define the 
Hermitian conjugate of a product 


(ay =y r. (1.76) 
For single spinors Hermitian conjugation is just complex conjugation, so 

(Pal = (Wa)* = Wa (1.77a) 

(x°)' == zt (1.77b) 
from (1.32). Then because of the reversal of order in the definition 

(xp) = ox = XY. (1.78) 
Also if we define 

xo"p = xo api” (1.79) 
then 

(xop = pory = —75" y = -P 5“ x) . (1.80) 
Similarly defining 

xoy = x0" oP We (1.81) 
implies 

(xoy) = - (P07) = Zo" P = (yoy . (1.82) 


We may now use this notation to express the usual Dirac covariant bilinears 
in terms of the Weyl spinors which appear in the Dirac spinors. We write 


y= (2a) = (1.83) 
x 7 
in the Weyl representation, and then 
VO = p7 + yp = (OV) (1.84a) 
Vys® = P7 - xp = - (ys Y) (1.84b) 
Vy" = yo"'7 + pag = (Dy Vy (1.84c) 
Vy“ys® = yo"R — pa" g = (By"ys¥y (1.84d) 
TIO =i yog +i pag = (OY). (1.84e) 


In the same way we may also express the Majorana bilinear covariants in 
terms of the various Weyl spinor covariants. Defining the Majorana spinors 
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nol evel aw 


it follows from (1.84) that 


PuPu = PF + VE = Oy Vu = (Fubu) (1.862) 
Fuys®m = PF — ye = Ouys¥u = -(Fmys®m) (1.86b) 
Fuy Pu = yoẸ + PT“ = -Puy Yu = (Fuy Pu) (1.86¢) 
Puy“ys®u = yo“ — "g = Puy“ysYm = (Yuy ysu) (1.86d) 


Pul Dy =iyo e +i pg = -Pul Fy = (Fu Pu) . (1.862) 


Just like Dirac spinors, the Weyl spinors also satisfy various Fierz 
identities. All of these may be derived from the basic identity 


bap0v9 = Oas0vp + Oa 00g] 


which expresses the completeness of the set J, 0 ‘as a set of 2 X 2 matrices. 
Then, for instance, it follows that 


bf Òi = 0") 5G)” (1.874) 
using the definitions (1.14). Hence 
(OPIT) = —3(60"7)\(ZG,, P) (1.876) 


with the minus sign arising from the anti-commutation of the Grassmann 
variables. Similarly we can write 


G0, = Aba Of 20") Guy | (1.88) 
from which we may deduce 

(OPM) = —3[(On)(xe) — (00n xap) (1.89) 
and 

ODAM = —3[(O NK) — OF" MAE» P) (1.90) 


follows using Hermitian conjugation and (1.82). In the special case 0 = y we 
find 


(4¢)(~9) = —3(00)( xe) = (0¢)(8x) (1.91) 
since 
60,0 = 0 (1.92) 


using (1.745). Another useful identity, from which (1.91) also follows, is 


SIMPLE SUPERSYMMETRY ALGEBRA 13 


6°6, = 3(60)d4,. (1.93) 


This too follows from (1.88) using (1.92). A complete set of Fierz identities is 
given in Appendix A together with some useful identities involving the 
matrices g“, a” etc. 


1.3 Simple supersymmetry algebra‘) 


We have already noted that supersymmetry involves the introduction of a 
spinor generator to supplement the usual (bosonic) generators of the 
Poincaré group. The simplest way to do this, and the one that we shall use, is 
to introduce a (two-component) Weyl spinor generator Qa. Of course, given 
Qa we can always construct a (four-component) Majorana spinor, as 
observed in (1.48), and we can then express the various commutation and 
anti-commutation relations satisfied by Q, in terms of this Majorana spinor. 

First, since Q, is a Wey! spinor its transformation properties with respect 
to the Poincaré group are already determined: 


[P*, Qa] =0. (1.94) 


This follows from (1.51), for example, where it is apparent that translations 
act only on the argument of a spinor wave function. Alternatively we can 
derive it using the Jacobi identity 


[P*,[P", Qa] + [P’, [Qa P“]] + [Qa [P*, P] 50. (1.95) 


Clearly the right-hand side of (1.94) must be a spinor quantity and the only 
possibility is 


[P“, Qa] = co% OF (1.96) 
with oF defined by (1.32) and (1.37). It follows that 
[P“, 0f] = -c*a“PQ, (1.97) 


and then the Jacobi identity yields 
lc/*(a4G" + og“) =0 (1.98) 


using (1.84). Hence c = 0 and (1.94) follows. The Majorana spinor Qm 
constructed from Q, and Q“as in (1.48) also commutes with P”: 


[P*, Qu] = 0. (1.99) 


Similarly, under an infinitesimal Lorentz transformation (1.53) we have 
from (1.59) 
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= (1 T 50,,0"” Joo Q; = U(A)'O,U(A) 


=Qa+t ToolM , Qa). (1.100) 
Thus 
[M*’, Qa] = —i (o%”),P Qs (1.101a) 
and likewise 
[M*”, 0] = -i (5 OF. (1.101b) 


In terms of the (four-component) Majorana spinor Qq these may be 
combined to give 


[M Ou] = —32“"Om (1.102) 


with }“” defined as in (1.11) and (1.55). 

To close the algebra we need to specify the anti-commutators {Q,, Qg} 
and {Q,, O°}. Evidently both of these are bosonic, rather than fermionic, 
so we require them to be linear in P“ and M“”. The only possibilities are 
then 


{Qa QP} =s(o%”) oF Muy (1.103a) 
and 

{Qas Qg} = to%gP,. (1.103b) 
Since Q,, Qg and Q; all commute with P“, by virtue of (1.94), both of the 
anti-commutators (1.103) also commute with P“. This requires 

s=0 (1.104) 


so 


{Qa Qs} =0 = {Qs, 3} (1.105) 


but does not restrict ¢. In fact the value of ¢ must be positive (see below), and 
evidently depends upon the normalization of the generators Qa, which we 
have not so far specified. We are therefore free to fix t = 2, and adopt the 
convention 


{Q., Og} = 20% 4P,. (1.106) 


As before we may rewrite (1.105) and (1.106) in terms of the Majorana 
spinor Qy (and its adjoint Ọm = Qm yo) and the y-matrices (1.13): 


{Qm; Om} = 2y“P,. (1.107) 
There is an immediate and important consequence of (1.106). Since 


oa” =n” +20% (1.108) 
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it follows that 


tr(o“a”) = 24” (1.109) 
Applying this to (1.106) yields 
(G”)°*{Q,., Og} = 4P”. (1.110) 


Now take v = 0 and take the matrix element of (1.110). Then 
Ayl Ply) = (y1Q10i + O10: + 0-0; + Q30.|y) 
= (plQa(Qa)* + (Qa)*Qalp) 2 0 (1.111) 


where we have used the defining property (1.32). Thus in a supersymmetric 
theory the energy of any non-vacuum state is positive definite, and, in fact, 
the vanishing of the vacuum energy is a necessary and sufficient condition for 
the existence of a unique vacuum: 


(0|P°|0) = 0 Q,|0) = 0. (1.112) 


Another consequence of (1.107) is that in a supersymmetric theory every 
representation has an equal number of equal-mass bosonic and fermionic 
states. First, the mass-squared operator P? = P,P“, which is a Casimir 
operator of the Poincaré algebra, is also a Casimir operator of the supersym- 
metry algebra, since from (1.94) 


[P?, Qa] = 0 = [P?, Qa] (1.113) 
Next, the Pauli-Lubanski spin vector 
W“ = 3e” P, Mn (1.114) 


gives a Poincaré group Casimir 
W=-mI (1.115) 


where m? is the mass-squared eigenvalue, and J? = j(j + 1) is the angular 
momentum eigenvalue. Evidently 


[W?,Q,] #0 (1.116) 


by virtue of (1.101). Thus the (massive) irreducible representations of the 
supersymmetry algebra will certainly contain different spins. To see that 
these spin states are split equally between the bosonic and fermionic sectors, 
we note first that OQ, and Q; each change the fermion number by one unit, 
and thus change a bosonic state into a fermionic one, and a fermionic state 
into a bosonic state. The anti-commutator {Q,, Os} therefore maps the 
fermionic sector into itself, and the bosonic sector into itself. However, 
equation (1.107) shows that this same mapping is accomplished (essentially) 
by P,, which in most representations is a one-to-one operator. It follows that 
Qa (and Q¿) are also one-to-one operators and therefore that the bosonic 
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sector has the same dimension as the fermionic sector. More formally (and 
perhaps less generally) we note that, since Q, changes fermion number by 
one unit, we may write 


(-1)**O, = -@,(-1)** (1.117) 


where Np is the fermion number operator. Now consider a finite- 
dimensional representation R of the algebra. Then 


tr[(—1)F{Q,., Og}] = tr[-Qa(-1) 0; + (-1)F O40] 
= tr[-O,(-1)**Og + Q.(-1)*Q4] = 0 (1.118) 


where we have used the cyclic property of the trace to rewrite the second 
term. It follows from (1.107) that 


2044 tr[(—1)**P,,] = 0 (1.119) 
and so 
tr(—1)**¥ = 0 (1.120) 


for fixed non-zero P,,. Since (—1)e has value +1 on a bosonic state and —1 
on a fermionic state, this means that 


ng(R) — ng(R) = 0 (1.121) 


where ng (p)(R) are respectively the number of bosons (fermions) in the 
representation R of the supersymmetry algebra. 


1.4 Supersymmetry multiplets 


Before discussing the supersymmetric field theory which is our primary 
interest, it is instructive to consider the representations of the supersym- 
metry algebra that can be realized by one-particle states. We start with the 
massless case, since in most of the phenomenologically interesting scenarios 
the non-zero masses of the particles that we observe are generated by 
supersymmetry-breaking effects. For massless particles W? = P? = 0, andin 
fact the spin vector W“ and the energy-momentum vector P“ are parallel: 


W“ = AP“. (1.122) 
It is easy to see that (for positive energy representations) 4 is just the helicity: 

A= (J: P)P5' (1.123) 
where 


J’ = 3e" M (1.124) 
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is the total angular momentum. Now consider the (normalized) massless 
state |p, 2) with momentum p. Then 


P“|p, A) = p*“|p, A) (1.125a) 
where 

p“ =(E,0,0, E) (1.125b) 
and å is the helicity: 

Wp, a) = Ap*|p, a). (1.126) 
We may choose |p, À) in such a way that 

Q,|p,4) =0 (a = 1,2). (1.127) 
To see this we note that (1.106) shows that 

O04 = 9 (no summation) (1.128) 
so, if (1.127) is not satisfied, we may define 

Ip, 2’) = Q,|p, A) (1.129) 
and then 

Q,|p, 4’) = 0. (1.130) 


(Note that (1.94) implies that |p, 4") also has momentum p“, as the notation 
implies.) Thus we can always choose |p, A) in such a way that (1.127) is 
satisfied. It follows that the only other possible states in the same supersym- 
metric representation as |p, A) are Q,| p, 4) (a = 1, 2). However, Qi |p, 4) 
is a state of zero norm. For, applying (1.106) to |p, 2) gives 


{Qa Os}|p. 4) = 2(0") af PulPs A) (1.131) 
and with p“ given by (1.125) 


op, = E(o° — 0°) = 2E e il (1.132) 
Then, using (1.127) we see that 

(p, A|0,Qilp, 4) = 0 (1.133) 
which shows that 

Qi|p,4) = 0. (1.134) 
Thus the only other state is 

ly) = (4E)-"?Oslp, 4) = —(4E)~'?0' |p, 4) (1.135) 


where the factor (4£)~'” is included so that |y) is a normalized state. As 
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before, equation (1.94) shows that |y) has momentum p“, and so is also a 
massless state. Now, from the definition (1.114), and the commutators 
(1.94) and (1.101), it follows that 


[Wis 0*] EE * euro P” pod OP (1.136) 


Applying this to the state |p, 2), with p as in (1.125b), gives 


[Wo, O*]ip, 2) = —4po(o°Q) “|p, a) (1.137) 
Thus from (1.126) 

Wo(Q'|p, 4) = (A = })po(O' |p. 4) (1.138) 
so O'lp, A) has helicity A — 5, and 

(4E) Qp, 4) = |p, 4 — 3) (1.139) 


is the normalized state in the same supersymmetric representation as |p, A). 
It is easy to see that there are no other states in this representation; for 
instance, Q,|p,4—4) is proportional to |p,4), and (1.127) shows that 
Qs|p,4 — 4) is zero. The fact that there are just these two states in the 
supersymmetry representation is consistent with our previous observation 
(1.121) that any such representation has equal numbers of bosons and 
fermions—one in this case. 

The most common of these representations that we shall encounter are 
those with 4 = 4, 1, 2 (together with their TCP-conjugate representations). 
The å = 3 supermultiplet consists of a Weyl spinor with helicity 5 and a scalar 
particle. To construct a Lorentz invariant field theory it is necessary to 
include also the TCP-conjugate representation, which has a Weyl fermion 
with helicity —żŻ and another scalar. Together, these two representations 
constitute a Majorana fermion and a complex scalar field. These ‘chiral 
supermultiplets’ arise in the applications that we consider for all matter 
fields (quarks and leptons), as well as for the Higgs particles. The scalar 
partners of the quarks are called ‘squarks’, and the scalar partners of the 
leptons are ‘sleptons’. The fermionic partners of Higgs particles are usually 
called ‘Higgsinos’, but occasionally ‘shigges’ appears in the literature. The 
boson in the 4 = 1 representation has helicity 1, so together with its TCP- 
conjugate which has helicity —1, it describes a (massless) vector particle, 
such as the gauge bosons that arise whenever we have a (locally) gauge- 
invariant theory. 4 = 1 supermultiplets are therefore called ‘vector super- 
multiplets’. The fermion partners of the gauge particles (having helicity +3) 
are called ‘gauginos’ generically, and ‘photinos’, “Winos’, ‘Zinos’ and 
‘gluinos’ in particular. Evidently the 4 = 1 representation and its TCP- 
conjugate together constitute a vector (gauge) field and a Majorana (gau- 
gino) field. In the same way the helicity +3 particle, which is the partner of 
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Table 1.1 N=1 supermultiplet examples. 


TCP-conjugate Super- 
Particle A Helicity Degeneracy helicity multiplet 


Quark, lepton 


Higgsino 5 1 —5 

4 Chiral 
Squark, slepton 
Higgs 0 1 0 
Gauge boson 1 1 —1 

1 Vector 
Gaugino 4 1 3 
Graviton 2 1 —2 

2 Gravity 
Gravitino 3 1 -$ 


the helicity +2 graviton field which mediates gravitational interactions is 
called the ‘gravitino’. These examples are summarized in table 1.1. 

The treatment of the massive representations of supersymmetry proceeds 
similarly, but is a little more involved. We consider a particle of mass m in a 
normalized state |p, s, s3}, where p is the momentum, s is the spin and s; its 
third component. In the rest frame we have 


P“|p, s, s3) = p“|p, s, 83) (1.140a) 
with 

p“=(m,0,0,0). (1.1405) 
Also 
W,,W“|p, 8, 83) = —m°J*|p, 8, 53) = —m?’s(s + 1)|p, $, 53) (1.141) 
and 

JF?|p, 8,83) = 53|p, 5,83). (1.142) 
As before we can always choose |p, s, 53) in such a way that 

Q,|p,5,53) = 0 (a= 1, 2). (1.143) 


From each of the 2s + 1 states |p, s, 53) we can construct two more normal- 
ized states also having momentum p: 


Ip. á) = = Oalp.5,53) (@ =i,2). (1.144) 
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To determine the angular momentum quantum numbers of these states we 
use (1.101) again. This shows that 


[J‘, O*) = -i(0'O)* (1.145) 


from which it follows that 


Pip, i) = (s3 + Xp, 1) (1.1462) 
Pip, 2) = (s — Djp, 2). (1.146b) 


In the case where the original state |p, s, 53) has spin zero (s = s3 = 0), it is 
easy to see that these two states form a spin-3 doublet. From (1.145) we can 
see that 


[Vi +iJ?, Oj] =0= [J] -is?, Os] (1.147) 


from which it follows that 


= Oi|p,0, 0) =]|p,4,5 (1.148) 
1 D. a fds if 
Vag 22!P: 9,0) = |p, 3. 3). (1.148b) 


The only other independent state in this system is obtained by applying Q; to 
the first of these (or Q; to the second). Proceeding as above it is easy to verify 
that 


1 
2 


030;|p, 0,0) = |p, 0, 0)’. (1.149) 


3 


The prime is to distinguish it from the original state, which has the same 
quantum numbers. So in this case we have two spin-zero states and a spin-ż 
doublet, and 


Np = np =2. (1.150) 


A similar analysis works for the initial states |p, 3, +3). We find 


Fen Bi P, 4,2) = |p, 1,1) (1,1514) 
m 

= Q3|p, 3, 2) = lip 1,0) + |p, 0, 0)] (1.151b) 
en i P.4, —3) =5lle, 1,0) — |p, 0, 0] (1.151c) 
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aT 2 

Vay 2P 3, -3) = |p, 1, -1) (1.151d) 
0303174, D = p3) (1.151e) 
-= QiQ3|p, 3, -3 = |p, 2, —2). (1.151f) 


So we have two (fermion) doublets having s = 4 and a (boson) s = 1 triplet 
ands = O singlet. In general, starting with a (2s + 1)-component multiplet of 
spin s > 0, we generate a spin-(s + 4) multiplet, a spin-(s — 4) multiplet and 
spin-s multiplets in this way. Thus the general massive representation has 
npg = np = 2(2s + 1). (1.152) 


The operators Q, (a= 1,2), Q4 (å = 1,2) generate an SO(4) algebra 
when acting on these states, since 


{Qas Oz} ne 20 ap (1,153) 
If we define 
ks 5, 
r,= Van Ge + Qa) (1.154a) 
Dasa = o= (Oa Qa) (1.154b) 


then the four gamma matrices generate the Clifford algebra 
{Ta Tp} = 2ôab (a,b=1,...,4) (1.155) 


with the SO(4) invariance group, whose generators are 
Ra =~ 3 la To]. (1.156) 


The representation that we have constructed is the four-dimensional spinor 
representation with the bosonic and fermionic states each transforming as a 
two-dimensional ‘Weyl’ representation: if we define 


Ts 2 rrr (1.157) 


then both the original and the generated spin-s states have [; = +1 while the 
spin-(s + 5) states all have T; = —1. 


1.5 Supersymmetric free-field theory” 


The most important realization of supersymmetry is in quantum field 
theory. As we shall see, supersymmetric field theories permit the solution of 
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the ‘hierarchy problem’, and at the time of writing this is the only known 
solution. To study supersymmetry in this context we need to determine how 
a field operator ¢(x) transforms under a general symmetry. This is fixed by 
the connection 


V(x) = (PlG()\0) (1.158) 


which gives the wave function y(x) describing the (one-particle) state |y). If 
the transformation properties of the (c-number) wave function are known, 
the above relation determines how ĝ(x) transforms. The wave function 
describing the transformed state 


ly’) = Ul) (1.159) 
is given by 
V(x!) = (y'O = lU PEULO) = (YIUTG’)U|0) (1.160) 
assuming that the vacuum is invariant, so 

U*|0) = |0). (1.161) 


Now if the transformed wave function is related to the original wave function 
by 


y'(x') = Sp(x) = S(yiG(x)/0) (1.162) 
we deduce that the field operator transforms according to 
@'(x') = U EU = SG(x). (1.163) 


For example, we may consider the transformation properties of a field @(x) 
under translations 


x'=x+a. (1.164) 
Then 

y'(x') = v(x) (1.165) 
and 

Q'(x') = U"(a)@(x')U(a) = G(X’ — a). (1.166) 
For an infinitesimal translation 

U(a)=1-iP.a (1.167) 
so 

$) = G(x’) +i[P.a, GO’) = ĝa’) — a.d). (1.168) 


It follows that 
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P(x) — P(X) = ôĝ(x) = [i P.a, ĝ(x)}] = — a 9G(x) (1.169) 
and 


[Pu P(x)] = i ô (x). (1.170) 


An infinitesimal supersymmetry transformation is characterized by (con- 
stant) anti-commuting Grassmann parameters é% and €,. Then 


U(E) = 1 — i (Ẹ°Qa + E0“) = 1 — i (EQ + £0) (1.171) 
using the notation (1.75), and 

(E7, EF} = {E*, Ep} = 0 

{E%, On} = (&%, OÊ} =0 

(Ea Op} = {Ëa 0°} =0 

[°*, Pa] = [&*, My] = 0 ete. (1.172) 


Using such Grassmann parameters the supersymmetry algebra can be 
rewritten entirely in terms of commutators: 


[P“, £0] = 0 = [P*, £0] 
[M“", Q] = —i(60""Q) 
[M 0] = — i (G0*"Q) 
[EQ nQ] = 0 = [£0, 70] 
[EQ, 7Q] = 2(0"7)P, (1.173) 


where a, 7% are a second set of Grassmann parameters. (Note the minus 
signs in (1.69).) To characterize the supersymmetry transformation in field 
theory we are therefore required to specify the quantities 


ôsp(x) = [i (EQ + £0), o(x)] (1.174) 


for a general field g(x) in a way that is consistent with the supersymmetry 
algebra (1.173). The first three commutators merely specify the Poincaré 
transformation properties of 0:-@. The last two constrain these possibilities 
by showing how (the difference between) two successive supersymmetry 
transformations must close the algebra. We have already seen in §1.4 that 
supersymmetry has its simplest realization in the massless (chiral) super- 
multiplet that has just scalar and spinor particles. Thus we might anticipate a 
field theory realization involving just scalar and spinor fields. 

Suppose then we start with a complex scalar field g(x). The (mass) 
dimension of g(x) is 
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[o(x)] =1 (1.175) 
and that of Q is 

[Q2] =3=[0] (1.176) 
from (1.173). Thus 

(é] = -3 = [8] (1.177) 


so that €Q is dimensionless. So the simplest possibility linear in ë and having 
the right dimensions is 


ôspl(x) = abyp(x) + bEP(x) (1.178) 
where w(x) is a (Weyl) spinor field, and therefore has 
[y] =3= [4] (1.179) 


and a is a constant. Obviously 6 y,(x) has dimension 2, so if we want to close 
the algebra using just these fields we must take out one dimension with a 
derivative: 


Sal) = cots EF ayy (1.180) 
which implies 
Ôp? = —c*(G") PE, 0,.0* (1.181) 


Thus 
6,02(x) = aE òy + bE ô, = ac(Eo"H) dpp — be*(EG"*y) d,p*. (1.182) 
Now 
6,029(x) = [i(n + 7Q), [i(EQ + EQ), p] (1.183) 

so the Jacobi identity implies that 
(6,02 — 626,)9(x) = [li + 70), (EQ + ED), p) 

= {—2(no“é) + Uo T) P, p) 

= (toñ — no“ È) i d,p(x) (1.184) 


using the supersymmetry algebra (1.173), and (1.170). Comparison with 
(1.182) gives 


ac=2i b=0 (1.185) 


unless g(x) is a constant field. For future reference it is useful to rewrite 
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(1.184) in terms of the Majorana spinors constructed from & and y, using 
(1.86c) 


(6,0 — 626, JP) = [6,, de]e(x) = 2Emy“nm)id,g. (1.186) 
In the same way we apply two successive supersymmetry transformations 
to Ya. This gives 
6,0eVa = cao“ a “(n ð np) 
= —i[(0,Yo)(no"é) T 2(0””) Pupe), È)] 
= —2i[(3 Wa)(N0”E) — (0°" d,p)a(n0,8)] 
using (1.185) and the Fierz identity (A5). This gives 
(8,52 — 5:0,)Palx) = 2(E0"H = no“8)i ae 


= UMY Nm) i Pa (1.187) 
(again as required by (1.173) and (1.170)) provided 
T“ ðY =0. (1.188) 


Thus the transformations (1.178), (1.181) are representations of the super- 
symmetry algebra provided y is a massless non-interacting Weyl field. In 
fact in these circumstances it is straightforward to verify that the action can 
be invariant under the supersymmetry transformations. Taking 


L = (ð p” (a"Q) + i Po" a, (1.189) 


which describes a free massless complex scalar field, and a free massless 
Weyl spinor field, we find 


nL = (a p” Jal ap) — a* (È a P0” p) 

— ic*(Eo"G" a,y)(8,p*) + i c(PI"0"E)(4, 4,9) 

= (a ~ ic*)(4,p*)(E a“) — (ic + a*)(E a p (a“p) 

+ i alep op) — 2c*(Eop)(4,*)]. (1.190) 
The total divergence does not contribute to the action, so the action is 
supersymmetric if 

a=ic*. (1.191) 
Combining with (1.185) gives 

ic? = 2 


and a consistent choice is 
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a=V2 c=V2i (1.192) 
giving 

bsg = V2 Ey (1.1932) 

dy =i V2 oÈ 0,9 (1.1935) 


when substituted into (1.178) and (1.180). 

Thus we have an on-shell realization of the supersymmetry algebra in the 
field theory given by (1.189), but we have to use the equation of motion 
(1.188). In fact this is a reflection of the fact that the bosonic and fermionic 
degrees of freedom are not equal in the present context (unless we impose 
the on-shell condition (1.188)). Off-shell a (Weyl) spinor field has two 
complex components, whereas we have only introduced one (bosonic) 
complex scalar field. To match the degrees of freedom we have to introduce 
another complex scalar field F(x), having mass dimension 


[F] = 2. (1.194) 
We start with (1.193a), as before, but modify (1.1935): 
dew =i V20%E ð o + déF. (1.195) 


This closes the algebra on g(x), as in (1.184), for any value of the constant d. 
The extra term contributes to 6, ds: it generates the extra term dé 6, F. 
Then we can close the algebra on w without using the equation of motion 
provided that we take 


ÔF = e&6" a, (1.196) 
and 
de =2i. (1.197) 


(As before, the highest-dimension field must transform by a total deriva- 
tive.) Finally we require that the algebra closes on F, which it does without 
further constraint. The introduction of F has enabled us to realize the 
supersymmetry algebra without recourse to the field equations, but if we do 
use them we know that we can achieve this with F = 0. This suggests that Fis 
an ‘auxiliary’ field, i.e. one that can be eliminated by using its equation of 
motion. We can easily modify (1.189) to accomplish this. We take 


L = (4,g*)(d“G) + i Po" 0,y + F*F (1.198) 


and then the Euler-Lagrange equation for F gives F = 0 immediately. It is 
straightforward to verify that 6; is a total derivative, so the action is 
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supersymmetric. This technique of introducing auxiliary (non-propagating) 
fields will be used extensively in later chapters to formulate (off-shell) 
supersymmetric field theories with interactions. 


1.6 Extended supersymmetry © 


We have confined ourselves hitherto to the simplest extension of the 
Poincaré algebra, by the inclusion of a single spinor generator Q,. For 
reasons that will become apparent, this ‘simple’ supersymmetry is likely to 
be the one with most relevance to the spectrum and interactions that can be 
explored by the current, and foreseeable, generation of accelerators. 
Nevertheless it is natural to wonder what would be the consequences of the 
introduction of more than one supersymmetry generator Q,“ 
(A =1,...,N) with A labelling some internal symmetry. Obviously the 
index A is a spectator in all of the commutation relations with the generators 
of the Poincaré algebra. Thus, as in (1.94), (1.101a) 


[P“, Q.7] =0 (1.199) 

[M“”, 0.4] = ~ i(o"”).° On* (1.200) 
and defining 

Daa = (Q Y (1.201) 

[M*”, O44] = - i00 (1.202) 


as in (1.101). 

The indices A label the representation of the internal symmetry group to 
which Q,^ belongs. We denote the Hermitian generators of the group by B”, 
so 


[B’, B°] = i c™"B' (1.203) 
where c™' are the structure constants. A representation (b”)^ g satisfies 

[b’, b°] = i cb" (1.204) 
and 

[B", O.°] = - (b) icas (1.205) 

[B", Qaa] = Oach) a. (1.206) 


Finally we have to close the algebra of the supersymmetry generators. On 
general grounds, as in (1.103b), we should expect 


{Q a^, Qir) = A*g0%6P,. (1.207) 


Then taking the adjoint shows that the matrix A is Hermitian, and in fact 
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positive definite, as before. So we can diagonalize A and rescale the Qs and 
Qs so that 

{Q a, Qga} = 2680%,P,,. (1.208) 


The main difference in principle arises in the anti-commutator {Q^ , QO," \, 
We can exclude the Poincaré generators, as in (1.105), but, because of the 
internal symmetry, we are allowed 


(On OF Seg7 (1.209) 
with €,, defined in (1.34) and 

ZAP = ~7 74 (1.210) 
a linear combination of the internal symmetry generators: 

Z48 = (g’)48B" (1.211) 
where the quantities g have dimension 

[q] =1 (1.212) 
in view of (1.176). With a bit of work” we can show that 
[Z4", Qa] = (247, Qac] = [Z4?, B"] =[Z47, Z®] =0. (1.213) 


That is to say, Z4? commutes with everything: it belongs to the abelian 
invariant subalgebra of the internal symmetry group; hence the name 
‘central charges’ ®. 

In the absence of central charges the internal symmetry group is U(N), 
since the algebra is invariant under the substitutions 


Of = UPOP Oaa = U4P* 0 (1.214) 


provided that U is unitary. The effect of the central charges is to reduce this 
symmetry. Note that the anti-symmetry (1.210) shows that central charges 
cannot occur in simple (N = 1) supersymmetry, and the U(1) invariance is 
called R-symmetry in this case. 

We shall not explore the representations of extended supersymmetry in 
very much detail. Clearly the existence of extra supersymmetry generators 
has the effect of enlarging the number of fields/states that constitute a 
supermultiplet. In the absence of central charges the analysis preceding 
(1.139) holds for each supersymmetry generator Q3,,.Thus if we start with a 
massless single-particle state of helicity A, there are N states with helicity 


A-3: 


(4E) 1? Ozalp, A) = |p, A — 3, A) (A=1,...,N). (1.215) 


The states with helicity 2 — 1 are obtained by applying Q3,, with B # A, so 
there are “C, = N!/2!(N — 2)! of them. Proceeding in this way, the (mass- 
less) irreducible representation with highest helicity A will close with a state 
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Table 1.2 N= 2 supermultiplet examples. 


TCP-conjugate 

A Helicity Degeneracy helicity Supermultiplet 
1 1 1 -1 

3 2 =} Vector 

0 1 0 
bob 4 — 

0 2 — Hypermultiplet 

—4 1 = 

2 2 1 =2 

3 2 -3 Gravity 

1 1 al 


having helicity 4 — N/2, since each Ọ;c lowers the helicity by } and only 
totally antisymmetric states (A # BA C#...) are allowed; the supermul- 
tiplet closes when all N lowering operators have been applied. The dimen- 
sionality of the supermultiplet is evidently 2’, since for each Q3, there are 
two possibilities: to apply it, or not to apply it, to the original state |p, 2). 
Together these states comprise a (possibly reducible) representation of the 
internal symmetry group U(N). If we wish to construct a supersymmetric 
Yang-Mills theory, then we shall certainly wish to include one-particle 
(gauge boson) states with helicity |A| = 1, and to preserve the renormalizabi- 
lity we shall also require that there are no states with helicity |A| > 1. It follows 
that the largest extended supersymmetry compatible with these require- 
ments must have N < 4. Inthe same way, a theory involving the graviton with 
|A| = 2, and that does not contain states with |A| > 2, must have N < 8. 
The simplest extension is, of course, to take N = 2. The above argument 
shows that the supermultiplets are four-dimensional (real) representations 
of U(2), in the absence of central charges. Thus the vector supermultiplet 
starts with a highest helicity 2 = 1. It has two helicity +4 states and a single 
helicity-0 state. As for the N = 1 case, we shall need to include the TCP- 
conjugate states in order to construct a Lorentz invariant field theory. 
However, if we start with highest helicity 4 = 5, then the supermultiplet has 
two helicity-0 states and a single helicity —3 state. Thus this supermultiplet, 
is TCP-self-conjugate: it includes a Majorana fermion and a complex scalar 
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Table 1.3 N= 4 supermultiplets. 


TCP-conjugate 
A Helicity Degeneracy helicity Supermultiplet 
1 1 1 — 
} 4 = 
0 6 — Vector 
+l 4 nar 
=i 1 = 
2 2 1 -2 
3 4 = 
1 6 -1 Gravity 
4 -} 
0 1 0 


in the same supermultiplet. For this reason it is sometimes called a ‘hyper- 
multiplet’. Table 1.2 summarizes these examples of N = 2 supermultiplets. 
Tables 1.3 and 1.4 give N = 4 and N = 8 examples. 

From a phenomenological perspective the hypermultiplet looks rather 
unattractive. The N = 2 supersymmetry requires that the helicity +3 states 


Table 1.4 N = 8 gravity supermultiplet. 


A Helicity Degeneracy 


2 


N Nw NI Or IY PO 
>I 
cos) 
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transform in the same way with respect to any gauge symmetry. This would 
be perfectly acceptable if the only such symmetries were SU(3) of colour and 
U(1) of electromagnetism, since both chiral components of a quark field do 
transform in the same way with respect to both groups. However, it is a cast- 
iron experimental fact that the weak interactions do not treat left and right 
chiral components in the same way. The SU(2) of the electroweak group 
SU(2) x U(1) is realized non-trivially by the left chiral components: the left- 
handed component (e; ) of the electron’s field belongs to a doublet, whereas 
the right-handed component (er) transforms trivially. Thus if N = 2 (or 
N > 2) supersymmetry has any connection with reality we shall need (at 
some time) to discover the ‘mirror’ partner Ep of ep which also belongs to an 
SU(2) doublet. Since we know that (even N = 1) supersymmetry is broken, 
it is always possible that these hitherto unobserved states have a mass (just) 
beyond the current experimental bound. However, the fact that the chiral 
anomaly cancels within each generation is generally taken to be circum- 
stantial evidence that no such mirror states actually exist: if they did the 
anomaly would cancel separately for each state. It is for this reason that the 
simple (N = 1) supersymmetry is the only one that is thought to have any 
physical relevance, at least at low energies. The ‘chiral’ supermultiplet has 
just A = 4. and 4 = 0 states, and we are free to place the 2 = —3 state into a 
different representation of the gauge group. The objection to N = 2 super- 
symmetries is that they are automatically ‘non-chiral’. 


Exercises 


1.1 Verify that the matrices $2“", defined in (1.11), satisfy the Lorentz 
algebra (1.8c). 


1.2 Show that the matrix C, defined in (1.24), satisfies 
[CTC y,]=0 

and hence deduce that 
C=- C" 

in all representations of the Clifford algebra. 


1.3 Show that Poincaré invariance requires the relationship (1.51) for the 
Poincaré transformed Dirac wave function, with S(A) obeying (1.52). 


1.4 Check that the commutators (1.101) and (1.106) are consistent with 
the Jacobi identities. 


1.5 Show that with the Lagrangian £ given in (1.198) the variation defined 
in (1.174) is a total derivative. 
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LAGRANGIANS FOR CHIRAL SUPERFIELDS 


2.1 Introduction 


Although it is possible to construct supersymmetric Lagrangians directly 
from the component fields belonging to a supermultiplet as in §1.5, the 
procedure is greatly facilitated by the introduction of superfields. ®© 
Whereas an ordinary field is a function of the space-time coordinates x only, 
a superfield S(x, 6,6) is also a function of anticommuting Grassmann 
variables @, and 6,, transforming as two-component Weyl spinors: 


{8a, 9g} = {04,63} = {a 84} =0. (2.1) 


(A discussion of Grassmann variables is given following (1.71).) The fields 
of the supermultiplet then arise as the coefficients in an expansion of 
S(x, 0, 8) in powers of 6 and 6 (which necessarily terminates after a finite 
number of terms for anticommuting Grassmann variables). 

The general superfield S(x, 6, Ô) turns out to contain more than one 
supermultiplet, and the chiral and vector supermultiplets of $1.4 are 
obtained by reducing the number of component fields in S by imposing 
appropriate constraints. In this chapter it will be shown that we obtain the 
chiral supermultiplet of §§1.4, 5 by requiring an appropriate covariant 
derivative of S to vanish. In the case of the vector supermultiplet, as we shall 
see in Chapter 3, the appropriate constraint is just $% = S. 

When potentially realistic supersymmetric theories are constructed, the 
chiral superfields discussed in this chapter provide the matter fields, i.e. the 
quarks, leptons and Higgs scalars and associated with them in the same 
multiplet their supersymmetric partners, which in the case of the quarks and 
leptons are the scalar squarks and sleptons and in the case of the Higgses are 
the fermionic Higgsinos. The gauge fields and their fermionic supersym- 
metric partners, the gauginos, are to be assigned to the vector superfields 
discussed in the next chapter. The presence of supersymmetric partners for 
particles is the source of the remarkable non-renormalization theorems, 
discussed later in this chapter, which are at the root of the supersymmetry 
solution to the hierarchy problem. 

Since the supersymmetric partners of particles are not observed at low 
energy it is necessary for any potentially realistic theory to contain a 
mechanism that will spontaneously break supersymmetry to provide mass 
splittings within supermultiplets. One such mechanism, F-term supersym- 
metry breaking, will be discussed in this chapter, and another such, D-term 
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supersymmetry breaking, in the next, while supersymmetry breaking by 
gaugino condensates will be deferred to chapter 5. 


2.2 Superfield representations of the supersymmetry algebra 


The supersymmetry algebra of §1.3 is generated by the momentum opera- 
tors P, and the Weyl spinor supersymmetry generators Q, and Qg: 


[Qa Pu] = [Qa Pa] = [Pu P,]=0 (2.2) 

{Qa; Qg? = {Qa Os} =0 (2.3) 
and 

{Qa, Og} = 20 Pu. (2.4) 
A finite element of the corresponding group is 

G(x“, 0, 8) = exp(i(6Q + 60 — x“P,,)) (2.5) 


where 6, and 6, are Grassmann variable parameters. We wish to construct 
linear representations of this group (of the supersymmetry algebra). This 
can be done by considering the action induced in (x“, 6, 6) parameter space 
by the group elements as follows. It is not difficult to show that (Exercise 2.1) 


G(x", 0, 6)G(a", E, È) 
= G(x" + a” ~ i £06 + i 0o“Ë, 0 +E, Ô + È) (2.6) 
because the Hausdorff formula 
efe? = exp(A + B+ 3A, B] +-°-) (2.7) 


terminates at the first commutator for the group elements considered here. 
Thus (acting on the right) the supersymmetry generators induce the motion 
in group parameter space: 


exp(i(EQ + EQ — a“P,,)): 
(x“, 0, 0) (x" +a“ —ifo"6+i00",0+8,6+8). (2.8) 
For a function S(x“, 6, 8) (referred to as a superfield) we have 
S(x” + a” — i Eo“ + i 0o“È, 0 +È, Ô +È) 
3 = 4 = OS 
= S(x“, 6, 0) + (a* — i €0"6 + i Oo “E) — 
SU y+ (a" —iéa i ons) oa 


aS = aS 
+E + Eg — tes: 2.9 
E aa 5456, (2.9) 
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from which it follows that the action of the supersymmetry algebra on 
superfields 


S(x“, 8, 6) > exp(i(EQ + EO — a“P,,))S(x", 0, 8) (2.10) 
is generated by 
P,=i i (2.11) 
iQa= -ia4 0" 3, (2.12) 
iQz= BERET E (2.13) 
36* 


This is the linear representation of the supersymmetry algebra we were 
seeking. It is easy to check (Exercise 2.2) that P,, Qa, and Q, of (2.11), 
(2.12) and (2.13) realize the algebra (2.2)-(2.4), as consistency requires. 

The general superfield S(x“, 0, 6) may be expanded as a power series in 6 
and ĝ involving not more than two powers of 6 and 6, because 6 and ĝ are 
two-component Grassmann variables. The coefficients of the various 
powers of 6 and 6 in this expansion are ordinary fields (functions of x“). 
Such a superfield provides a representation of the supersymmetry algebra 
that is in the first instance reducible. Irreducible representations of the 
supersymmetry algebra are obtained by imposing on the superfields con- 
straints that are covariant under the supersymmetry algebra. The simplest 
such constraint is $ = S*, which we use in the next chapter to construct the 
vector superfield, whose component fields form the vector supermultiplet of 
81.4, In this section, we use supersymmetric covariant derivatives to 
construct the chiral superfield whose component fields form the chiral 
supermultiplet of §1.4. 

Fermionic derivatives Da, Da which anticommute with the generators 
(acting on superfields) of the supersymmetry algebra may be defined by 


p= = + iat 6%, (2.14) 

a ğ dM 

DEE Oad Iu: (2.15) 
The proof that 


{Da Qg?) = {Dory Os} = {D,, Qg) = {Da On} =0 (2.16) 


follows directly (Exercise 2.3) using the explicit expressions for Q, and Q4 
of (2.12) and (2.13). These covariant derivatives also have the algebra 


{D,, Dy} =2i0%4 4, (2.17) 
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{Da, Dg} = (Dz, Dg} = 0. (2.18) 


The operators D, and D; may be used to impose covariant constraints on 
superfields because they anticommute with the generators (acting on super- 
fields) of the supersymmetry algebra Q and O and so commute with 
EQ + EQ which occurs in supersymmetry transformations. It is thus possible 
to apply the covariant condition 


DS = 90. (2.19) 


A superfield on which the constraint (2.19) has been imposed we shall 
denote by ® and refer to as a chiral superfield: 


D,® = 0. (2.20) 


2.3 Expansion of the chiral superfield in component fields 


With D; given by (2.15), we see that any function of 8 and 


y“ =x" +i 006 (2.21) 
satisfies the constraint (2.20), because 

D6 =0 (2.22) 
and 

Dy“ =9. (2.23) 


Indeed ®(y“, 0) is the most general solution of (2.20), because, after 
changing variables from (x“, 0, 0) to (y%, 0, 8), 
= 0 
Då = a 5 (2.24) 
90" | o 


Expanding ®( y“, 0) in powers of the two-component Grassmann vari- 
able 0 gives 
Dy", 0) = p(y) + V2 Oy(y) + OOF(y) (2.25) 


where ọ and F are complex scalar fields and y is a left-handed Weyl spinor 
field. Thus, the general expansion of a chiral superfield in component fields 
is 
D(x", 0, 6) = p(x) + V2 Oy(x) + OOF (x) + i ð p 00"6 

+i V20 ay 60"6 — 44, 3,0 60“600"6. (2.26) 


With the aid of the identities of §1.2 and Appendix A, this may be 
rearranged as 
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P(x“, 6, 6) = p + V2 Oy + OOF + i 3,p00"6 


- 9 uY 06 — ta, 0"0066. (2.27) 


It follows immediately that the conjugate superfield ®* has the component 
field expansion 


O = g' + V2 õp + ÖF’ — i ə g` 606 


+ a 6660" Ə P — 44, 3” y’ 6066 (2.28) 
and satisfies the constraint 
D., =0. (2.29) 


We shall sometimes refer to ® as a left chiral superfield and ©’ as a right 
chiral superfield (because they involve the left- and right-handed Weyl 
spinors y and w, respectively). 

From (2.10)-(2.13) the behaviour of the superfield ® under an infinitesi- 
mal supersymmetry transformation is 


— + 60 (2.30) 
where 

bd = i(EQ + EO)® (2.31) 
that is 

d®@ = E* Sioto Jet (iaio otata. (2.32) 


From (2.32) may be derived the supersymmetry transformations of the 
component fields in the expansion (2.27) by comparing 


Ô® = 69 + V20 ôy +00 F+- (2.33) 
with 
= V2 Ey + 2£0F + 2i „p 00%E 
+ <5 00 a,worE +e. (2.34) 
Thus, 
= V2 Ey (2.35) 
dy = V2 EF — V24,g a%E (2.36) 


and 
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OF =iV2 ð y o%& (2.37) 


in agreement with equations (1.193a), (1.196) and (1.197). It will be 
important for the purpose of constructing supersymmetric Lagrangians in 
$2.5 to notice that the change in F under a supersymmetry transformation is 
a total divergence. 


2.4 Products of chiral superfields 


For the construction of renormalizable supersymmetric Lagrangians in §2.5 
it will prove necessary to study the products of chiral superfields ®;®;, 
0,0, and &;'®;. where the index i distinguishes the various left chiral 
superfields ®; in the theory. Because Q. Q and D are linear differential 
operators on superspace it is immediate that any product of two left chiral 
superfields is again a left chiral superfield, i.e. transforms as (2.10) and 
satisfies the constraint (2.20). (Consequently any product of left chiral 
superfields is a left chiral superfield.) By direct calculation ®;( y. #)®,( y, 0) 
and ( y, 6)®;( y. 0)®,( y. 0) have the expansions in the form (2.25). 


Py, DPY. 0) = PONEO) + V2 OYA ey) + POWO) 


+ BOEDEL) + OFC) - WOWO) (2.38) 
and 
PCy, OP; y. PCy. 0) = GA GEMY ERY) 

+V2 AWG Cx + PP Pk + PPW) 

+ OO G;0;F + GiF Ex + FiGj Px 

= WiC Z ViP Pi PPP). (2.39) 


These expansions may then be written in terms of x, 0 and 6 by substituting 
for y from (2.21). Also 


P; (y, ND, 9) = GF (Gy) + V2 oy lye 0) 
+ V2 EPE) + 26Bi( »)O¥;)(¥) + FA yje (900 
+ Fi (y)g;(y)06 + V2 606pi( y)Fi(y) 
+ V2 660y;( y)F;(y) + 6600F;(y)Fy) (2.40) 


which is nora left chiral superfield. (It is a vector superfield as can be seen by 
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comparing with §3.2.) Again, the final expansion in x, 0 and @ is obtained by 
substituting for y from (2.21). 

Of particular importance for the construction of supersymmetric Lagran- 
gians in the next section is the coefficient of 00 in the expansion of 
(x, 0, A)®(x, 0, 8) and B(x, 6, A)®(x, 0, 9)®,(x, 6, 6), referred to as the 
F-term (by analogy with (2.26)) and denoted by [®®)]- or [®;0,®,]F. 
Also important is the coefficient of 660@ in the expansion of 
P; (x, 0, Ô); (x, 6, 8), referred to as the D-term (by analogy with (3.4) or 
(3.27) for the vector superfield, apart from a factor of 3). After substituting 
for y from (2.21) we find that 


[O® | - = [Di(x, 6, A) B(x, 0, 8) coett. of 66 


= D(x) F(x) + PAX) FAX) — Vix) YX) (2.41) 
[OP ,®,]¢ = (P(x, 6, 6), D(x, 0, 6), D(x, 0, 8) coett. of 68 
= QipjFp + DF Ox + Fi Gj Pe ~ PP; Pk — VBP] — PWP: (2.42) 
and 
[®,"®]p = [; (x, 4, 8) ®,(x, 9, Ö)leoett. of 6606 
=F; ‘F; +30,9; a" ee ðu I Pi — 4 y OD; O; 
Eo 5 io" uP; = 5 bu T“ pj. (2.43) 


This last equation requires extensive use of the identities of §1.2 and 
Appendix A for its proof (Exercise 2.4). 


2.5 Renormalizable supersymmetric Lagrangians for chiral superfields 


When constructing a supersymmetric Lagrangian using products of chiral 
superfields ®; it is necessary to use terms that are invariant under a 
supersymmetry transformation up to a total divergence. As observed after 
(2.37), the variation under a supersymmetry transformation of the F-term in 
a chiral superfield is a total divergence. Also, as will be seen in §3.2, the 
variation under a supersymmetry transformation of the D-term in a vector 
superfield is a total divergence and this applies in particular to the D-term in 
®,'@;. Thus we may construct supersymmetric Lagrangians by using the 
D-term of ®;'®,; and the F-term of products of left chiral superfields 
(together with their Hermitian conjugates). In general, the supersymmetric 
Lagrangian £ has the form 


L= Y [Bp + (W]e + HC) (2.44) 
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where W(®), which is referred to as the superpotential, must involve only up 
to the third power of the superfields ®; to obtain a renormalizable Lagran- 
gian. ([®,0,®,]; is a product of ordinary fields of dimension four, and 
F-terms involving more factors of the ®; will have dimension greater than 
four.) Apart from a possible tadpole term linear in the ®,, we may write 
(with sums over i, j and k understood) 


with m,and A, real and symmetric in their indices. Then, apart from surface 
terms, 


E = 8,0; d“pi + i pð“ dupi + FiF, 
+ (mjp:F;— bmp; + Ai PiPiF ae — Aijbipjpk + HC). (2.46) 


The field equations arising from this Lagrangian are 


On ag; = mF; + inj Fe (2.47) 
ig“ ôni == mi); = Appr (2.48) 
and 
4 W 
F; = — my Qj — Ai Pj Px = 7 ag) (2.49) 


ôP; 


where W(ọ) is the superpotential with each ®, replaced by g,. The last of 
these equations shows that the fields F; are merely auxiliary fields which may 
now be eliminated. (This results from there being no derivatives of the F; in 
the Lagrangian.) Using (2.49) the Lagrangian becomes 


£= dupi api + io" dupi — F` F, 
-G Mihi; + hibik + HC) 
= 0,0; OD; + i PT" dupi — |myQ; + hipp 
— (FMAP; + AiePiPjPx + BC). (2.50) 
In particular, the tree level effective potential V is given by 
V = F}F,; = |F}? (2.51) 
with 


EAA (2.52) 
IQ; 
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as in (2.49). It is not too difficult to show (Exercise 2.5) that (2.51) and (2.52) 
hold for any superpotential W(®) (not just the renormalizable form of 
(2.45)) provided that the ‘kinetic term’ in the Lagrangian is of the minimal 
form [®;'®,]p of (2.45), and there are no interactions coupling the chiral 
superfields to other fields. The tree level effective potential for supersym- 
metric theories of chiral superfields thus has the remarkable property of 
being positive semi-definite. (We shall see in Chapter 3 that V remains 
positive semi-definite when the chiral superfields are coupled to vector 
superfields. ) 


2.6 Feynman rules for chiral supermultiplets 


For the purpose of performing Feynman diagram calculations it is usually 
more convenient to use Majorana spinor fields rather than Wey] spinor fields 
(partly because most particle physicists have developed a facility for using 
Dirac y-matrices rather than Pauli spin matrices.) The Lagrangian (2.46) 
may be cast in terms of Majorana spinors by using the identities (see (1.86)) 


VY, = pap; + Pp (2.53) 

Viys¥; =— wy + Pap (2.54) 
and 

Vy" aY = yor ap + Pa" aup = 29" a, (2.55) 


dropping a total divergence, where VY denotes Majorana spinors and wy 
denotes Weyl spinors. Thus, 


E = 4,9; 0" Q; — |myQ; + Rie Dj prl? 


TS 
i 


+ 


~ 


5 “a Vi- 5m VY) - ta (F; - Viys¥) ox 
rae a 
— “ik (WW; + Vision (2.56) 


and the Feynman rules for vertices are 
j 


Tone $ ifl — ys) (2.57) 
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When 
mj = moj; (2.59) 
the Majorana spinor propagator is 
J 
e idi 


ST (2.60) 


2.7 Mass and coupling constant renormalization 


A very important property of supersymmetric theories is the lack of infinite- 
mass renormalization other than by renormalization of the wave function. 
As we shail see in Chapter 6, this means that once the hierarchy of mass 
scales between the electroweak scale (107-10° GeV) and the grand unifica- 
tion scale (10'°~10! GeV) has been established at tree level, the hierarchy is 
not destroyed by radiative corrections. This phenomenon may be illustrated 
by considering a simple model with three superfields ®,, ®, and ®_, with the 
first two of these superfields having no mass term, and the third having a 
large mass. In a non-supersymmetric model we would normally expect mass 
renormalization to induce a large mass, proportional to m,, for ®, and ®,,. 
Here we shall find that it does not. 
The superpotential for the model is 


W(®,, D, P.) = AP, PD. + m-DP, (2.61) 
with corresponding F-terms 
A ow 
Fee See Lome) 2.62 
x TA PyGz (2.62) 
F=- ipg: (2.63) 
a IP, 
Fý m= a =, A@Py = MY, (2.64) 


OG: 


MASS AND COUPLING CONSTANT RENORMALIZATION 
and Lagrangian 
L = A,G," OG, + IPy “Dy + uP I Pz 


i= ie i= 
+5 Vay" ae t 5 Uy" aN, +507" 30, 


aa Vy yz": F Px PxPz Vz + Px PxPy Py) 
+ + + Mz 
= migz Pz AMAGs'Qy Gz, PxPyFz ) D 5 FY: 


F Z ee = f 
= Fy. (F.Y, = Pys Yoz = 2 (FF, + VysV,)¢z 


2 
= 3 (Y.F: E Pays Yp, z 7 (F.Y, + Pys Yp, 
Àz = A z + 
= z (FF, 7 Wyys¥ Gy T 5 (F, YF, + Vyys¥ 9. , 


The corresponding Feynman rules for vertices are then 


“N sZ 
N 7 
ae 
2 e —id* etc 
wef 
L N 
y 
ay 
Zoe TA 


<->: -SU-y,) ete 


y 
id 
wos ~ a Ut ys) etc 
x 
y 
x 
N 
Z $ 
> >- iim, 
1 
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(2.65) 


(2.66) 


(2.67) 


(2.68) 


(2.69) 
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= iim.. (2.70) 
A z 


In supersymmetric theories it is necessary to use a regularization pro- 
cedure for Feynman diagrams that manifestly preserves supersymmetry (at 
least at low loop orders). A suitable procedure is dimensional reduction 
regularization® “, in which the Dirac gamma matrix algebra is worked out 
first in four dimensions, and the momentum integrations are then performed 
in d = 2w dimensions. Using dimensional reduction regularization, the one- 
loop diagrams involving m, contributing to the renormalization of the p, 
mass are 


dg J 
\ = 2 SS wal 
/ | Oe Q- mA eis) 


y 
k : Pi q 1 Ii 
-> -> =- LT [+ == 
4 look ( s) a ys) (g-m) 
z 
= — 2⁄2? deg 1 (2.72) 
(2)? (q? — m7) l 
and 
y 
-< 
x v4 N x az” 1 
= \ 422 q 
> -> = Bud | SE ao 2.73) 
3 2a” q°(q° — m2) ' 
`S 
Zz 
Thus, 
. d2q 1 
sum of diagrams = — r ah =0 2.74) 
8 Oni g ( 


using the usual prescription for this quadratically divergent integral. We 
therefore conclude that there is no contribution to the mass renormalization 
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of m2 proportional to m2. Consequently, the presence of the large mass m, in 
the theory does not induce large masses for m, and m, through radiative 
corrections, and a mass hierarchy can be preserved. This is an essentially 
supersymmetric effect because cancellations are occurring between the 
diagrams involving fermion loops and those involving boson loops, and the 
cancellation depends on a particular relationship between the Yukawa 
coupling and the ¢? and ¢* couplings. 

In supersymmetric theories of chiral superfields there is also no infinite 
renormalization of coupling constants other than by wave function renorma- 
lizations. This can also be illustrated by considering the simple model (2.61). 
The one-loop diagram contributing to the renormalization of the vertex 
Vi va ys)¥ oz is 


_ i | dq 1 
2) | Quy? a- mA 
x (I= 7s) AG 25) vw + ys) 
=0 (2.75) 


because (J — ys)(I + ys) is zero. In the next section we shall indicate the 
origin of these remarkable results. 


2.8 Non-renormalization theorems 


The results of §2.7 are a special case of a general non-renormalization 
theorem which may be stated as follows. 

The superpotential (for an N = 1 supersymmetric theory) is not renorma- 
lized, except by finite amounts, in any order of perturbation theory, other 
than by wave function renormalizations. 

The proof of this theorem depends on supergraph techniques that allow 
several Feynman diagrams involving different component fields belonging 
to the same supermultiplets to be calculated simultaneously. Although we 
do not discuss these techniques here (a detailed discussion may be found in, 
e.g., Srivastava®), Wess and Bagger or West”), we sketch the ideas 
involved in deriving the above theorem. In the absence of massless fields 
even renormalization of the superpotential by finite amounts is disallowed. 
However, subtleties arise in the presence of massless fields and finite 
renormalizations can occur beyond one-loop level even in the massless 
Wess—Zumino model. 

It is necessary first to write the Lagrangian as an integral over the 
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Grassmann variables 6 and 6 (over superspace). As discussed in references 
9, integration over Grassmann variables is defined such that 


fass = | ad*=0 (2.76) 


fassas = [agigi =1 (2.77) 


with no summation over a or & implied. This allows an arbitrary function of 
6 and 6 to be integrated, because for Grassmann variables we need never 
consider powers higher than the first power of any component of 6 or 6. 
Multiple integrals are interpreted as iterated integrals. Volume elements in 
superspace are defined by 


d?@ = —} d0 de = —1de*dé6, (2.78) 

d’ = —4d6d6 = — t då; d6* (2.79) 
and 

d*9 = d0 76. (2.80) 


It then follows from (2.76) and (2.77) that the non-zero integrals over 
superspace are (Exercise 2.5) 


| 026 6? = faa 62=1., (2.81) 


The Lagrangian (2.44) may now be written as 
= fato y O D, + ( | d°6 W(®) + ne] (2.82) 


because the superspace integrations project out D- and F-terms as a result of 
(2.76) and (2.81). 

The non-renormalization theorem derives from the observation that in 
supergraph perturbation theory any radiative correction to the effective 
action can be written as a single superspace integration f d*6 over a product 
of quantities that are local in 6 and 6 with no factors of superspace 
6-functions. The superpotential term in (2.82) is not of this form because it 
involves only f d7@ and can only be written as an integration over d*6 by 
introducing a superspace 6-function 6(6). Consequently, the superpotential 
undergoes no (direct) renormalization. On the other hand, the ®; Q; terms 
in (2.82) are renormalized, in general, resulting in wave function renormali- 
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zations. Thus, any renormalization of masses and coupling constants is due 
entirely to wave function renormalization. 


2.9 Spontaneous supersymmetry breaking 


There is clearly a need for supersymmetry to be broken in realistic models 
since we do not see scalar particles accompanied by fermions degenerate in 
mass with them, nor vice versa. In this section, we discuss how supersym- 
metry breaking may arise by spontaneous breakdown of symmetry in a 
theory with a supersymmetric Lagrangian. Let us consider first ways of 
recognizing when supersymmetry is spontaneously broken. The criterion for 
spontaneous supersymmetry breaking is that the physical vacuum state |0) 
should not be invariant under a general supersymmetry transformation. 
Equivalently, |0) should not be annihilated by all the supersymmetry 
generators, i.e. 


Q.|0) # 0 or Q,\0) 40 (2.83) 


for some a, for spontaneous supersymmetry breaking. This has implications 
for the energy of the ground state because (2.4) can be used to relate the 
Hamiltonian to the supersymmetry generators. With the aid of the identity 


Tr(a") = ok 35") = 2n%” (2.84) 
equation (2.4) can be inverted to obtain 

PY = 40) {Qa, Os} (2.85) 
as discussed in §1.3. In particular, the Hamiltonian is 

H = P” = (0,0; + Qi, + Q-Q; + O30>) (2.86) 


where OQ, is the Hermitian adjoint of Q,,. Thus, H is positive semi-definite. 
When supersymmetry is unbroken in the vacuum state this state has zero 
energy, and when supersymmetry is spontaneously broken in the vacuum 
state it has positive energy. As a result, whenever a supersymmetric vacuum 
state exists as a local minimum of the effective potential it is the global 
minimum. If there is more than one supersymmetric vacuum, they are all 
degenerate in energy with zero energy. For the global minimum of the 
effective potential (the physical vacuum) to be non-supersymmetric it is 
therefore necessary for the effective potential V to possess no supersym- 
metric minimum. Generic forms of V for unbroken supersymmetry and 
spontaneously broken supersymmetry are shown in figures 2.1, 2.2 and 2.3. 

Another perspective on spontaneous breaking of supersymmetry is ob- 
tained by observing that the supersymmetry breaking must arise from some 
fields in the theory having vacuum expectation values (vEvs) that are not 
invariant under supersymmetry transformations. In a theory of chiral 
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Figure 2.1 The generic effective potential V for unbroken supersymmetry, where @ 
is the vev of some scalar field. 


superfields, the only one of the supersymmetry transformation laws (2.35)- 
(2.37) whose expectation value can have a non-zero right-hand side, without 
breaking Lorentz invariance, is (2.36). Thus, the mechanism for spon- 
taneous supersymmetry breaking is for 


(0|6y,0) = V2 &(0|F;|0) (2.87) 


to be non-zero for some chiral supermultiplet ®,, i.e. for one of the auxiliary 


Figure 2.2 The generic effective potential V for unbroken supersymmetry with two 
supersymmetric vacua where ¢ is the vev of some scalar field. 
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Figure 2.3 The generic effective potential V for spontaneously broken supersym- 
metry where o is the vev of some scalar field. 


fields F; to have a non-zero vacuum expectation value, where in terms of 
physical fields F; is given by (2.52). Thus in theories of chiral superfields F; is 
the order parameter for spontaneous supersymmetry breaking. 


(O|F,|0) = 0 for spontaneous supersymmetry breaking. (2.88) 


It may be seen from (2.51) that when such F-term supersymmetry breaking 
occurs the value of the effective potential in the vacuum state is positive. 
This is consistent with the general conclusion derived from (2.86). (We shall 
see in Chapter 3 that another mechanism for spontaneous supersymmetry 
breaking exists for supersymmetric gauge theories with a U(1) factor in the 
gauge group. This involves a vacuum expectation value for the auxiliary field 
D of a vector supermultiplet instead of the auxiliary field F of a chiral 
supermultiplet. We shall also see in Chapters 4 and 5 that other mechanisms 
for supersymmetry breaking are possible in supergravity theories.) 

Once spontaneous supersymmetry breaking has occurred a massless 
Goldstone fermion is expected to appear because the supersymmetry 
generator is fermionic, much as a Goldstone boson appears when ordinary 
global symmetries are spontaneously broken. When a single auxiliary field 
F; acquires a vev the Goldstone fermion will be the spinor w; in the 
supermultiplet ; to which F; belongs. This is in exact analogy to the 
Goldstone boson in a theory of spontaneously broken ordinary global 
symmetry being in the same multiplet as the scalar that develops a vev. The 
Goldstone fermion is potentially a problem for globally supersymmetric 
theories. However, we shall see in Chapters 4 and 5 that when global 
supersymmetry becomes local supersymmetry in supergravity theories the 
Goidstone fermion is ‘eaten’ by the gravitino to give the gravitino a mass, 
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Figure 2.4 The effective potential V for the Wess-Zumino model (for m > 0). 


just as Goldstone bosons are ‘eaten’ by gauge fields when an ordinary global 
symmetry becomes a (local) gauge symmetry. 


2.10 F-term supersymmetry breaking 


It has been observed in §2.9 that in globally supersymmetric theories of 
chiral superfields supersymmetry breaking occurs via the auxiliary field F, in 
some chiral supermultiplet ®; acquiring a vev. It has also been observed 
that, in a globally supersymmetric theory, whenever a supersymmetric 
vacuum state exists as a local minimum of the effective potential it will be the 
global minimum, since it has zero energy whereas all vacua in which 
supersymmetry is spontaneously broken have positive energy. Thus, to 
obtain a theory with spontaneously broken supersymmetry it is necessary to 
ensure that the effective potential has no supersymmetric minimum. This 
considerably restricts the possible forms of the superpotential. In particular, 
any superpotential of the form (2.45) that does not contain terms linear in 
the superfields can never produce spontaneous supersymmetry breaking 
because there is always at least one solution of 


F=- Mj for all i (2.89) 


3G; 
obtained by taking all expectation values @; equal to zero, which is a 
supersymmetric minimum. For instance, for the Wess—Zumino model 
W() = 4m? + 410° (2.90) 
there are two supersymmetric minima, one at œ =0 and the other at 
g=—mi/d. (See figure 2.4.) 
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The renormalizable superpotential (2.45) may be generalized to include 
terms linear in the superfields by writing 


W(®) = fD; + i mB; + $1, PO, (2.91) 


Even then supersymmetric minima of the effective potential generally arise 
except for carefully chosen numbers of superfields and values of coefficients 
in (2.91). The simplest example of a model without any supersymmetric 
minima is the O’Raifeartaigh model which has three chiral superfields ®,, 
P, and ®3 with superpotential 


W(®,, P2, D3) = 410 (03 — M?) + UDD. (2.92) 
For this model, 
aW 2 

-F° =o aes =M) (2.93) 
Pı 
oW 

- F = — = 2.94 

2 A UP3 ( ) 
ow 

- F = ane = 2419193 + U2 (2.95) 
$3 


and there is no solution with F,, F, and F; all zero. Thus, supersymmetry is 
spontaneously broken. 
For M? < 7/24,7, the absolute minimum of the effective potential 


3 
Y= my |F? = Aj|@3 — M7)? + w7l@sl? + up + 221913)" (2.96) 
i=1 
occurs at 
(p2) = (p3) = 0 (2.97) 


and (g,) is undetermined (i.e. the potential has a flat direction). At this 
absolute minimum, 


Ft =1,M? F,' = F,' =0 (2.98) 
and 
V=Aj{M* > 0. (2.99) 


Because F, is non-zero we expect that y; is the Goldstone fermion. This 
may be verified by looking at the fermion mass matrix given by the 
Lagrangian terms £f, as in (2.50), 


Lh, = — Amy + WijdGx) With; + HC (2.100) 
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which is unaffected by the terms linear in the ®, in the superpotential. For 
the present model, 


M23 = M32 = (2.101) 
and 

A133 = A313 = A331 = A (2.102) 
with all other m; and 4, equal to zero. Then, 

Lin = — HQuyprs + 2A(pr)W3 + HC). (2.103) 


Thus, wy, is massless as expected, and there are two massive combinations of 
1 > 
p and y3. If we assume for convenience that 


(g,) =0 (2.104) 
these are two Weyl spinors of mass u. Equivalently, defining 
y= (a (2.105) 
Y3 
we have 
QE = — uyy (2.106) 


corresponding to a single Dirac spinor of mass x. 

The bosonic masses may be obtained from the |F;|? terms in the super- 
potential after shifting the complex scalar fields by the vevs. Then, with the 
expectation values (2.97) and (2.104), the bosonic mass terms £3 are 


LE = MC + (pY) -elp + p3 o). (2.107) 
If we define real scalar fields a3 and b3 by 
1 : 
93> V3 (a3 +1 b3) (2.108) 
this becomes 
ER = — Au? — 24 M°)a — A(n? + 223M)03 — upaa. (2.109) 


Thus, the complex scalar field g, is massless, the complex scalar field @, has 
mass 4, and the real scalar fields a3 and b, have masses 


m2, =w — 245M? (2.110) 
and 
m3, = we + 245M? (2.111) 


This means that @, and @z are still degenerate in mass with their super- 
partner fermions y; and yz even in the presence of supersymmetry break- 
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ing. On the other hand, supersymmetry breaking manifests itself by a, and 
b; having masses that differ from the mass u of their superpartner y3. The 
reason for this outcome is that only the superfield ®3 couples to the 
superfield ®, containing the Goldstone fermion in (2.92). l 

It will be noticed that although m,, and mp, differ from my,, it is 
nonetheless the case that 


m2, + m3, = 2u? = 2m, (2.112) 


just as in the absence of supersymmetry breaking. This is a special case of the 
general tree level result"! for theories of chiral superfields 


STr M? = ` (CH2 + 1)? = 0 (2.113) 
J 


where STr M? (the supertrace) denotes the trace of the mass-squared matrix 
over the real fields, of spin J. In the presence of supersymmetry breaking 
equation (2.113) is modified by radiative corrections. It is also modified in 
theories containing vector superfields if D-terms develop vevs. 

The supersymmetry-breaking scale M? may be defined as the expectation 
value of the F-term responsible for supersymmetry breaking. Thus, in the 
present case, 


M2 =4,M?. (2.114) 
Casting (2.110) and (2.111) in terms of M2, 

m2, =w — 24,M2 (2.115) 
and 

mp, =u + 2A,M2. (2.116) 


Thus, the squared-mass splittings within supermultiplets resulting from 
supersymmetry breaking are on the scale of 41M2. It is possible for this scale 
to be much smaller than the supersymmetry-breaking scale M, if the 
coupling 4, of the other chiral superfields to the Goldstone fermion super- 
field is small. 


Exercises 
2.1 Derive (2.6) for the product of two group elements associated with the 
supersymmetry algebra. 


2.2 Show that P,, Qa and Q, defined by (2.11)-(2.13) realize the super- 
symmetry algebra. 


2.3 Derive the anti-commutator (2.16) amongst fermionic covariant de- 
rivatives and generators of the supersymmetry algebra. 


54 LAGRANGIANS FOR CHIRAL SUPERFIELDS 


2.4 Show that the tree level effective potential is 
V= |F]? 


where 


for any superpotential W(®,) when the ‘kinetic term’ in the Lagrangian is of 
the minimal form [®,*®,]p. 


2.5 Show that 


[aoe =| e602 =1, 
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LAGRANGIANS FOR VECTOR 
SUPERFIELDS 


3.1 Introduction 


We saw in Chapter 1 that the general (on-shell) representation of supersym- 
metry has (particle) states | p, 4), of momentum p and helicity å, together 
with the (‘sparticle’) states Qs| p, 2) ~ |p, 4 — 3), having the same momen- 
tum but half a unit less helicity. Thus the simplest realization involves a 
(Weyl) spinor field y,(x) and a scalar field g(x), so the known fermion fields 
(quarks and leptons) have (yet to be discovered) scalar superpartners (the 
squarks and sleptons). We have seen also that to extend this to an off-shell 
realization it was necessary to introduce an auxiliary field F(x), and that the 
three fields may be elegantly viewed as the component fields of a ‘chiral’ 
superfield ®( y, 0). Any renormalizable supersymmetric field theory involv- 
ing just scalar and spinor fields can then be formulated most succinctly in 
terms of products of chiral superfields, as was shown in Chapter 2. However, 
the quarks and leptons, and therefore the squarks and sleptons, all partici- 
pate in gauge theories, quantum chromodynamics and electroweak theory, 
which of course involve gauge vector bosons. Thus to formulate a supersym- 
metric version of quantum electrodynamics, for example, we shall certainly 
have to involve the vector supermultiplet, which involves the photon and its 
spin-3 partner the photino, and we might reasonably expect that a superfield 
description of these should also exist. 

In the following section we shall construct the vector superfield; in general 
it includes four auxiliary scalar fields as well as an auxiliary fermion field. 
However, we can utilize the gauge invariance of the theories in which this 
superfield is deployed to eliminate all except one of these fields, the so-called 
D-field. This is shown in §3.3. In fact this D-term provides another way to 
break supersymmetry, besides the F-term method described in §2.9. This 
method is described in §3.5. In order to construct gauge-invariant kinetic 
terms for the vector potential A,(x) in quantum electrodynamics, it is of 
course essential to introduce the electromagnetic field strength tensor 
F (x). To make this theory supersymmetric, therefore, we must also 
construct a field strength superfield, as well as the U(1) gauge-invariant and 
supersymmetric Lagrangian. This too is done in §3.3. In §3.4 we investigate 
spontaneous symmetry breaking of a global and local U(1) gauge invariance 
in the context of a supersymmetric theory. Then besides the Goldstone 
boson which arises when the global symmetry is broken, the (unbroken) 
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supersymmetry ensures that there is a massless Goldstone fermion. Simi- 
larly, when the local symmetry is broken, besides the massive gauge boson 
the supersymmetry ensures the existence of a massive gaugino. The general- 
ization of these ideas to non-abelian gauge theories is discussed in §3.7 and 
illustrated in §3.8, in which we construct a supersymmetric version of 
electroweak theory. Finally, in §3.8, we derive the renormalization group 
equations for the gauge coupling constants in a general supersymmetry 
gauge theory. Applying this to the standard SU(3) x SU(2) x U(1) model 
we find that the gauge coupling constants achieve a common value at a 
unification scale of under 10'° GeV, thereby supplying the best (circumstan- 
tial) evidence to date for supersymmetry (and grand unification). 


3.2 The vector superfield 


The vector supermultiplet includes a (massless) vector particle (with helicity 
eigenstates +1) together with the fermionic gaugino (having helicity eigen- 
states +4). We therefore seek a ‘vector’ superfield involving a real gauge 
field V,,(x) and its fermionic partner /,(x). It suffices to start with a Lorentz 
invariant superfield F(x, 0, 6). This may be expanded in powers of 0, dup to 
and including quadratic terms in both 6 and 6. (Any cubic or higher powers 
necessarily vanish because of the anti-commutation properties.) Using just 
these fermionic coordinates, we saw in §1.2 that we can construct the 
Lorentz scalar quantities 69 and 66, and the vector 60“6 = — 60“6. The 
only candidate tensor quantities 60“”0 and 6“”6 vanish identically. Thus 
without loss of generality we may write any Lorentz invariant superfield in 
the form 


F(x, 0, 0) = f(x) + Og(x) + fzx) + 0Om(x) + 66n(x) 
+ Ga" 0V, (x) + 006) (x) + ÖðOy(x) + 6066d(x) (3.1) 


where f, m, n, d are scalar fields, V „is a vector field, and ọ, y, X, A are Weyl 
spinor fields. If we require that F(x, 6, 6) is real: 


F(x, 6, 0) = F(x, 6, 6) (3.2) 
then the properties derived in (1.78), (1.80) give 

f=f* V, = V,” d = d* (3.3a) 

m* =n G=x A=y. (3.3b) 


Then the superfield F has two (Weyl) spinors each with two complex 
components, giving a total of eight real fermionic degrees of freedom. These 
are matched by the total of eight (real) bosonic degrees of freedom 
comprised by f(1), d(1), m(2), V,(4). It is convenient to rewrite this 
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superfield using special field combinations for the coefficients of the 008, 
008 and 8606 components of F. Instead of (3.1) we write 
V(x, 0,0) = C(x) + i Ox(x) — i 6%(x) +4 i OO[M(x) + i N(x)] 

— 41 66[M(x) — i N(x)] + 00“6V,,(x) 

+ i 006|A(x) + 5a" su) — {660 hw $ g o” 3, Z(x) 

+ 30066[D — 44, 3C] (3.4) 
where C, M, N, D are real scalar fields. As before, y, A are Weyl spinor fields 
and V, is a (real) vector field. There is, of course, no loss of generality in 
using the form (3.4), rather than (3.1), since the extra terms in the 
coefficients merely use (correctly Lorentz transforming) fields constructed 
from those used elsewhere. However, there is also no immediately apparent 
advantage. The advantage becomes clear when we derive the transform- 
ation properties of the component fields under a supersymmetry transform- 
ation. (We shall find that the fields V,,=0,V,—4,V,, 4, 4, D form a 
representation of the supersymmetry algebra by themselves.) The reason 
for this is that with the form (3.4) the components can all be written as 
covariant derivatives of the superfield V, evaluated at 0 = 0 = 0. For 
example, it is obvious using the definitions (2.14) and (2.15) that 

Vi=C (3.5) 

DwV| = ike DaV| = -i Xa (3.6) 
where the vertical line signifies evaluation at 0 = 6 = 0. With a little more 
work, and the use of the results of §1.3, we can also see that 

D*D V| =- 4i fa D? =D.V|=4iA, (3.7) 
where we use the notation 

D =D°D, D? = D,D? (3.8) 


introduced in (1.75), and 
D*= eP Dg =— = +i Pak 36? ð, (3.9a) 
(3.9b) 


Similarly we find 


[Da Da] V| = 204V, (3.10) 
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DPD’ D V| = 462D + (oT) PV, (3.11) 
where 

Vo= OV eH 3V (3.12) 
is the (U(1) gauge-invariant) field strength. It follows immediately from 
(3.11) that 

D*D?D,V| = 8D. (3.13) 


It is now straightforward to determine the transformation properties of the 
components under an (infinitesimal) supersymmetry transformation. We 
use 


ôV = iQ + EO)V (3.14) 
with Q, O given by (2.12), (2.13). For example 

ôC = i(EQ + EQ)V| = (ED + ED)V| = i(Ez — Èz) (3.15) 
using (3.6). In the same way we find 
ôa = = $ (ED + ED)D°D,V| = — i Da = HO") Vn 810) 
ÒV” = i(Eo"A — 10"Ẹ) — (Ex + ÈZ) (3.17) 
ÔD = ð (—Ẹ0”] + dow). (3.18) 


Then it follows from (3.17) that the transformation property of the field 
strength V,,, is given by 


ÒV =i #(Ea"A — Lo’E) — ia’(Eo"A — Ao“é), (3.19) 


Thus, as claimed, A, À, V_,,and D form an (irreducible) representation of the 
supersymmetry algebra, by themselves. Note also that the variation of the 
D-field is a total divergence. The dimensions of the fields in the ‘vector 
supermultiplet’ are fixed by requiring that the vector field V, has its 
canonical dimension 


[V]=1. (3.20) 
Then since D,, like Qa, has dimension 4 it follows that 

[6] = [ĝ]= -3 (3.21) 
and then 

[Cc] =0 (3.222) 

[vl =3 = [z] (3.22b) 


[M]=1=[N] (3.22c) 
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[4] == [i] (3.22d) 
[D] = 2. (3.22e) 


So, as noted in Chapter 1, the highest-dimension field (D) in the supermul- 
tiplet must transform as a total divergence. Further, since 0, d“C also 
transforms as a total divergence, we see that D — 4 ô, “C does too, and so 
therefore does the entire coefficient of 6666 in V(x, 6, 9). This is the 
justification of the claim in §2.5 that the variation of the D-term in a vector 
superfield is a total divergence. 

Since the only requirement (3.2) for a vector superfield is that it be real, it 
is easy to construct a particular example of one using the chiral superfield ® 
and the anti-chiral superfield ©’ given in (2.27), (2.28). For instance 


E el ae ea aa 


— 60“6 ð le + g`) ~ = 6065" 3, + —= = 6660" Ə Y 
— 410066 4, (p - g`) (3.23) 
has the form (3.4) with 

C=i(g-¢) (3.24a) 

y= V2 (3.24b) 

3(M+iN)= (3.24c) 
=~ a +g’) (3.24d) 

i =0 (3.24e) 

D=0. (3.24f) 


Of course, for this identification to work the dimension of the fields g, y, F 
must be shifted by one unit from the canonical dimensions (1.175), (1.179), 
(1.194) which they are assigned in order to make the usual identification 
with quarks, leptons etc. Nevertheless the force of the observation (3.24) 
becomes clear when we note that the vector potential V, for the superfield 
i(® — ©") is a pure U(1) gauge transformation, and this suggests how to 
make a supersymmetric generalization of gauge invariance. 


3.3 Supersymmetric gauge invariance 


We start with the familiar local U(1) gauge invariance (of QED). Under such 
a gauge transformation the vector potential transforms as 


V(x) > Va) = V(x) + ô A(x) (3.25) 
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where A(x) is a ‘gauge function’. The discussion at the end of §3.2 suggests 
an immediate way to supersymmetrize the transformation (3.25). Since V, is 
a component of the vector superfield (3.4), and a,A =4,(g + g`) is in 
i(® — ®*), Wess and Zumino" suggested that the superfield transforms as 


V(x, 0, 8) > V'(x, 6, 6) = V(x, 0, 8) + i[®(x, 6, 6) — B(x, 0, ©] (3.26) 


under a U(1) gauge transformation. In fact, it is clear from (3.24) that in a 
gauge theory the fields C, y, M, N are not physical degrees of freedom, since 
they can be ‘gauged away’ by a suitable choice of y — gt, y, F while still 
leaving A = ọ + q’ arbitrary. Then in the ‘Wess—Zumino gauge’ the vector 
superfield is 


Vwz(x, 0, 6) = 00“ OV,,(x) + i 606A(x) — i O60A(x) + 30066D(x) (3.27) 


and from (3.24) the fields A, 4, D are gauge invariant while V,, transforms as 
in (3.25). Note that in the Wess—-Zumino gauge the field D, which from 
(3.18) transforms as a total divergence, is the coefficient of 9066. Also all 
powers Vz with n > 2 vanish, since they will involve at least 6. 

The only non-zero power is 


Vivz(x, 0, 8) = — (00“8)(8T” 0) V, V, = 30006V“V, (3.28) 


using (1.74a) and (A7). Such a term supplies a mass for the vector field, and 
thereby breaks the gauge invariance. Since the massive vector theory is not 
gauge invariant, the degrees of freedom C, y, M, N are physical and cannot 
be gauged away. In fact, as is clear from their dimensionality (3.22), the field 
C supplies the longitudinal mode of the vector field, while x, ¥ supply the 
extra degrees of freedom for the massive gaugino field. 

To construct a supersymmetric gauge field theory we need first to 
construct the field strength superfield, and secondly to couple the vector 
superfield to the charged (chiral) matter superfield in a gauge-invariant way. 
We have already observed that the fields A, A, V,, and D form an irreducible 
representation of the supersymmetry algebra, and that all of these fields are 
gauge invariant. This suggests that the field strength superfield is a spinor 
(chiral) superfield, since the lowest-dimension field is A, with [A,] = 3 = [A] 
while [V,,,] = 2 = [D]. It is easy to construct the required superfield Wg 
using covariant derivatives. Let 


W, = DDV. (3.29) 
Then from (3.7) 
Wal =4iA, (3.30) 


and we see that the lowest-dimension field is A, as required. Also, it follows 
from (3.29) that 


Djw,=0 (3.31) 
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since 
D;D,D; =0 (3.32) 


automatically. Thus W, is a chiral superfield satisfying the constraint (2.20), 
which means that it has the general form 


Waly, 8) = 4i Aal Y) + OP Gag Y) + OOF AY) (3.33a) 
as in (2.25), with 
y“ =x" +i 00%6 (3.33b) 


but now Qag is a bosonic field and F, a spinor field. It follows from (3.32), 
(3.28) and (3.11) that 


DgWal = Pog = DgD? DV | = €,[462D + Bilo“) Vi]. (3.34) 
Also, using (2.17) and (3.7) 
D°W,| = —4F, = D?D*D,V| = D*[D’, D,]V| 

= D(Dj{Da, DÊ} — {Da Dg}D*)V| 

= — 4i0%5a,D°D°V| = — 160%; 4,44. (3.35) 
So substituting into (3.33a) gives the field strength superfield 
WC y, 0) = 4i Aa( Y) — [40.°D(y) + 2i(0“5”)a’ Viv yp 

+ 46°o%, ð AÀ (3.36) 


with y given by (3.33b). To construct the (gauge-invariant) supersymmetric 
pure gauge theory we want the F-component of W°W,, since, as shown in 
Chapter 2, this transforms as a total divergence under supersymmetry 
transformations and therefore yields an invariant action. A simple calcu- 
lation yields 


3(W°W,) p= — 4V"V,, + iho" O A — VCV ay) + 3D? (3.37) 


where 


“Vy = 5 EuypoV (3.38) 
is the dual field strength tensor. We can use (3.37) as the supersymmetric 
generalization of the familiar kinetic terms AV ive of the U(1) gauge 
field, since the term involving *V,,, is a total divergence and so does not 
affect the equations of motion. The D-field is an auxiliary field which can be 
eliminated using the equations of motion. The gaugino contribution can be 
rewritten in terms of the (four-component) Majorana spinor 
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Am = (3) (3.39a) 
A 
ido” 0,4 = sAmy" 3, Am (3.39b) 


(dropping a total divergence again). 

To go beyond a pure gauge theory we also require a supersymmetric 
version of the interaction of the gauge field with (charged) matter. The 
conventional wisdom is that the known matter fields (quarks, leptons, Higgs 
(?)) are all described by chiral superfields, whose properties were discussed 
in Chapter 2. 

To describe a charged massive field, such as an electron, we must include 
both its left and right chiral components (and of course the left and right 
chiral components of the anti-particle). Thus for a massive charged super- 
field we need to employ two (left) chiral superfields, ®, and ®,. Then the 
complex chiral superfield 


S= = (®, +i®,) (3.40) 
transforms under a U(1) gauge transformation as 
S— S’ = exp(—2i gA)S (3.41) 


where to avoid confusion now (and henceforth) we denote the scalar chiral 
superfield associated with the gauge transformation by A (rather than ®). 
The reason for the factor 2 in the exponent will become apparent later. Then 


=o -iĝ `) (3.42) 


transforms as 
S= S" = S* exp(2i qA*). (3.43) 


Now consider the combination S* exp(2qV)S with V the vector superfield 
(3.4) which transforms as 


VoV'=V+i(A— A’) (3.44) 


under a U(1) gauge transformation, as in (3.26). Then it is easy to 
demonstrate that the quoted combination is U(1) gauge invariant, since 


S*’ exp(2qV’)S’ = S* exp(2i qA") exp[2qV + 2i g(A — A*)] 
x exp(—2i gA)S = S’ exp(2qV)S. (3.45) 


In the same way we can show that if we define 
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then 

T— T' =exp(2igA)T (3.47) 
and the combination 

T* exp(—2qV)T = T” exp(—2qV')T' (3.48) 


is also gauge invariant. Both (3.45) and (3.48) are real superfields, since V 
is, so the D-terms of each yield a supersymmetry-invariant action. As in 
Chapter 2, we construct mass terms using just left (or just right) chiral 
superfields. From (3.41), (3.47) ST, and therefore also S*T*, is U(1) gauge 
invariant, and the required mass term is given by the F-term of 
m(ST + S'T"). Putting all this together yields the Lagrangian for the 
supersymmetric U(1) gauge-invariant theory 


£=4(WW,) pe + (St e79S + Te 74"T) + m(ST + S*T*)p. (3.49) 
In the Wess—Zumino gauge (3.27), the exponential 
e74Mwz = 1 + 2qVwz + 2g Viz (3.50) 


since Vz = 0, n > 2, as already noted. The leading term of the exponential 
contributes 


(S*S + T’T)p = (© È, + P- D )p (3.51) 
and the mass terms 
m(ST + S*T*)p =4m(®,? + ®,7)- + HC (3.52) 


just as in (2.44), (2.45). The appearance of interaction terms proportional to 
q and q? is also to be expected since in a supersymmetric theory there must 
also appear interactions of the gauge field with the (charged) scalar particles 
(squarks, sleptons) which are the supersymmetric partners of the known 
matter fields. 

It is straightforward in principle, although tedious in practice, to express 
(3.49) in terms of the component fields of superfields S, T, V. We write S in 
the form (2.27) involving (@s, Ys, Fs), T in the same way but involving 
(Pr, Yr, Fr), and V in the Wess-Zumino gauge (3.27). Then 


(S* e74"S)p = (D ps) (D“gs) +ipso” D, Ps 
+ Fs'Fs +i V2q(gs'Wsh — psPså) + qps'ps D (3.53a) 
where 


D=" +igV". (3.53b) 
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So using the earlier results (2.46), (3.37) we find 
£= (D gs) (D“¢s) + (D.@r )(D“ery + ipso" Do Ys 
+i pro" Dpr + Fs'Fs + Fr Fr +iV2q(@s' Ys- Pr Yr) 
+ i V24(prPr — PsYs)Å + a(Gs's - Pr Gr)D 
+ m(¢sFr+ OrFs + gs Fr +r Fs — vsbr— Bsr) 
— WV V” + ido" ð À + 3D". (3.54) 


The fields F;, Fy, D are auxiliary, since their derivatives do not occur. Using 
their field equations 


F; + mo, =0= Fr + moş (3.55a) 
D +qlps'Ps- pr Gr) = 9 (3.55b) 
we may eliminate them and obtain 
£ = (Dgs) (D“gs) - mgs Ps + (D,¢r)(D“¢r') — mgr gr 
+ipsoY D, Ys +i pro" Dpr- mYspr— mbsr 
+i V2q(gs'Vs — Pr Wr) +i V2q(rbr — Gsibs 
= lOs Ps = Or Gry — aVV" + ido" a,A. (3.56) 


Finally we combine the Wey] spinors ys, Yrto construct a Dirac spinor, as in 
(1.83). We take 


Vs (sa) (3.57) 


and use the Majorana spinor Ay defined in (3.39). Then 
L =i Vy" DY — mVV + (D,9s)"(D“ gs) - mes Gs 
+ (Dyer) (D“¢r) — moror- ig (Gs ps- grr) 
+ 5 [Au ¥i(gs’ + er) + Amiys¥(@r - os) 
— VAmi(gs + ør) + ViysAm(Gr’ — ¢s)] -VaV 
Le 
Comparing with the gauge-invariant U(1) field theory described in Chapter 


9 of Bailin and Love®?, for example, we see that the Dirac field V has charge 
q, as do Gs, Y7". Besides the usual minimal couplings of the charged fields 
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YF, @s, Pr we note that the supersymmetry has forced the fields to have the 
same mass, as expected, but has also completely determined the self- 
couplings of the scalars as well as coupling the scalars to the (massless) 


gaugino field AĮ. The Feynman rules for the vertices are 


Nona 
mrss 


=~ igya 


—iqą(p+p'), 


iq(p+p')ı 


— 2iq 


1G Bay 


(3.59) 


(3.60) 


(3.61) 


(3.62) 


(3.63) 


(3.64) 
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J u 
N 
as fe (3.65) 
T7 v 
7 
sS -q 
-=s —A(1- 3.66 
> Vy! Ys) ( ) 
mes aS (3.67) 
e /2 V5 . . 


3.4 Spontaneously broken gauge invariance 


We saw in Bailin and Love that when a theory with a global internal 
symmetry is spontaneously broken, by a scalar field developing a non-zero 
vacuum expectation value, then massless Goldstone bosons appear in the 
theory (and there are relationships between the trilinear and quadrilinear 
couplings of the scalars). When the internal symmetry is promoted to a local 
(gauge) symmetry, the spontaneously broken theory has no Goldstone 
bosons. Instead erstwhile massless gauge fields ‘eat’ the putative Goldstone 
bosons and we have a theory with massive vector bosons. It is this mechanism 
that is used in the standard electroweak theory. Itis clearly of interest to study 
this phenomenon in the case where we have a supersymmetric gauge theory. 

The test bed for the investigation of spontaneous symmetry breaking is a 
theory with a single complex scalar field, so the simplest supersymmetric 
extension is a theory with chiral superfields ®;, as in §2.5. The potential is 


V(g;) = FF; (3.684) 
where 
F} = — (mgQj + Aye x + fi) (3.685) 


when we allow for a linear (tadpole) term f;®; in the superpotential W(®,) 
given in (2.45). If the equations 
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F,=0 (3.69) 


have solutions in which the scalar fields g; have non-zero values, then, as 
discussed in §2.9, the supersymmetry will be unbroken, but the internal 
(global) symmetry may be broken. 

For example, we may take a theory with three chiral superfields S, T, N, 
with S and T transforming as in (3.41), (3.47) under a U(1) global transform- 
ation, and N invariant: 


S> S' =e AIS (3.70) 

ToT = eF oT (3.71) 

N->N'=N (3.72) 
where Ag is the constant chiral superfield. Then 

W(S, T, N) =fN+ASTN (3.73) 


is invariant under the U(1) transformation. The requirement (3.69) that the 
F-terms all vanish gives the simultaneous equations 


Atn =0 (3.74a) 

Asn = 0 (3.745) 

Ast + f=0 (3.74c) 
for the vacuum expectation values s, t, n of the scalar components 

(P09 = 8 (3.75a) 

(Gro =t (3.755) 

(Pn =n (3.75c) 
of the three superfields. The solution 

n=0 st = flA (3.76) 


requires s and ¢ to be non-zero and hence (spontaneously) breaks the U(1) 
invariance. We therefore shift the fields gs, r by 


Qs =s + Ês (3.77a) 
Pr=t+ĝr. (3.77b) 
The potential is then 
Vigs, Or, Gn) = V(t + r)en? + A7\(5 + eson? 
+ [A(s + êst + br) +f? 
= 4 (° + PON PN 
+ sr + ts) (sr + ths) +++ (3.78) 


where we have used (3.74), and the unspecified terms . . . are the cubic and 
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quartic couplings of the scalar fields. Evidently there are two massive scalar 
fields with squared mass 47(s* + t?), as well as the massless Goldstone boson 
mode (proportional to) — t@7 + sĝs. (It is easy to see that this is in accord 
with the general treatment given in Chapter 13 of Bailin and Love™ in which 
we showed that (in a U(1) theory) the mode 2 q,v,;@;is massless, where v; are 
the vevs of the scalar fields g,.) 

Since supersymmetry is unbroken, there must also be a massless Gold- 
stone fermionic mode. This can be verified using (2.56), which exhibits the 
Yukawa couplings in a theory involving chiral superfields. The scalar 
couplings generate fermion mass terms when we make the shifts (3.77) 


= LEETE (Gx +O) = —Apnsyrt tyes) + (3.79) 


where . . . refers to the Yukawa couplings of the shifted fields gs. @7, gy. AS 
anticipated the fermionic mode proportional to —1W¥;+s5W, is the 
massless Goldstone fermion. 

Now let us consider the spontaneous breaking when the U(1) symmetry is 
local. We know, of course, that the massless gauge boson will become 
massive, and because supersymmetry is unbroken there must also be a 
massive gaugino: the erstwhile massless Majorana field Ay, combines with 
the massless Goldstone fermion mode to generate a massive Dirac fermion. 
This is the supersymmetrized Higgs mechanism. 

The Lagrangian for the U(1) local gauge-invariant version of the simple 
model we are studying is 


E = (WW) + (S*es + T eT + N N)p 


+ ((W(S, T, N)|-+ Hc). (3.80) 
The potential is now 

V(@s. pr, On) = Fs'Fs + Fr'Fr + Fy Fy + 3D? (3.814) 
where 

Fs" a a = — APTON (3.81b) 

Fr = — Ags@n (3.81c) 

Fy = ~ Agsg¢r + f) (3.814) 

D = - q4(Ys'Ps — Gr Gr): (3.81e) 
Thus the (supersymmetry-preserving) minimum is when 

s=t= -Vfl n=0. (3.82) 


As usual the covariant derivatives of the scalar fields in (3.58) generate the 
vector boson mass terms 
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my = 2q°(s° + 7) = 4q°fld. (3.83) 


However, the same scalars’ vevs also generate a bilinear coupling of the 
gaugino field Ay, to the fermion matter field V in (3.58). This gives 


m, = 2q V fih (3.84) 


as anticipated because of the preserved supersymmetry. 


3.5 D-term supersymmetry breaking 


So far, we have insisted that the non-zero vevs of the scalar fields preserve 
the supersymmetry, and certainly if this is possible it will be the global 
minimum of the potential, as discussed in §2.10. However, for the gauge 
theories that we are considering there is an additional method of breaking 
supersymmetry, besides the F-term method of Chapter 2. The new method 
utilizes the field D(x) of the vector superfield. 

We noted in §2.9 that spontaneous breaking of supersymmetry requires 
that some field in the theory, which is not invariant under the supersymmetry 
transformation, acquires a non-zero VEv. For the chiral superfield the only 
possibility is the field F(x). When there is a vector superfield present there is 
the possibility that the field D(x) has a vev 


(0|D(x)|0) = d 40. (3.85) 


In other words the D-field is an order parameter for spontaneous supersym- 
metry breaking via the vector superfield, just as the fields F; are for breaking 
with chiral superfields. Notice that (3.85) is the only way to achieve a non- 
zero variation under the supersymmetry transformations (3.15), (3.16), 
(3.17), (3.18) without breaking Lorentz invariance. This means that the 
gaugino field 4,(x) has a variation 


(|dehq(x)|0) = — i Ead #0. (3.86) 


This non-vanishing of d is consistent with our earlier observation that to 
break supersymmetry it is necessary for the effective potential V to possess 
no supersymmetric minimum. The field D(x) contributes 3D? to V, as is 
apparent in (3.81a), so with d # 0 we have 


Veld?>0. (3.87) 


At first sight, the D-term method of supersymmetry breaking looks 
unpromising since for a U(1) gauge theory interacting with chiral superfields 
®, having charges e,, the generalization of the Lagrangian (3.49) yields 


D=- > CPi Gi (3.88) 


i 


as a generalization of (3.555). 
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Thus d is zero if the scalars gy; have zero vEvs, and supersymmetry is 
unbroken. Further, since the supersymmetric state is always stable, it will be 
the preferred state. (Of course, depending on the superpotential W(®,) it 
may be that zero vevs for all @; is not allowed, and then supersymmetry is 
broken.) However, the D-term method that we wish to discuss does not rely 
on the superpotential. Indeed it is most simply realized when W, and 
therefore the F-terms, are absent. It utilizes the fact that (for a U(1) gauge 
theory only) there is an additional gauge-invariant supersymmetric term 
that may be added to the Lagrangian. This is (proportional to) the D-term of 
the vector superfield 


L, = ED(x). (3.89) 


We have already noted that the D-term of any vector supermultiplet yields a 
supersymmetric action, and for the U(1) gauge theory, we noted also that 
the D-term is gauge invariant. The addition of such a Fayet-Iliopoulos™ 
D-term changes the equation (3.88) for the auxiliary D-field to 


D=- G + >» epig) (3.90) 


It is then possible to break supersymmetry in a gauge theory with just a single 
chiral field ® having charge e. The Lagrangian is 


E = (W°Wa)r + (®* D)o + E(V)p. 


The superpotential, and therefore the F-term, is forced to vanish because of 
U(1) invariance and 


D=-—(E+ey’¢). (3.91) 


If e <0 we get a vanishing D with a non-zero vev for œ. This provides 
another example of the supersymmetric Higgs mechanism discussed in the 
previous section. However, if £e > 0, we minimize V(¢v) = ¿D? by choosing 
a zero VEV for œ. Thus the U(1) gauge invariance is unbroken, but since 


d = — £4 0 the minimum of V is 3? and supersymmetry is (spontaneously) 
broken. In fact 

Vig) = ( + eg gy (3.92) 
so the scalar field @ acquires a non-zero mass 

m, =ef (3.93) 


while its fermionic partner y remains massless, thereby verifying that 
supersymmetry is broken. The unbroken gauge invariance ensures that the 
gauge field V, remains massless, as does its superpartner the gaugino field A. 
However, the masslessness of A is due to it being the Goldstone fermion 
associated with the spontaneous breaking of global supersymmetry; it is 
called the ‘Goldstino’. 
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A similar phenomenon arises in the (more realistic?) model (3.49) which 
represents a supersymmetric extension of quantum electrodynamics. When 
we add the Fayet-Iliopoulos term (3.89) the only effect is upon the scalar 
sector: the fermion sector does not feel the broken supersymmetry. The D- 
term in (3.58) is modified to 


SE + e(Gs's — prepr)? (3.94) 
so 
Dy wee te, 
ms =m" + e$ (3.95a) 
m =m -e (3.95b) 
but 
m,=m. (3.96) 


3.6 Supersymmetric non-abelian gauge theories 


If supersymmetry is realized in nature, it is certainly at an energy scale that is 
higher than that of the electroweak scale. It is therefore essential to have a 
supersymmetric extension not only of the U(1) abelian gauge invariance, as 
discussed in the preceding sections, but also of the non-abelian gauge 
invariance that occurs in electroweak theory, quantum chromodynamics 
and grand unified theories. 

Suppose that we have a chiral superfield ® transforming as an (irreduc- 
ible) representation of a non-abelian group G. Under a gauge transform- 
ation 


® > P’ = exp(—2i gt*A%)® (3.97) 


where the A“ are chiral superfields and the Hermitian matrices ¢* constitute 
the representation of G to which ® belongs. That is to say, 


[2° t] =i ft (3.98) 
where the f*” are the totally antisymmetric structure constants of G. Then 
P — p” = OD exp(2i gt A”). (3.99) 


The (non-abelian) gauge-invariant combination of superfields that is 
analogous to the abelian case (3.45) is 


` exp(2gt7V7)® (3.100) 


where V° are the vector superfields containing the non-abelian vector 
bosons belonging to the adjoint representation of G. The gauge invariance 
of the above combination follows provided that the gauge-transformed 
vector superfields V” satisfy 
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exp(V’) = exp(—i A‘) exp(V) exp(i A) (3.101a) 
where 
A = 2gA%t? V =2gV"t". (3.101b) 


It should be noted that the above equation does have a solution for 
V’ =2gV'"t" precisely because the matrices t° represent the generators of a 
group. As in the non-supersymmetric case, it suffices to consider an 
infinitesimal gauge transformation in which we neglect terms of order A’. 
Even so, the general solution of (3.101) is non-trivial and requires the use of 
the Baker—Hausdorff formula. However, we shall content ourselves with 
the first few terms. We write 


exp(V’) — exp(V) = ôV + #(OVV + V ôV) 

+V V? + VVV +V? OV] 4°: (3.102a) 
where 

ôV=V'-V. (3.102b) 
For infinitesimal A 


exp(—i A‘) exp(V) exp(i A) — exp V = i(A — A’) 

+i(VA-— ATV) + i (V7A — AV?) (3.103) 
Then substituting into (3.101) we can solve (perturbatively) for ôV giving 
ôV =i(A-— At) + : [V, A + A'] + ŠIV, EAA E, (3.104) 


In terms of the superfields we get 


VU -V= i(A? z A”) = gf VP(AS 4 A‘) 
Se SVN ana (3.105) 


Then it is easy to see that the first two terms generate the familiar gauge 
transformation of the non-abelian vector potential 


Vil = Vi + alo + 9%) + gf” + pve (3.106) 


where @’ is the (leading) scalar term of A%. As before, we shall work in the 
Wess—Zumino gauge of the superfields V*. However, a general choice of the 
gauge superfield Af will yield a V” that is not in the Wess—Zumino gauge, 
although it can be transformed to it by a supersymmetry transformation. If 
we require that both V’’ and V% are in the Wess—Zumino gauge, so that 
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yryryre = 0 (3.107) 
then we must choose A? such that 
VVA =0 (3.108) 


in which case the third and succeeding terms of (3.104) vanish and we get 
ôVYZ = i(A — At) + sv", A+A]. (3.109) 


To construct the non-abelian field strength superfield, analogous to 
(3.29), we first need to generalize the supersymmetric covariant derivatives 
to be gauge and supersymmetric covariant. We define these as 


Vv, (A =n, a, å) (3.110) 


and having the property that if a (matter) superfield ® transforms as in (3.97) 
under a gauge transformation, then the (supersymmetry- and) gauge- 
covariant derivative ® transforms as 


(Vay = exp(—-i A)(V4®) (3.111) 
using the notation (3.101). Thus 

V,i=e tyes (3.112) 
Since A is a chiral superfield, 

D,A=0=D,N (3.113) 
we may choose 

V= Da (3.114) 
and then 

Vë =Vzq. (3.115) 
We also define 

V,=e Y Dae” (3.116) 


in the notation of (3.101) so that using (3.113) 
Va’ = eM Da ev Z e5 A e` e At Da ei At eY ei^ 
=e "^e Vp eVeiA=et4V eiA (3.117) 
as required. Finally we can define V,, by a gauge-covariant generalization of 
the supersymmetry algebra: 
{Vas Va} = 2i 0ta V 


u 


(3.118) 


74 LAGRANGIANS FOR VECTOR SUPERFIELDS 
We leave the construction of V,, as an exercise. The form (3.116) of V, can be 
expanded as 

iV,=iD,+ie “(D,e") (3.119) 


which invites the interpretation of the second term as a (supersymmetric) 
gauge connection: 


r,=ie “(D,e”). (3.120) 
Under a gauge transformation we get, as in (3.117), 

Ty’ =ie Y (Dae) =e tT 4 +ie t(D e4) (3.121) 
characteristic of a gauge connection. In the abelian case I’, reduces to 

Tl, =2igD,V (3.122) 


and consulting (3.29) this suggests that the non-abelian generalization of the 
field strength (spinor) superfield is given by 


W, = (2ig)'D°T, = (28) 'D*e-"(D, e”). (3.123) 
It is easy to see that W, transforms covariantly, since the (inhomogeneous) 
last term of (3.121) drops out because A is chiral. 
Expanding in powers of V gives 
-iTy=D,V+4[D.V,V]+--: (3.124) 
and in the Wess—Zumino gauge only the first two terms survive. In terms of 
the component superfields we get 


W4 = D? DV? + i gf® DD, V’)V: (3.125) 


and the effect of the second term is to convert the ordinary derivatives in 
(3.36) into gauge-covariant derivatives. Thus we get 


Wa = 4i Aa + [404 D%(y) +2i(o“")P Viv y) 18s 


+ 400ta DuA Cy) (3.126a) 
where 

Vis = Vy = ONV, Sef Vs (3.126b) 

QA = a,A%% — gf V PA. (3.126c) 


Then, as in (3.37), the (pure) gauge-invariant and supersymmetric contri- 
bution to the Lagrangian is given by 


Ly = AWW a) + (Wa (WF 
= —4V2,V% + i 10o DÀ + 4D°D* (3.127) 


in the Wess-Zumino gauge. Similarly when we calculate the gauge inter- 
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action (3.100) with the chiral matter supermultiplet ® the only difference 
from (3.53) is that the gauge-covariant derivatives are now those of the non- 
abelian theory: 


Lo = [Dt eX], = (By) (Dp) + i por D, p + FF 

+i V2g(pit*A*y — Utd g) + gpt? D'o (3.1282) 
where 

Dp = d,p + igt Vig. (3.128b) 


In general, in physical applications, there are several chiral supermulti- 
plets Py transforming as possibly different representations of the gauge 
group G. Then, of course, for each £e, we use for V the matrix defined in 
(3.101b) but constructed with the representation t/;, appropriate to ®,). 
Then the final part of the Lagrangian is given, as before, by the F-part of the 
superpotential 


Lint = [WPi ) + HC] (3.129) 
which is required to be invariant under the action of G (as well as no more 
than cubic in the superfields ®,,). Then the auxiliary fields are given by 


Fly=- (3.1302) 


PP 
D=- Y goot (3.130b) 


and the tree level approximation to the effective potential is 
aw |? ‘ 2 
Vga) = > +h? >: (> gripo ; (3.131) 


~ lpo 
The simplest illustration of this is supersymmetric Qcp with a single quark 
flavour. As for the U(1) case, we need two chiral supermultiplets which we 
denote by ®, and $; where ®,g includes the left chiral component of the 
quark field and ®; the left chiral component of the anti-quark field; ®;" 
then includes the right chiral component of the quark field. Under a gauge 
transformation ©, transforms as in (3.97) 


D> y’ = exp(—2i g3t7A2) Os (3.132) 


where ¢* are the eight 3 x 3 matrices constituting the 3 representation of 
SU(3). Since ®; constitutes a 3 representation 


©, y = exp(2i gst* A). (3.133) 


It follows that the transpose 
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P7! — P7" exp(2i g3t° A") (3.134) 
and so 

Ws, 7) = — MDF Ps (3.135) 
is SU(3) invariant, and 
Vps, Gr) = (Gs Gs + Gr Gr) + Gs tps- ortor (3.136) 


is the (tree level) effective potential. (In the above we are denoting by g, the 
(SU(3)) acp coupling constant, to avoid confusion with the electroweak 
coupling constants (g, g’) that arise in §3.7.) 

As in (3.58) we may express the Lagrangian in terms of the quark’s Dirac 
spinor field Y and the gaugino Majorana spinor fields AX 


£ =i Vy" D,Y — mv + (Dgs (Des) — moss 
+ (Pr yY (Dor) ~ mor Gr — WAGs t Gs — Gr Gry 
+ SS [Aulos + or Y + Malpr" — gs") i yst Y 


— Fr (gs + gr*)AX + Ut*(pr* — gs) i sf] 


-iye V% + g My" DAG (3.137) 
where 

DiPs = IPs + i g3t Vips (3.1382) 

D,AU = OARy — B3f VAM. (3.138) 


3.7 Supersymmetric electroweak theory 


It is also instructive to write down a supersymmetric version of the 
SU(2), X U(1)y gauge theory which has been so spectacularly verified by 
experiments during the past twenty or so years. In particular we must 
construct a supersymmetric version of the (non-abelian) Higgs mechanism 
that is required to break the gauge symmetry and generate masses. Thus 
besides introducing chiral superfields for each of the chiral components of 
the known fermions, we must also assign the fields of the electroweak Higgs 
scalars to chiral superfields. It would be nice if we could economize by 
placing these in the same superfields as some of the known fermions. For 
example, the chiral supermultiplet (£) which contains the electron 
doublet (ve, € ) will also have a scalar doublet component with the same 
electric charges (fe, 6. ), which a priori could be used to generate masses 
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for the down-like quarks and charged leptons. In the non-supersymmetric 
theory the up-like quarks acquire their masses using the charge-conjugate 
doublet (— ë}, Pg), but in the supersymmetric theory this will be associated 
with the right chiral antiparticle doublet (—eR, vig) which appears in 
P*(EL). It therefore cannot be used in the superpotential W(®,,)) which, as 
was shown in Chapter 2, must be constructed entirely from left chiral 
superfields. Thus, in order to generate masses for the up quarks, we are 
forced to introduce a new left chiral supermultiplet ®(H,) having weak 
isospin 4 but hypercharge 4, which includes a scalar doublet (Ht , HÌ). 
Further since there is also a new charged chiral fermion in this supermulti- 
plet, we must ensure that it can be given a Dirac mass, since a Majorana mass 
will break charge conservation; in any case we require a mass term for the 
scalar doublet in order to drive the spontaneous symmetry breaking. The 
cheapest solution is therefore to introduce a further chiral supermultiplet 
®(H,) having weak isospin 4 and hypercharge —3, which contains a scalar 
doublet (H$, Hz). Then ®(H,) is used to give masses to the down-like 
quarks and charged leptons and ®(H, ) to give masses to the up-like quarks. 
Thus in the minimal supersymmetric electroweak theory there are two chiral 
supermultiplets besides those needed for the known matter fields. 

We denote the three doublet superfields that contain the (left chiral) 
lepton doublets by L® (I = e, u, t). Similarly the quark doublets are in the 
superfields QÙ? (f = 1, 2, 3) with an undisplayed colour index running over 
the three labels which constitute the 3 representation of SU(3). The singlet 
superfields are denoted by /°, U%, D° where the three family labels 
indicate the flavours u,c,t in U and d,s,b in D; the superscript c 
indicates charge conjugate, and for the quark fields there is an undisplayed 
colour index running over the three components of the 3 representation. We 
also abbreviate our earlier notation and denote the two Higgs doublet 
superfields by H,, H,. Then the Yukawa couplings necessary to generate 
masses for the charged leptons and quarks arise from the F-part of a 
superpotential of the form 


W= Y mOLOT HM + Ù mOQNT i tH) D® 
l f8 


a ` MEQOT i rH, Ue (3.139) 
fg 


where m™ and m™ are (proportional to) the up-like and down-like quark 
mass matrices. (The factor it? is just the matrix €,g used to construct an 
SU(2) singlet from two doublets of the internal symmetry group, just as we 
did in (1.73) for the space-time spinors.) In the two terms involving quark 
fields an implicit sum over the (three undisplayed) colour labels is assumed. 

The remaining parts of the Lagrangian are simply written down using the 
techniques developed in the earlier sections of this chapter. We denote by 
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W (i = 1,2, 3) and B, the field strength superfields of the SU(2) and U(1) 
gauge theories, so as in (3.125) and (3.29) 


Wi = D?D,W' + ige!*D?(D,W)W* (3.1402) 
B, = D°D,B (3.140b) 


where W', B are the vector superfields. Then the supersymmetric pure 
gauge Lagrangian is 


Ly = &[W Wi + Wiw' + 2B°B, |. (3.141) 


The interaction of the gauge supermultiplets with the chiral matter and 
Higgs supermultiplets is fixed by their weak isospin and hypercharge 
quantum numbers: 


£a = p LO” expli gr: W — i g'B)L” 
l 


+ > QO expli gr: W +3ig' B)QO 
f 
+ F UM exp(—Fi g’B)U + 3 DO exp(4i g’B)D™ 
f f 
+ z I* exp(2i g'B)I° + Hy" expli gr - W + ig'B)H, 
7 
+ H expligt: W -— is'B)H,| i (3.142) 
D 


We leave it as an (extended) exercise to express the Lagrangian in terms of 
the component fields, and to eliminate the auxiliary fields. 

We might also use the technology developed in this chapter to formulate a 
supersymmetric grand unified theory, which unifies supersymmetric QCD 
and supersymmetric electroweak theory in a single (supersymmetric) 
theory. However, we shall postpone that pleasure until Chapter 6. The 
reason is that the scale at which such a symmetry is apparent is even higher 
than in the non-supersymmetric case, discussed in Chapter 16 of Bailin and 
Love”. In fact the scale (10'° GeV) is comparable with the Planck energy 
(10'° GeV) at which we are forced to discuss quantum gravity. At this scale 
instead of supersymmetry being a (rigid) global symmetry, we must allow it 
to be a local symmetry, just like the gauge symmetries. Such theories are 
called ‘supergravity’ theories and their formulation is the topic that we begin 
to address in the following chapter. Before doing that, however, we can at 
least see why the unification scale is pushed to an even larger energy by 
(global) supersymmetry. 
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3.8 The renormalization group equations 


We recall first that the renormalized coupling constants necessarily depend 
upon the scale M used in their definition. Since the physics described by the 
(bare) Lagrangian is independent of M, it must be that coupling constants 
‘run’ with M, and so physical quantities calculated with different values of M 
have the same values, provided that they are calculated to a sufficiently high 
order. The renormalization group equations specify precisely how the 
renormalized coupling constants vary. We saw in Bailin and Love (Chap- 
ter 12) that for a general gauge group G with coupling constant g the fine- 
structure constant 


a= g°l4n (3.143) 
satisfies 

Me =- 2 a? + O(a) (3.144a) 
where 

b= ¥C\(G)- 3) CAR) -3Y C($) (3.144b) 

R S 

with 

Ciao? =fe (3.144c) 


where f” are the structure constants of G, defined in (3.98). The sum over 
R is for Weyl fermions in representations Tp of G and 


C(R)Ò® STR”): (3.145) 


The sum over S is for scalars in representations Ts of G and C,(S) is defined 
analogously to C(R). 

In a supersymmetric theory the gauge bosons are accompanied by 
gauginos, in the same (adjoint) representation of G. Thus the vector 
supermultiplet contributes 


b(V) = §C\(G) — 3C\(G) = 3C,(G) (3.146) 


to b. Similarly in a chiral supermultiplet each Weyl fermion is accompanied 
by a scalar in the same representation of G, so their contribution is 


b(®) = — $C2(R) — $C2(R) = — C2(R). (3.147) 
In all we have 
b = 3C,(G) - D CAR) (3.148) 
R 


with the sum being over the representations R of all chiral supermultiplets. It 
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follows that for the supersymmetric standard model, described in the 
previous section, we have for the acp group SU(3) 


b3 =9— 2ng (3.149) 


where ng is the number of (fermion) generations. Similarly, for the SU(2) 
group we have 


b> = 6 — 2ng — iny (3.150) 
where ny is the number of Higgs doublets, and for the U(1)y group 

bi = — Yno - ny. (3.151) 
Integrating (3.144) between mz and (the unification scale) my gives 


a; (mz) — a (my) = ahi (3.152) 
2x mz 


The unification scale (m y) is defined as the scale at which all three (properly 
normalized) coupling constants have equal value. Thus 


a3(Mx) = (my) = 3a, (my) = agur(myx). (3.153) 


The origin of the factor 3 was explained in Bailin and Love, and derives 
from the requirement that the U(1)y is associated with a (diagonal) gener- 
ator of SU(5) whose normalization is determined by (3.145). The same 
normalization also arises in SO(10) and ‘flipped’ SU(5) x U(1). Eliminating 
the a priori unknowns agy7(my) and lIn my/mz constrains the values of 
a,(mz) through the relation 


[8b — 3(b; + b>)] sin? Ow(mz) 
= pe = Qem(Mz) 
= 3(b3 — b2) + (5b> SOS aay. (ae) (3.154) 


given in (16.45) of Bailin and Love”, for example. a, is the ordinary 
electromagnetic fine-structure constant and Ow is the weak mixing angle 
defined by 


tan? Oy = a /a2. (3.155) 
Using the supersymmetric values of the b; given in (3.149)-(3.151) gives 
(54 + 3ny) sin? Oy(mz) = 9 + 3ny + (30 — ny) Sem(Mz) (3.156) 
a3(mz) 


independently of ng. In the minimal supersymmetric model 
ny = 2 (3.157) 


as we have seen in §3.7, and the fine-structure constants have the values 
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Qem (mz) = 128.8 (3.158) 
a3(mz) = 0.108 + 0.005. (3.159) 
Then (3.156) gives 
sin? Oy(mz) = 0.234 (3.160) 
whereas experimentally 
sin? 0y(mz) = 0.2336 + 0.0018. (3.161) 


Thus the supersymmetric renormalization group equations ‘predict’ 
sin? @y with remarkable accuracy. Put another way, starting with the 
measured values of the three gauge coupling constants the renormalization 
group equations predict that all three achieve the same value at the 
unification scale my. In contrast, the non-supersymmetric equations ex- 
clude such a single unification scale by seven standard deviations. (The value 
of sin? Ow predicted is 0.21.) This looks like excellent circumstantial evi- 
dence for supersymmetry and grand unification. The unification scale is also 
independent of ng and given by 


(18 + ny) In mx = 22[ Gem (mz) — $03" (mz) ]. (3.162) 
Z 
Using 
mz = 91.176 + 0.023 GeV (3.163) 
this gives 
my = 1.46 x 10!6 GeV (3.164) 


which is only three orders of magnitude from the Planck scale, and 
comfortably consistent with the measured lower bounds on the lifetime of 
the proton, as we shall see. In contrast, the non-supersymmetric theory gives 
my = 5 X 10!4 GeV, which is excluded by the data. 
The common value agyur(m,y) of the three coupling constants is given 

by 
(18 + my )agur (my) = 3° (mz)(—-6 + $no + ny) 

+ (9 — 2ny)dem (mz). (3.165) 
We take 

Ng =3 (3.166) 
as conclusively shown by the LEP experiments, and then 


acur (My) = 25.8. (3.167) 
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Exercises 


3.1 Verify (3.7). 

3.2 Verify that the F-part of W°W, gives the expression (3.37). 
3.3 Verify (3.109). 

3.4 Construct V, using (3.118). 

3.5 Verify (3.126). 


3.6* Express the Lagrangian (3.142) in terms of the component fields and 
eliminate the auxiliary fields. 
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PURE SUPERGRAVITY 


4.1 Introduction 


Most symmetries in particle physics are realized as local symmetries (gauge 
symmetries) rather than mere global symmetries. This suggests that super- 
symmetry should also be realized as a local symmetry. Then the group 
parameters é and a“ in (2.10) should be allowed to be functions of the point 
in space-time. In particular, because the supersymmetry algebra contains 
the generator of translations P,,, we should consider translations that vary 
from point to point in space-time. Thus, we expect local supersymmetry to 
be, among other things, a theory of general coordinate transformations of 
space-time, and so a theory of gravity. The theory of local supersymmetry is 
therefore referred to as supergravity. 

It might be thought that supergravity effects could be neglected at the 
electroweak scale, and that global supersymmetry could then be used rather 
than local supersymmetry. However, there are phenomenological consider- 
ations that suggest that supergravity effects are important even at such low 
energies. For instance, in theories with F-term supersymmetry breaking, 
equations (2.115) and (2.116) show that at tree level a fermion such as a 
lepton has a scalar supersymmetric partner of higher mass than itself and 
another of lower mass than itself. This does not occur in the real world and if 
the theory is to be phenomenologically acceptable it is necessary for the 
quantum corrections to STr M? to be significant. In realistic models of this 
type the supersymmetry-breaking scale Ms (where M,” is the expectation 
value of the F-term responsible for supersymmetry breaking) is typically 
found to be 10’°-10'! GeV (more details of such models may be found in the 
review of Niles“). In these circumstances, effects of supergravity cannot be 
neglected. Specifically, we shall find in Chapter 5 that, in the presence of 
supersymmetry breaking, scalar particles in supergravity theory acquire 
masses of order M,”/mp where mp is the Planck mass (~10!° GeV). For Ms 
of order 10!° to 10! GeV, these contributions to the scalar masses are of 
order 10? GeV and may not be neglected. It is therefore prudent to consider 
supergravity from the outset. 

In this chapter, we shall consider pure supergravity without couplings to 
matter fields. A pure gravity theory would involve only the spin-2 graviton. 
A pure supergravity theory will have to include in addition the super- 
symmetric partner of the graviton. From §1.4 it can be seen that the spin-2 
graviton could belong either to a supermultiplet containing a spin-3 particle 
or to one containing a spin-3 particle. It is well known that theories 
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containing particles with spins greater than 2 tend to have undesirable 
features, and it is therefore natural to assume in formulating supergravity 
that the supermultiplet of the graviton (the supergravity multiplet) contains 
a spin-3 particle, referred to as the gravitino. (It will be seen in §5.3, when 
the coupling of the gravity supermultiplet to matter is considered, that this is 
the correct choice, because the gravitino is the ‘gauge field’ associated with 
the local supersymmetry transformation.) 

The problem of constructing the locally supersymmetric Lagrangian for 
the supergravity multiplet (the pure supergravity Lagrangian) can be 
tackled in two stages. First, construct the globally supersymmetric Lagran- 
gian for the supergravity multiplet, and second use the Noether procedure to 
derive the locally supersymmetric Lagrangian from the globally super- 
symmetric Lagrangian. In the next section we shall show how the Noether 
procedure works for the simpler case of an ordinary global symmetry, before 
proceeding in the subsequent section to the construction of the supergravity 
Lagrangian. 


4.2 The Noether procedure 


The Noether procedure is a systematic technique for deriving an action with 
a local symmetry from an action with a global symmetry. The simplest 
example of this procedure is obtained by considering the action for a free 
massless Dirac field Y, 


So = if ats py" ayy. (4.1) 


This action is invariant under the transformation 
poe lty ; (4.2) 


where £ is a constant phase, i.e. Sọ has an abelian global symmetry. To make 
the transformation local we allow e to depend on the space-time coordinates 
and consider 


pore ly, (4.3) 


However, as it stands Sg is not invariant under the local transformation but 
instead changes by an amount 


6S = [ats yyy ðE = [ats ð E (4.4) 


where 


j“ = py (4.5) 
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is the Noether current associated with the symmetry (4.2) of Sp. 
To restore invariance a gauge field A“ is introduced that transforms under 
(4.3) as 


A,— A, + dye (4.6) 


and a term coupling A“ to the Noether current is added to the action to 
obtain the modified action 


S=So- fasza, = fariga, +iA,)y. (4.7) 


The action S is then invariant under the local symmetry (4.3) and (4.6). (Of 
course, S is just the action for the quantum electrodynamics of the Dirac 
field, apart from the kinetic term for the electromagnetic field A,, which is 
separately invariant, and with the electromagnetic coupling constant 
absorbed in the definition of A,,.) 

In this simple example, the locally invariant action was achieved in a single 
stage, because the variation of the term — f d*x j“A » added to Sp exactly 
cancelled the variation of Sọ under the local transformation. More generally, 
for example for an initial non-abelian global symmetry, the cancellation only 
occurs correct to lowest order in some expansion parameter, and the process 
has to be iterated. At each stage, a further term is added to the action to 
cancel its variation correct to the next order in the expansion parameter, 
and, in general, for this to occur it is also necessary to add further terms to 
the transformation law (equation (4.6)) of the gauge field (in such a way that 
the algebra of transformations still closes). After a finite number of 
iterations (with luck) an action is obtained that is exactly invariant under the 
local symmetry, i.e. under the form of (4.3) and under the final form of (4.6) 
appropriate to the symmetry being studied. 

To fill out the above general remarks, we now carry through the Noether 
procedure to derive the pure gauge field action for non-abelian gauge 
theory” from the globally symmetric action 


So=-4 Í G,” Gu" dîx (4.8) 
where 

Ga” = aA,” — 3” A, (4.9) 
and A,“,a = 1, - : +, r, are vector fields transforming as the adjoint represen- 


tation (of dimension r} of some Lie group. If T, are the generators of the 
Lie group and f,,, are the structure constants defined such that 


[Tas Tp] ag i fabe Te (4.10) 
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then under an infinitesimal global transformation of the group with param- 
eters £z, 


A> Aa” + ef pte A". (4.11) 


The action (4.8) is invariant under this transformation. 

In the derivation of an action with local non-abelian symmetry from the 
globally symmetric action, it will prove useful to notice that the action (4.8) 
is also invariant under the abelian local transformation 


Agi Ag" + OE, (4.12) 


where the £, now depend on the space-time coordinates. 
The action Sọ is not invariant under the transformation (4.11) when €, is 
space-time dependent, but changes by an amount 


ôSo = | d*x ja” 8,84 (4.13) 


where 
Ja” = fabe Gp” A p (4. 14) 


is the Noether current associated with the symmetry generator T,. Invar- 
iance is restored, correct to first order in the coupling constant g, by adding a 
term coupling A,” to the Noether current to the Lagrangian, and simul- 
taneously modifying the transformation law (4.11). In detail, we replace So 
by 


Sy = So pas aatra (4.15) 


and modify the transformation law (4.11) by the addition of a term 0“¢,, so 
that it becomes 


Agi Ag" + gfarceoAt + Oe. (4.16) 


The required cancellation of 6S, against the variation of the term coupling 
A,“ to the Noether current in (4.15) is achieved entirely (Exercise 4.1) by the 
extra term “e, in (4.16). The modified transformation law combines the 
non-abelian global symmetry (4.11) and the abelian local symmetry (4.12) 
into a single non-abelian local symmetry. . 

The action $; is invariant under the non-abelian local symmetry (4.16) 
correct to order g. To achieve invariance correct to order g°, a further 
modification of the action is required, but no further modification of the 
transformation law (4.16). The variation of S; under (4.16) is 


T E [Awavae dey dt. (4.17) 
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If we replace $4 by 


S= Sy F T adin [AAasA Ad d*x (4.18) 


(substituting A,“ for —d“e, in the expression (4.17) up to a numerical 
factor) then the variation of the added term cancels ôS; correct to order g’, 
and S is invariant under the local symmetry transformation (4.16) to this 
order in g. Indeed, a little more effort shows that S is now exactly invariant 
(to all orders in g). 

Assembling the terms in (4.18), the final action is 


S=- } | dh Fa” (4.19) 


with 
Fa = Gay = Efabc Ab Ac” = AMA,” on a"A,* = Efabc Ab” A (4.20) 


which is the usual action for pure non-abelian gauge field theory”. 

We shall use the general procedure described here in §4.4 to derive a 
locally supersymmetric action for the supergravity multiplet from a globally 
supersymmetric action. 


4.3 The globally supersymmetric Lagrangian for the supergravity 
multiplet 


Before constructing the locally supersymmetric pure supergravity Lagran- 
gian, we first obtain the globally supersymmetric (free) Lagrangian for the 
supergravity multiplet of the graviton and its spin-3 partner the gravitino. 
The on-shell free Lagrangian for a chiral supermultiplet discussed in $1.5 
was just the sum of quadratic kinetic terms for the Weyl spinor field and the 
complex scalar field making up this supermultiplet. By analogy, we might 
expect to have to use here the sum of a quadratic kinetic term for the 
gravitino, which we may conveniently describe by a massless Majorana 
vector spinor field ¥“, and a quadratic kinetic term for the spin-2 graviton, 
described by a traceless symmetric tensor g,,. (As discussed in $1.3, a 
supermultiplet has the same number of bosonic and fermionic degrees of 
freedom. Thus, on-shell the supermultiplet of the graviton contains the two 
bosonic degrees of freedom of the graviton and the two fermionic degrees of 
freedom of a massless Weyl vector spinor, or equivalently a massless 
Majorana vector spinor.) The massless Rarita~Schwinger action® Srs 
provides a suitable kinetic term for the gravitino. 
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Spgs =—i | dix MP ysy, 3p Fo (4.21) 


where our conventions for y, and ys are as in §1.2, and e“”?? is the totally 
antisymmetric Levi-Cevita symbol defined so that 


eo = 1; (4.22) 


The graviton Lagrangian requires a little more thought. 

The Einstein action provides the most natural choice of Lagrangian term 
for the graviton, but it is not quadratic in g,,, (indeed not even polynomial). 
This is not surprising because the Einstein action describes a theory 
invariant under local coordinate transformations and, at this stage, we are 
merely trying to construct a theory with global supersymmetry. To obtain a 
Lagrangian term that is quadratic in the graviton field we need to use the 
action for linearized Einstein gravity. (The linearized field equation can be 
found in textbooks on gravitation in discussions of gravitational waves.) 
Let us write 


Suv = Nur + Khu (4.23) 
where 77,,, is the Minkowski metric, and 
K? = 81Gy (4.24) 


where Gy is the Newtonian gravitational constant. (It will sometimes be 
convenient later to take units where x*=1.) The factor « in (4.23) is 
introduced so that h,,, has mass dimensions 1, as appropriate to a bosonic 
field describing the graviton. Expanding the Einstein field equation to linear 
order in h, leads to the action Stsrein for linearized Einstein gravity 
(Exercise 4.2) 


SEINSTEIN =e iets (Riv = MuR he” (4.25) 


where indices are raised and lowered using 7“” and y,„,, the linearized Ricci 


tensor Ry is given by 


a°h arh* a°h* ah? 
RL =}|- Sw + Bs Sd a 4.26 
we | ax ax, ax” axl dx” ax? ax" ax” 20) 
and the linearized curvature scalar R} by 
R’=7Ri,. (4.27) 


It may now be suspected that the on-shell globally supersymmetric action 
SGLOBAL for the supergravity multiplet is 


SGLOBAL = SRs F S EINSTEIN ‘ (4.28) 
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To check that this is the case it is necessary to construct transformations 
connecting the graviton and gravitino fields (h,,, and V,,) which realize the 
N = 1 supersymmetry algebra and leave the action invariant. Since we are 
constructing an on-shell realization of the supersymmetry algebra we only 
expect the algebra to close correctly provided that we use the field equations 
and, in general, any gauge invariances of the theory. In the present case, the 
field equations are 


Ry, =0 (4.29) 
and 
Ee“ Ysy, dp Fo = 0. (4.30) 


The Rarita-Schwinger action (4.21) is invariant under the gauge transform- 
ation 


F, —> YF, +ô = YF, + 6,8, (4.31) 


where y is an arbitrary Majorana spinor parameter and the linearized 
Einstein action (4.25) is invariant under the gauge transformation 


Ruy huv + OyEy + OyEy = hyuy + Ôchuv (4.32) 


where e, is an arbitrary four-vector parameter, as can be checked directly. 

Consider the global supersymmetry transformation e'*2, where £ is a 
Majorana spinor parameter and Q is the Majorana spinor supersymmetry 
generator of (1.107). The effect of this global supersymmetry transform- 
ation on the supergravity multiplet is expected to be of a form linear in ë and 
the fields, and with the correct symmetry in the indices, 


hiv huv a cièl yY, F yF) T Conary’ Y, = huv + Ohyy (4.33) 
and 

U,V, + 030" dhE + C4 dph E= Y, + ÒF, (4.34) 
where 

ot = y] (4.35) 


(This matrix was denoted by =*” in Chapter 1 to avoid confusion with a 
related 2 x 2 matrix.) The constant coefficients, c1, c2, c3 and c4, will now be 
determined by the requirement that the transformations (4.31), (4.32), 
(4.33) and (4.34) together with space-time translations form a closed algebra 
that realizes the supersymmetry algebra correctly on-shell up to gauge 
transformations. 

We look first at the action of the commutator of the Ravita-Schwinger 
gauge transformation (4.31) and the supersymmetry transformation on h,,, 
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[5,62 Mur = alu 9 + Yy ON) + Comp EY? Opn. (4.36) 
This is just an Einstein gauge transformation (4.32) with 

Ey = ciêy,n (4.37) 
provided that we take 

c, = 0. (4.38) 


(Otherwise the algebra does not close.) 
Second, we study the action of the commutator of the Einstein gauge 
transformation (4.32) and the supersymmetry transformation on Y: 


[6., Ôc] F, = c30 "(0p d,€r)E + C4(d, OPE, + 4, 0,€°)E. (4.39) 


This is a Rarita-Schwinger gauge transformation with 


n= 030" ð E, È 4.40 
Pp 
provided that we take 
C4 = 0. (4.41) 


Turning next to the action of the commutator of two supersymmetry 


transformations with parameters é; and £> on h,,,, we find 


[Òs 5s, uv = C1C3(E27,0 phrv E1 — G:y,0 Oph, 2) + (u >v) (4.42) 
where we have used (4.38) and (4.41). This may be simplified by using the 
y-matrix identity 

YAY uY v = NauYv + Nuv¥A T NavYu +i EzuvpY 5Y’ (4.43) 
and the Majorana spinor identities (1.86). Thus 
[ðs > Oe) uv = 21 c1¢3(Ey"E uh + Ey dyheu nay 2y’ È: ðphuv) (4.44) 
which is the sum of an Einstein gauge transformation (4.32) with 

Ey = 21 0038 7"E,h,, (4.45) 


and a space-time translation. The coefficient of the space-time translation in 
(4.44) is consistent with the supersymmetry algebra (as in (1.184)) provided 
that 


2€4C3 =-1. (4.46) 


Finally, we consider the action of the commutator of two supersymmetry 
transformations on Ẹ,. After some labour this can be written as 


[ðs 0g, ]¥, = 2i by ë, dY, — i duly EV, + 462 Eyy Vp) (4.47) 


which is the sum of a space-time translation with the correct coefficient to 
agree with the supersymmetry algebra of (1.187), and a gauge transform- 
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ation (4.31) on W,. The derivation (Exercise 4.3) requires the use of the 
Fierz identity for Majorana spinors 


Ey, ð, F on T 4Ey"no PYY, av (4.48) 


and the Rarita-Schwinger field equation (4.30) which can be written in the 
alternative forms®) 


eh Pysy, Io Vg = 0 (4.49a) 

y“(0,¥, — 0,¥,,) =0 (4.49b) 
or 

Eyvor’s(d°W" — AW) = 2i(8,¥, — 0,¥,,). (4.49¢) 


In summary, we should take the action of the global supersymmetry 
transformation e’=2 on the fields of the on-shell supergravity multiplet to be 
Ay hus + Oghyy = huy + Ely Y, + Vy) (4.50) 


and 
U,V, +64, =, - E O” Fold. (4.51) 


Then, the algebra (4.50), (4.51), (4.31) and (4.32) of supersymmetry 
transformations and gauge transformations taken together with space-time 
translations closes, and the commutators of supersymmetry transformations 
are as required by the supersymmetry algebra up to a gauge transformation, 
provided that we employ the Rarita-Schwinger field equation (4.49). It 
remains to check that the action (4.28), (4.25) and (4.21) for the on-shell 
supergravity multiplet is invariant under the supersymmetry transform- 
ations (4.50) and (4.51). After some labour (Exercise 4.4) it can be shown 
that the action is indeed invariant provided that we choose 


cı = -i/2. (4.52) 


Thus, the final form of the global supersymmetry transformation e' £2 for the 
on-shell supergravity multiplet is 


i- 
hay > hur + Of = huv — 5 Ey Vee (4.53) 
and 
VY 8, +ô, = Y,- ior dha: (4.54) 
4.4 The locally supersymmetric Lagrangian for the supergravity multiplet 


In §4.3, we have seen how to construct an action (4.28) for the on-shell 
supergravity multiplet that is invariant under global supersymmetry trans- 
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formations (4.53) and (4.54). In this section, we shall sketch the derivation 
of the corresponding locally supersymmetric action utilizing the Noether 
procedure described in $4.2. 5 

Consider the local supersymmetry transformation e! £2 where E(x) is a 
Majorana spinor parameter that depends on the point in space time and Q is 
a Majorana spinor supersymmetry generator of (1.107). It is tempting to 
surmise that the action (4.28) can be made locally supersymmetric rather 
than just globally supersymmetric by replacing the linearized Einstein 
Lagrangian by the usual Einstein Lagrangian, and replacing the derivatives 
in the Rarita-Schwinger Lagrangian by covariant derivatives. It turns out 
that this is almost the case, but that some extra terms quartic in the Rarita— 
Schwinger field need to be added to the Lagrangian, or equivalently that an 
extra term needs to be added to the standard covariant derivative™. 

The action (4.28) is invariant under the supersymmetry transformation 
e'=2 when Eis independent of x, but ceases to be invariant when Ẹ depends 
on x. To apply the Noether procedure of §4.2, we begin by modifying the 
globally supersymmetric action (4.28) and the transformation laws of the 
fields of the supergravity multiplet so as to obtain an action that is locally 
supersymmetric to lowest order in x, which is the appropriate expansion 
parameter here. 

Under the transformations (4.53) and (4.54), but with £ now dependent 
on x, the variation of the action (4.28) is 


OSGLOBAL = |atej™ ðE (4.55) 


where j“ is the Majorana vector spinor Noether current 

JAS see yeyioe hro. (4.56) 
An action S, invariant to order k may be obtained by modifying the 
transformation law (4.54) of Y, to 

Y, —> YF, + 6V, = Y, taK aE io phy E (4.57) 


where a is a constant, and adding a term to Sorosa coupling ¥, to the 
Noether current, so that 


S1 = SGLOBAL — AGa (4.58) 


No modification of the transformation law for h,,, is required at this stage. 
As we shall see shortly, equations (4.57) and (4.58) shape up neatly in terms 
of a covariant derivative provided that we take 


a=2. (4.59) 
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Proceeding in this way to obtain actions invariant to higher orders in x 
leads (with sufficient labour) to the final local supersymmetry transform- 
ation laws 


e," — e, + ôe," = e” — i key" W, (4.60) 


where e,” is the vierbein®-© with u a world index and m a local Lorentz 
index, satisfying h,,, = ¢,""€,""%1 mn, and 


VV, + 68, = Y, +2« DE (4.61) 


where D,, is the covariant derivative 


D, = ð, — i @umn— (4.62) 
with 
h ik? = 
Oumn = umn + Ja amka + Fn Yu Yn — -¥ nea) (4.63) 
and 
umn = lem NO ene — yenu) + le,” en ð oppl - (men) (4.64) 


which is the standard spin connection, The covariant derivative Ď, 
differs from the minimal covariant derivative of general relativity by the 
term quadratic in the Rariie-sehwingc field, which is necessary to achieve 
invariance of the action at order x’. The final locally supersymmetric 
action is 


S=- = l dfx Idet e|R — fatx EPE ysy, DWV. (4.65) 


which is the sum of the standard Einstein action, with R the curvature scalar, 
and the action for the Rarita-Schwinger field covariantized using the non- 
minimal covariant derivative (4.62). It is straightforward to check that the 
transformation laws (4.60) and (4.61) and action (4.65) reduce to (4.53), 
(4.57) and (4.58) correct to order x. The invariance of (4.65) under (4.60) 
and (4.61) to all orders in x may be checked directly. This is a somewhat 
laborious process which can be simplified“-® by using the first-order 
formalism in which the vierbein and spin connection are treated as indepen- 
dent variables with the spin connection ultimately given in terms of the 
vierbein by solving the field equations. 


Exercises 


4.1 Check the invariance of the action (4.15) correct to order g under the 
transformation (4.16), and of the action (4.18) correct to order g’. 
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4.2 Derive the action for linearized Einstein gravity by expanding the 
Einstein field equations to linear order in h,,. 


4.3 Show that the commutator of two supersymmetry transformations acts 
on a Rarita—Schwinger spinor as in (4.47). 


4.4 Show that the choice (4.52) of cı gives a globally supersymmetric 
action for the supergravity multiplet. 
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COUPLING OF SUPERGRAVITY TO 
MATTER 


5.1 Introduction 


To make contact with the physics of quarks, leptons, gauge fields and 
Higgses it is necessary to extend the discussion of the pure supergravity 
Lagrangian of the graviton and gravitino of Chapter 4 to include couplings to 
these ‘matter fields’. In Chapter 4, the locally supersymmetric Lagrangian 
for the supergravity multiplet was derived from the globally supersymmetric 
Lagrangian using the Noether procedure of §4.2. In this chapter, we shall 
use the same technique to illustrate how couplings of the supergravity 
multiplet to matter fields may be obtained, before proceeding to a discussion 
of supersymmetry breaking in supergravity theories. Whereas in globally 
supersymmetric theories supersymmetry breaking manifested itself in the 
appearance of a massless Goldstone fermion, in locally supersymmetric 
theories we shall find that the corresponding effect is the appearance of a 
mass for the gravitino, which is the gauge particle of local supersymmetry. 
Supersymmetry breaking in a ‘hidden sector’ is communicated to the 
‘observable sector’ (of quarks, leptons etc) in the form of supersymmetry- 
breaking terms in an otherwise globally supersymmetric low-energy Lagran- 
gian. For the supersymmetry-breaking mass splittings within supermultip- 
lets to be small enough (<1 TeV) for the hierarchy problem of grand unified 
theories to be solved (as discussed in §5.6) it will be found to be necessary for 
the gravitino mass m,n to be small on the Planck scale mp. This is most 
naturally achieved in the no-scale supergravity theories, with which we 
conclude the chapter, in which m,n is undetermined at tree level with 
non-gravitational radiative corrections leading to a value of m3, hierarchi- 
cally suppressed relative to the Planck scale. 


5.2 The supergravity Lagrangian for the Wess—Zumino model 


The simplest matter field system to couple to supergravity by making the 
supersymmetry local is the free massless chiral supermultiplet of the Wess- 
Zumino model. From (2.50), the corresponding globally supersymmetric 
Lagrangian is 


Lo = ð p* a"g + i po" a,y (5.1) 
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where y is a Weyl spinor, and the on-shell global supersymmetry transform- 
ation laws corresponding to (2.36) and (2.37) are 

dg = V2Ewy (5.2) 
and 

ôy = -1V24,9 o% Ew (5.3) 
where ëw is a Weyl spinor parameter. Alternatively, the Lagrangian may be 
written in terms of a Majorana spinor YW as in (2.56): 


Lo = 3,0" a*p + 5 hy" ô, Y. (5.4) 


It is not difficult (Exercise 5.1) to show that the global supersymmetry 
transformation laws (5.2) and (5.3) may be recast in terms of the Majorana 
spinor V and real fields A and B defined by 


1 : 
~ =e lA + iB) (5.5) 
as 
6A = EY (5.6) 
ÒB = i &y;¥ (5.7) 
and 
OW = — iy“ ð (A +iysB)E (5.8) 
where ¿is the Majorana spinor parameter 
Sw 
E= f ): 5.9 


To obtain a corresponding locally supersymmetric Lagrangian we need to 
replace & by &(x), i.e. to allow € to depend on the point of space-time, and, 
employing the Noether procedure, to add terms to the Lagrangian and to the 
supersymmetry transformation laws until invariance is restored. In the 
absence of space-time dependence of £, the variation 6£y of Ly under a 
supersymmetry transformation is a total derivative and so £ọ is globally 
supersymmetric. Allowing £ to have space-time dependence, but retaining 
for the moment the transformation laws (5.6), (5.7) and (5.8) (where ô, 
differentiates A + i ysB but not €), we have instead (Exercise 5.2) 


dL = 0,8 j“ (5.10) 


up to a total divergence, where 
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jY=a(A —-iysB)y“V. (5.11) 


Cancellation of 6b£, may be achieved by adding a term to the Lagrangian 
coupling the (Noether) current j“ to a gauge field for the local supersym- 
metry transformation, by analogy with the Yang-Mills case of §4.2. Since 
the supersymmetry generator is a Majorana spinor, the corresponding gauge 
field should be a vector spinor Y“, which we identify with the gravitino of 
§4,3. The transformation law of Y“ under a local supersymmetry transform- 
ation is already known from (4.61). To leading order in x it is 


WW, + 2K aE. (5.12) 
Thus, if we add the Lagrangian term 

L, = a,j" (5.13) 
the supersymmetry transformation variations 6£, and ÔL; cancel to zeroth 


order in x for 


(5.14) 


To cancel £) + ôL; to next to leading order (order x) it is necessary to 
add further terms to the Lagrangian and to the supersymmetry transform- 
ation laws. To this order (Exercise 5.3) 


o£, =- „Ej“ +i KW"yET,, + eh, ðA ôB 


y,€A ðB (5.15) 


LK phe ng 
Pe OP 


where, displaying only the A-dependent part, 

Tyy = ð A ð A — Fy, OA OPA + +> (5.16) 
which is just the energy-momentum tensor, and 

A oB = A ðB — B ðA. (5.17) 


To cancel the T,,,-dependent part of ÔÒ£;, it is necessary to add to the 
Lagrangian the linearized gravity coupling of the graviton to the energy- 
momentum tensor 


Ly = — khp T. (5.18) 


With the aid of the transformation law for the graviton (4.53), it can be seen 
that ôL, cancels the T,,, term in 0£;, correct to order x. 

As a result of (5.12), the third term in (5.15) is cancelled by adding to the 
Lagrangian 
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i = ee 
L; = — A Ker WA OB. (5.19) 


The last term in (5.15) is cancelled by the variation of the gravitino kinetic 
term of (4.21) if we modify the local supersymmetry transformation law of 
Y, by addition of a term to 


OW, = 2K! ð E + iKys&A 4B. (5.20) 


Of course, once the supersymmetry transformation law for the gravitino 
has been modified as in (5.20), the variation of the existing Lagrangian terms 
is correspondingly modified at order x’. For example, there is the extra term 
from £4, 


veg 7 a 
ô$, = T Ēys #(A —iysB)y“VA4,B +++ (5.21) 
which is cancelled by adding 


2 - o 
f,=- F Pysy YA ĵ,B. (5.22) 


There are also various four-fermion terms arising which we have not 
computed. 

The process ends at order x° apart from covariantization with respect to 
gravity, so we find that the coupling of a free massless chiral supermultiplet 
to supergravity is given by the Lagrangian 


f=- = \det e|R — jerret sy, D,¥, + |det e| a,p* a“ 
K 
+ 5 |det el Wy” D,Y — 5 |det eF (A —iysB)y“¥ 
r 2 _ 2 = “ 
ce I erry y YA DB — 7 Idet e|Wysy“VA Ď,B 


+ four-fermion terms (5.23) 


where all derivatives D, are covariantized with respect to gravity, the first 
two terms are as in (4.65), and e,,” is the vierbein. The local supersymmetry 
transformation laws are 


ôA = Y (5.24) 
OB = i yY (5.25) 
ôe,” = — i ky" Y, (5.26) 
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OW, = 2x! D,E + i kEA D,,B + two-fermion terms (5.27) 
and 
ov = —iy"D,(A +iysB)§ + two-fermion terms. (5.28) 


A similar approach“) may be used to derive the coupling of the vector 
supermultiplet to supergravity. 


5.3 The general supergravity Lagrangian for chiral supermultiplets 


In §5.2, the coupling to supergravity of free chiral supermultiplets was 
derived from the globally supersymmetric Lagrangians using the Noether 
procedure. For interacting (before coupling to supergravity) chiral super- 
multiplets, this same procedure has been used to determine the coupling to 
supergravity for some cases. However, the very laborious general result has 
in practice been derived using the less intuitively appealing but more 
efficient local tensor calculus technique™-®, and we now present the result. 
The most general globally supersymmetric Lagrangian for chiral superfields 
®; describing complex scalar fields g; and Weyl spinor fields y;, or equiva- 
lently Majorana spinor fields W,,, is 


Pe ha = faso K(®", $) + [ae (W(®) + Hc) (5.29) 


where the first term in (2.82) has been generalized to allow a general 
function K of the superfields ®;’ and ®; because non-renormalizable kinetic 
terms cannot be excluded in the presence of gravity. Correspondingly, the 
superpotential W(®) may contain arbitrary powers of the superfields ®;. 
The supergravity Lagrangian turns out to depend only on a single function of 
the scalar fields př and @;, namely 


G(g*, p) = J(g*, p) + In |W]? (5.30) 
where 
J(g*, ¢) = — 3 In(-K/3). (5.31) 


The function G is referred to as the Kahler potential. (Sometimes J is 
referred to in this way.) The same supergravity Lagrangians can be obtained 
for different choices of J and W, because G is invariant under the transform- 
ation 


J—J+h(g) + h*(9*) 
Woe "WwW (5.32) 
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for an arbitrary function h. 
It is convenient to write the supergravity Lagrangian in terms of the left 
and right chiral components of the Majorana spinors 


Fa = 3 — ys)¥; (5.33) 

Vip = XI + ys)¥; (5.34) 
and their conjugates 

Fa = Ẹ;3 + ys) (5.35) 

Vir = F, X- ys). (5.36) 


This makes it easy to interpret the result in terms of Dirac spinors assembled 
from left and right chiral components of Majorana spinors. 
The rather lengthy supergravity Lagrangian £ may be split into terms as 


JL = Lp + Erk + Lp (5.37) 


where £p contains only bosonic fields, ppg contains fermionic fields and 
covariant derivatives, and supplies the fermion kinetic energy terms, and £p 
fermionic fields but no covariant derivatives. In detail®-“, with |det e| the 
determinant of the vierbein e,”, and R the curvature scalar, in units with ra 
set equal to 1, 


|det e| 7'£g = — 4R + Gi Dg; Do” + £3 —~G(G"! ya" (5.38) 


where the derivatives D, are covariantized with respect to gravity. To keep 
track of differentiation with respect to scalar fields and their adjoints, the 
scalar fields have been written as g; and their adjoints as gy’, and the 
derivatives of the Kahler potential as 


giadG Gia 2S (5.39) 
OG; op 
and 
Gi= a. (5.40) 
The inverse (G~*); obeys 
(GIG = 64. (5.41) 


The kinetic terms and the tree level effective potential of the scalar fields are 
provided by £g: 
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|det el 12. = — det ef eV ysy, DWV, 


+ 4det e terop y, Y (G Dagi — G: Do’ ) 
kain aei ij irj 
$ z GjY ay” DWV + 5 Vn DoWa(— GL +G) 


fee 4 
+ Oa Doy Y+ ne}. (5.42) 


This contains the kinetic terms for the fermions and some non- 
renormalizable interaction terms. Finally, 


|det e| 7! £p = ie cas 
+ (5e%(— GË- GG + GIGT EGAY Yj 
E ETA £ . 
+ Va e” GF 1y“ Fa + HC] + four-fermion terms (5.43) 


with o%” as in (4.35). This contribution to the Lagrangian contains the 
fermion Yukawa couplings, and numerous non-renormalizable terms which 
can be found in full in the original literature or elsewhere“. (The 
zero-superpotential limit, corresponding to the supergravity-coupled Wess- 
Zumino model of §5.2, cannot be taken straightforwardly because the 
superpotential enters the Kahler potential logarithmically in (5.30).) 

The local supersymmetry transformation laws (analogous to (5.24)- 
(5.28)) are 


6g; = V2EY; = VĚRY (5.44) 
ôe,” = — i ky" Y, (5.45) 
òY, = 2K71 DE + ké(G Dugi — G; Dg" ) 

+ie” yE + two-fermion terms (5.46) 
and 
OW, = — i D(A; + iysB)E — V2e°(G7!)iG,E + two-fermion terms (5.47) 


where q; is decomposed into real fields A; and B; as 
= = (A; +iB;). (5.48) 


The renormalizable globally supersymmetric Lagrangian of (2.56) can be 
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recovered for m;; = 0 by taking the superpotential as in (2.45) (with m; = 0), 


W(®) = EEEE O®, (5.49) 
and the function K in (5.29) to be 
K(®"*, $) = 0/0, — 3 (5.50) 


which differs from the D-term in (2.44) by a constant, which has no 
significance in the globally supersymmetric theory but is of importance in the 
locally supersymmetric theory which is coupled to gravity. Neglecting non- 
renormalizable terms in (5.38), (5.42) and (5.43) then leads (Exercise 5.4) to 
(2.56), with m; = 0. 

In general, in the presence of gravity, there is no requirement that the 
Lagrangian should be renormalizable, and, in particular, there is no reason 
for K(®*, ®) to correspond to only renormalizable kinetic terms in the 
globally supersymmetric Lagrangian. Accordingly, it is often convenient in 
model calculations to use the form of K that leads to minimal kinetic terms in 
the supergravity Lagrangian, namely 


K = — 3 exp(—®,0"/3). (5.51) 
Then, 

G = pp” + In |W}? (5.52) 
and 

Gi = òi. (5.53) 


As a consequence of (5.53), the kinetic terms for the scalar fields (in (5.38)) 
are simply 0,9; 0“@;* and the kinetic terms for the fermion fields in (5.42) 
are 


5 ay" Ova + HC. 


5.4 The general supergravity Lagrangian including vector supermultiplets 


As observed in §5.2, the coupling of the vector supermultiplet to supergra- 
vity may be derived by the Noether procedure. However, in practice, the 
complete supergravity Lagrangian involving vector supermultiplets and 
chiral supermultiplets has been derived by the local tensor calculus 
method. To state the result we first need to write down the general (not 
necessarily renormalizable) globally supersymmetric Lagrangian for vector 
superfields V as defined in §3.6, and chiral superfields ®;: 
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Peironi fao K(®* eY, b) + [ee (W(®) + Hc) 


+ |e (fan ®)W,2Wap + HC) (5.54) 


where W,,* is the gauge field strength superfield of (3.125) with spinor index 
a and gauge group index a, f,,(®) is an arbitrary function of the chiral 
superfields which would be just 6,, in the renormalizable case, W(®) is the 
superpotential, and, in the function K of (5.29), e&” has been introduced to 
couple the chiral supermultiplets to the gauge fields, as in §3.6. 

The resulting supergravity Lagrangian £ may be separated conveniently 
into several terms 


L = p + Pf Get Êp + Leg + Pe (5.55) 
where Lp, Lex and &, are identical to £p, Ly and pof (5.38), (5.42) and 
(5.43), except that the covariant derivatives are to be covariantized with 


respect to the gauge group in the usual way, as well as with respect to gravity. 
The terms £g, Lpg and £p are as follows: 


-iĝ uv i Ey 
|det e| Pa = —4(Re fay (Fa) Fo + g lm fab (Fa url o" 


2 . 
~ E Re fas )G' (Tay GGT art (5.56) 
where the gauge field strength (F,),,, is 
(Fa)uv = OV a = 3 Vua 7 EfabcVub Vve (5.57) 
and its dual (F,,),,, is 
Cae = Bala) (5.58) 


The last term in (5.56), which involves the generators (T,),; of the gauge 
group in the appropriate representation for the @,, is the D-term of (3.127) 
generalized to take account of f,,(®) in (5.54), 


det el- bek = $ Re fs @) Ba Day + Mayo"? Wal Fo rp 
ae 
HO D"gdaryutor -E Im fl @) Dalet elÄaysy" 2s) 
T p Sa Firo” (Fa )uvAoe + HC (5.59) 


where A, is the gaugino. 
Finally, 
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detel! = 1 Gi fab” G-IY.GEA A 
|dete| ' £p = ge ar (GUNG A, 


i i Er . i x 
-3 BGT, ) i pE uY ha + 21 SGT) ixGrrarV iL 


i -1 cmi T 
T7358 Re fa Pe G(T.) pY kråea + HC 


+ four-fermion terms. (5.60) 


If some of the scalar fields g; develop expectation values, equation (5.60) 
can give rise to gaugino mass terms. 

The corresponding local supersymmetry transformation laws are identical 
to (5.44)-(5.47) for dg;, de,’", OV, and OW; except that the covariant 
derivative in (5.47) is also covariantized with respect to the gauge group and 
there are some extra two-fermion terms involving gauginos. In addition, 
there are the transformation laws for the gauge fields and gauginos, 


OVE = — Ey") + HC (5.61) 


and 
Ôha = OF )aëL + 58 Re fip G'(Tp Jy GEL + two-fermion terms (5.62) 


with o” as in (4.35). The complete expressions for the Lagrangian inclusive 
of four-fermion terms, and for the local supersymmetry transformation laws 
inclusive of two-fermion terms, can be found in the original literature or 
elsewhere, 


5.5 Spontaneous supersymmetry breaking in supergravity 


In §2.9, it was found that for globally supersymmetric theories a super- 
symmetric vacuum state had zero energy, and if supersymmetry was spon- 
taneously broken in the vacuum state it had positive energy. It was also 
found that spontaneous supersymmetry breaking occurs if one of the 
auxiliary fields F; of a chiral supermultiplet ®; develops a non-zero VEV, or, 
as in §3.5, there is the alternative of the auxiliary field D, of a vector 
supermultiplet V, developing a vev. A Goldstone fermion arises from the 
supermultiplet to which F; or D, belongs. For theories with local super- 
symmetry there are some differences and some similarities. 

One difference is that the vacuum energy is no longer positive semi- 
definite. This can be seen by looking at the tree level effective potential V 
arising from equations (5.38) and (5.56). For simplicity, consider first the 
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case of a single gauge-singlet chiral superfield ® with minimal kinetic terms 
arising from 


G=q*o+In|W/* (5.63) 
as in (5.52). Then, after a little algebra, we find from (5.38) that 
2 
V= el A +g*W| - swe] (5.64) 
p 


for supergravity, to be compared with 


2 


2 ee (5.65) 


op 


from (2.51) and (2.52) for the globally supersymmetric case. (We are using 
y* to denote the complex conjugate of the expectation value of g.) It is clear 
from (5.64) that there is now the possibility of a ground state with negative 
energy. 

For spontaneous supersymmetry breaking to occur, at least one of the 
fields in the theory must have a vev that is not invariant under supersym- 
metry transformations. The only supersymmetry transformation laws 
amongst (5.44)-(5.48) and (5.61), (5.62) that can have a non-zero right- 
hand side without breaking Lorentz invariance are (5.47) and (5.62). If 
moreover we assume that there are no non-zero expectation values for the 
terms on the right-hand side involving fermionic fields, then (for non- 
spatially varying expectation values) we may simplify (5.47) and (5.62) to 


(0|6'¥,|0) = — e°? (GYG E (5.66) 


and 
(064,10) = 5 8 Re far G'(To)up;Ë (5.67) 


where the scalar fields on the right-hand sides of (5.66) and (5.67) are being 
used to denote their expectation values. (In $5.8, we shall discuss the case of 
supersymmetry breaking by a gaugino condensate, in which case we have to 
take account of a vev for a product of two fermionic gaugino fields.) 

For the case of a single gauge-singlet chiral superfield ® with Kahler 
potential given by (5.63), equation (5.66) simplifies to 


_ _ expG(y*¢ + 1n |W) (aw* p 
(0lô FIO) = £ ai pa + ow Je (5.68) 


and the right-hand side of (5.67) is zero. Then, the criterion for supersym- 
metry breaking is that the vev of 2W/d@ + g*W should be non-zero. This is 


106 COUPLING OF SUPERGRAVITY TO MATTER 


the generalization of F-term supersymmetry breaking to supergravity. 
Returning to (5.64), we see that 


V=—-3e? %|W/ (5.69) 


in a supersymmetric vacuum. Thus, the energy of a supersymmetric vacuum 
is negative. When supersymmetry is broken, the vev of dW/dg + p*W is 
non-zero, and it is possible for a cancellation to occur in (5.64) to give a 
vacuum with zero energy. There is therefore the attractive possibility in 
supergravity theories of obtaining a vacuum state with zero cosmological 
constant when supersymmetry is broken. 

Consider next the case of a gauge non-singlet chiral superfield ®; with 
minimal kinetic terms arising from 


G = "p; + In |W}? (5.70) 
and with the minimal choice of gauge field kinetic terms given by 

faol) = Sab: (5.71) 
Then, from (5.38) and (5.56) we find the tree level effective potential 

p aw i 
V= e? #(-3iwP + pi +g w) + ET, )ygjG* (Takı (5.72) 
where 
; ~ Law 
G=q + —— ; 
P Eag, (5.73) 


for supergravity, to be ee with the positive semi-definite 
ow 
= El + E Tog Tugi (5.74) 


for the globally supersymmetric case. Assuming no expectation values on 
the right-hand sides of equations (5.47) and (5.62) involving fermionic 
fields, these equations may be simplified to 


(0lo¥,J0) = - PAE” e+ In WED) ge + owe) (5.75) 
agi | 


and 
(0lôal0) = $ 8G'(T ap. (5.76) 


There are now two different mechanisms for supersymmetry breaking 
depending on whether one of the V; or one of the 4, has a vev that is not 
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invariant under supersymmetry transformations. In the former case, the 
criterion for supersymmetry breaking is 


aw 
Z + ow 5.77 
TA Qi (5.77) 


for some values of i, generalizing F-term supersymmetry breaking to 
supergravity. In the latter case, the criterion is 


G(T.) ij; #0 (5.78) 


for some value of a, generalizing D-term supersymmetry breaking to 
supergravity. (In either case, a necessary condition for supersymmetry 
breaking is that G’ should be non-zero for at least one value of i.) 


5.6 The super-Higgs mechanism and gravitino mass 


In §2.9 and §2.10, we saw that in globally supersymmetric theories of chiral 
superfields when F-term supersymmetry breaking occurred with an auxiliary 
field developing an expectation value, the spinor in the supermultiplet of this 
auxiliary field was the Goldstone fermion. In locally supersymmetric theor- 
ies, we might expect that the Goldstone fermion would be ‘eaten’ by the 
gauge field of local supersymmetry, namely the gravitino, and in this way the 
gravitino would acquire a mass. (The helicity +5 states of the Goldstone 
fermion are combined with the helicity +3 states of the massless gravitino to 
give the states of a massive spin-3 particle.) 

That this happens®©) can be seen by looking at the terms £p of (5.43) 
quadratic in the spin-} fields Y; and the gravitino field ,,. In outline, when 
G' is non-zero for some value of i (and we have seen in $5.5 that this is a 
necessary condition for supersymmetry breaking) there is a mixing of the 
would-be Goldstone fermion G} Y; with the gravitino through the mass term 
((i/V2) eC GP ay" Vi + Hc). Once the Goldstone fermion has been 
‘eaten’ by the gravitino (the super-Higgs mechanism) we are left with a 
massive gravitino W/, with mass term (i/2) eo oN, where Go is the 
expectation value of G in the physical vacuum. Recall that we have been 
working in units where x? in (4.24) has been taken to be 1. Thus, all masses 
are in units of the Planck mass mp defined by 


82Gumb = kmb = 1 (5.79) 


where Gy is the Newtonian gravitational constant. Explicitly restoring the 
mass unit, the gravitino mass m3; is 


mzn = emp (5.80) 


where 
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mp = 2.4 x 10!8 GeV. (5.81) 


It is instructive to work through the super-Higgs effect in a little more 
detail. For simplicity, we shall continue to use the minimal form of G as in 
(5.70). The appropriate choice of expectation values for G and its deriva- 
tives is that corresponding tô the physical vacuum. First, the vacuum must be 
a minimum of the effective potential, V. Assuming, for simplicity, no D- 
terms, V is as in (5.38): 


V=- £43 - GKe™»jo') (5.82) 
To obtain 

ae =0 (5.83) 

OPK 
when 

G; = òi (5.84) 
we need 

G* + G;G* =0. (5.85) 


Second, we require the value of V in the physical vacuum to be zero to obtain 
a vanishing cosmological constant. Thus we also need 


GG! = 3. (5.86) 


For the minimal form (5.70) of G, and assuming that the expectation 
values of the scalar fields are real, the mass terms £F derived from (5.43) 
simplify to 

i 
v2 
— se (Gi + GHY AY. (5.87) 


Idet e| 1g = ee ae + e2G F yY; 


The contribution of the Goldstone fermion 
n= GY; (5.88) 


may be separated from the contributions of the other chiral fermions by 
rewriting (5.87) in the form 


5 i — i — 
idet e| EE = =e Yo, + ae PW yn 


2 V2 
— 4 eA — 5 e° (GË + IGG/)YY,. (5.89) 
It is not difficult to verify using (5.85) and (5.86), as appropriate to the 
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physical vacuum, that there is no contribution to the mass of 7 from the mass 
matrix 


Mi =G'+iGie’. (5.90) 
It may be shown that all terms in the Lagrangian quadratic in the fermion 
fields may be written in terms of 
i V2 
pay —— Bate 
BA age a 
and the W;. In particular (Exercise 5.5) the mass terms of (5.89) may be cast 
in the form 


e an (5.91) 


Idet e| -12% = ATN —$e9(GI + {GCF Y. (5.92) 
Whereas Y, was a massless spin-3 field, Y, is a massive spin- field with the 
extra helicities deriving from the contribution of the Goldstone fermion 7 to 
(5.91). The mass of the gravitino is given by the value of ef” in the physical 
vacuum, as advertised in (5.80). 

Further insight can be obtained by considering the local supersymmetry 
transformation laws (5.46) and (5.47). For the minimal form (5.70) of G, 
and in the physical vacuum, equation (5.47) yields 


Ôn = -3V2 eF E +.. (5.93) 


To lowest order in «x, the Goldstone fermion can be gauged to zero by 
choosing 


ao T eaa 


Then, the gauge-transformed gravitino field 
Y, = Y, + ôt, (5.95) 


arising from (5.46) is given by (5.91). Thus, as expected in a Higgs 
phenomenon, there is a choice of (supersymmetric) gauge in which the 
Goldstone fermion disappears from the theory having been ‘eaten’ by the 
gauge-transformed gravitino Y, . 

For the case of D-term breaking of supersymmetry, the term £mrx in the 
Lagrangian mixing the gravitino with the would-be Goldstone fermion is 
given by 


|det él Emx = 5 e° GF ay Ya + HC 
i į 7 
— z 8C'(Ta jp; V uy Aa + HC. (5.96) 


2 


110 COUPLING OF SUPERGRAVITY TO MATTER 


(The latter term, arising from (5.60), is non-zero when (5.78) is satisfied, 
corresponding to D-term supersymmetry breaking.) For minimal G, as in 
(5.70), and real expectation values for the scalar fields, the Goldstone 
fermion is 


n= GY, ~ Spe PGT, jPa (5.97) 


and similar arguments to those just given can be constructed (Exercise 5.6) 
to display the super-Higgs mechanism. 


5.7 Hidden-sector supersymmetry breaking 


The most successful applications of supergravity to the construction of 
supersymmetric grand unified models (see Chapter 6 and the review of 
Nilles“) have the supersymmetry breaking occurring in a ‘hidden sector’, 
by which is meant a sector of the theory that couples to the ‘observable 
sector’, of quark, leptons, gauge fields, Higgses and their supersymmetric 
partners, only through gravitational interactions. The simplest model of a 
supersymmetry-breaking hidden sector uses the Polonyi superpotential for a 
single gauge-singlet chiral superfield ®, 


W(®) = m7(@ + 8) (5.98) 


where m and £ are real parameters with dimensions of mass. Let us also for 
simplicity adopt minimal kinetic terms so that the Kahler potential is 


G = ọ*¢ọ + In |W}? (5.99) 
as in (5.63). Then, the tree level effective potential derived from (5.64) is 

V = m*e?%(\1 + p*(p +B)? - 3l¢ + BI’). (5.100) 
For the special choice 

B=2-V3 (5.101) 
it may be shown (Exercise 5.7) that V has an absolute minimum at 

g=9=V3-1 (5.102) 


with V = 0 (and so the desirable feature of a vanishing cosmological constant 
in the physical vacuum). At this minimum, 


“+ g*W = V3m (5.103) 


is non-zero and consequently supersymmetry is broken, as discussed in §5.6. 
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The Majorana fermion WV is the Goldstone fermion and is ‘eaten’ by the 
gravitino to give the gravitino a mass. Using (5.80), we then find 
_ exp(V3 — 1)? m ; 
Mzn = a, m Mp (5.104) 
where the factors of mp have been restored in eo”. It is worth noticing that 
the gravitino mass can be much smaller than the Planck mass if m/mp is 
small. 

In (2.114), the supersymmetry-breaking scale M4 for a globally supersym- 
metric theory was defined as the expectation value of the F-term responsible 
for supersymmetry breaking. For the case of supergravity, comparing (5.66) 
with (2.87), the supersymmetry-breaking scale is defined (almost) corre- 
spondingly by 


Mg = ef” (G7ÐIG; (5.105) 


where it is understood that the right-hand side denotes the expectation value 
taken at the absolute minimum of the effective potential. In the present case 


1 aW 
2 — aG/2 x ; 
Mg=e l w | (5.106) 
and we find 
Mz = V3m pmp. (5.107) 


(This is a general result for theories where the supersymmetry-breaking 
absolute minimum has V = 0.) Conversely, 


mn = M3/V3mp (5.108) 


which means that the gravitino mass will be small compared with the 
supersymmetry-breaking scale whenever Ms is small on the Planck scale. 
For instance, a gravitino mass of the order of 100 GeV is obtained when Ms 
is of the order of 10'° GeV. 

The masses of the fermions and scalars arising from the chiral supermul- 
tiplet ® and the supergravity multiplet may be calculated in terms of m3). 
For the fermions, equation (5.92) gives the mass matrix in the physical 
vacuum 


det -igm İ 
|det e| F53 


m3pV WV). (5.109) 
This is as expected because the fermion from the supermultiplet ® is the 
Goldstone fermion that has been ‘eaten’ by the gravitino, and is in agree- 
ment with the remarks following (5.89). For the scalars, the mass terms £$ 
arising from the (5.38) are given by (Exercise 5.8) 


B = — Wmipg'*g' — (V3 — malp’ g + g'*g'*) (5.110) 
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where we have written 


p= po + g (5.111) 


with Qo the expectation value of g in the physical vacuum as in (5.102). 
Defining real scalar fields A and B by 


p= 5 (A +iB) (5.112) 
we then find 

m, = 2V3mn (5.113) 
and 

m3 = 2(2 — V3)ni3 9. (5.114) 


For globally supersymmetric theories with only chiral supermultiplets we 
found in §2.10 that the supertrace of the mass-squared matrix over real fields 
was zero. Here we find, with the inclusion of the supergravity multiplet, that 


3/2 
STr M? = D (CHOJI + Im? = —4m3 + m2, + m3, = 0 (5.115) 
J=0 


which is the same as for the globally supersymmetric case. However, for 
theories with the supergravity multiplet plus N chiral supermultiplets, this 
generalizes to 


STr M? = 2(N — 1)m3;>. (5.116) 


There is the attractive feature that the scalar particles are required by 
(5.116) to be more massive on the average than their fermionic super- 
partners. This accords with experience, in that, for instance, the squarks and 
sleptons must be more massive than the quarks and leptons. As we have 
remarked earlier, it is possible for m3. to be much smaller than the 
supersymmetry-breaking scale and so, even when the supersymmetry- 
breaking scale is large, it is possible to have modest mass splittings within 
supermultiplets. 


5.8 Supersymmetry breaking by gaugino condensates 


As already mentioned following (5.67), another possible mechanism for 
supersymmetry breaking in a supergravity theory would be for a product of 
two fermionic gaugino fields to develop a vev. Including gaugino terms 
(5.47) is 
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OW; = -i D(A; + i ysB)E — v2 e?(G"')\iGE = ifai (C Aao 


+ other two-fermion terms (5.117) 
with 
= fab 
ae 5.118 
fi bj ag! ( ) 


where fa, is the coefficient of the gauge field strength term as in (5.54). Thus, 
an expectation value for 472° can break supersymmetry by making the 
expectation value of V; non-invariant under a supersymmetry transform- 
ation. For this to occur it is necessary for some components of fi»; to be 
non-zero, which requires non-minimal gauge field kinetic terms. 

It may be possible for gaugino condensation to occur in a hidden sector of 
the theory if the gauge group is a product of two factors one of which 
contains the gauge group of the standard model. For instance, in heterotic 
string theories, as we shall see in Chapter 9, it is possible for the gauge group 
to be Eg X Eg with the first exceptional group factor containing the standard 
model gauge group and the second factor providing a hidden sector. It has 
been argued that a gaugino condensate with 


(a9) ~ u? (5.119) 
should develop if the running gauge coupling constant for the hidden sector 
becomes strong at an energy scale u. 


In the presence of such a gaugino condensate, the four-fermion term from 
(5.60), 


det e| Emx = ifie Pao” Aa PLYA + HC (5.120) 
will cause 
N = fabla) Y; (5.121) 


to mix with the gravitino. Thus, 7 should be identified as the Goldstone 
fermion. The value of the gravitino mass ms3,2 arising from the supersym- 
metry breaking depends on the details of the Kahler potential because of 
(5.80). However, the order of magnitude m3 may be determined by 
observing that supersymmetry breaking through gaugino condensates is 
known not to occur in the case of globally supersymmetric theories. It 
follows that the supersymmetry breaking tends to zero as mp — ©, and we 
expect the supersymmetry-breaking scale M3 to be at most 


Mz ~ Wimp (5.122) 


with the possibility of it being suppressed by a further power of mp. 
Correspondingly, the gravitino mass arising from (5.108) is at most 


M3 ~ wimp. (5.123) 
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A small gravitino mass can result even for large values of u provided that uw is 
small on the scale of the Planck mass. 


5.9 Supersymmetry-breaking effects in the observable sector 


In §5.7 and 85.8, mechanisms by which supersymmetry may be broken in the 
hidden sector have been discussed. The next question that must be 
addressed is of how the supersymmetry breaking that occurs in the hidden 
sector feeds through into the observable sector. In particular, we need an 
effective low-energy Lagrangian‘) including supersymmetry-breaking 
effects that can be used at energies small compared with the Planck scale. 
The chiral superfields may be divided into hidden-sector superfields Z, 
and observable-sector superfields Y, with corresponding scalars z; and y,, 
where we are using indices i,j,k,... for the hidden sector, and indices 


r,5,t,... for the observable sector. For simplicity, let us assume that the 
superpotential is additive in the hidden and observable sectors: 
W(Z;, Y,) = W(Z;) + W(Y,). (5.124) 


(This certainly avoids any couplings other than gravitational between the 
two sectors.) Let us also assume that the kinetic terms are minimal, 
corresponding to a Kahler potential 


G = mp’ (z” zi + y"y,) + In(|Wi?/m8) (5.125) 


where we have displayed the Planck mass, mp. Then, the tree level effective 
potential (excluding D-terms) deriving from (5.38) is 


tA ries PARRE G- 
V= exp(at y yim +Z (Wa w) 
0z; Mp 


aw 
ay, 


7" a2 = aS 
+ +w) - 3mp? W + WP); (5.126) 
mp 


A form for the effective potential appropriate to energies small compared 
with the Planck scale can be obtained by replacing z; by the expectation 
value at the minimum of the effective potential and working to leading order 
in mp'. In general, the hidden-sector expectation values at the minimum of 
V may be written as 


(zi) = a;mp (5.127) 
(W) = um (5.128) 


and 
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ðZ; 


where a; and c; are dimensionless quantities, and u is a mass scale character- 
izing the expectation value of the hidden-sector superpotential. (As we shall 
see in a moment it is convenient here to write this scale as wm, rather than 
as m?mp, if we were to follow §5.7.) Using (5.80), the gravitino mass is then 
given by 


m32 > ela/2y, y (5.130) 


In taking the low-energy limit, we need to hold m3, fixed as mp > œ, and, 
from (5.130), this means working to leading order in u/mp. In the low- 
energy limit, equation (5.126) reduces (Exercise 5.9) to 


V=ela? l aw? + wly,|? + oly +(A-3)W+ cc (5.131) 
dy, dy, 
where 
= (cë + aař. (5.132) 
Using (5.130), and defining a modified superpotential 
W = lay (5.133) 
then (5.131) may be rewritten as 
$ A 
V= Ps ES I LE pZ + (A-3)W + ce}: (5.134) 


The first term is of the standard form (2.51) for unbroken global supersym- 
metry with superpotential W, and the remaining terms are supersymmetry- 
breaking terms. The part of the low-energy Lagrangian involving chiral 
spin-5 fermions deriving from (5.43) is as for unbroken global supersym- 
metry with superpotential W. Thus, mz. is the supersymmetry-breaking 
mass splitting between bosons and fermions in the same chiral supermulti- 
plet. In the special case where the hidden-sector superpotential is the 
Polonyi superpotential of $5.7, it is not difficult (Exercise 5.10) to check that 


A=3-V3 Polonyi superpotential. (5.135) 


The parameters A and mzn in (5.134) should be understood as being defined 
at the Planck scale in the first instance. Thus, to employ the effective 
potential at the electroweak scale it will be necessary to run the parameters 
between the two energy scales by means of renormalization group 
equations, as will be discussed in Chapter 6. 

An attractive possibility for the observable-sector superpotential Wis that 
it should be trilinear in the chiral superfields Y,, so as to avoid any small 
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(~100 GeV) adjustable mass parameters. Then, the effective potential 
simplifies to 


Aa l 
y= a + mply,|2 + Am (Ñ + W*). (5.136) 


A feature of (5.134) and (5.136) is that there is a universal super- 
symmetry-breaking mass m,n for the scalars y, from all chiral supermulti- 
plets. It is possible to obtain effective potentials in which this universality is 
absent by taking the kinetic terms for the chiral superfields to be non- 
minimal. However, universal supersymmetry-breaking scalar masses may 
be desirable because flavour-changing neutral currents are then avoided in a 
natural way. 

In general, the low-energy effective potential may contain D-terms. 
These are readily obtained from (5.56), and, for G of the form (5.125), the 
complete low-energy effective potential is 


A A 
Y= Age + m3ply,l + mn Tae A 3)W + CC 
+3RefaDD, (5.137) 
with 
Da = By" (Ta)rs¥s- (5.138) 


Another possible source of supersymmetry breaking in the observable 
sector is the occurrence of gaugino masses while the corresponding gauge 
fields remain massless; so there are mass splittings within the vector 
supermultiplets. For this to be possible at tree level, it is necessary that non- 
minimal gauge kinetic terms should be present with f4 in (5.54) a non-trivial 
function of the chiral superfields. Then, the first term in (5.60), 


Lom = 409? Tate (G4 Gato (5.139) 


can induce gaugino masses provided that G* is non-zero for some value of k, 
which is the case whenever supersymmetry is broken, as discussed in §5.5. 
Observing that df,,*/dv’ has dimensions of inverse mass, assuming a 
hidden-sector scalar field vev of order mp responsible for supersymmetry 
breaking, and defining a supersymmetry-breaking scale Ms as in (5.105), 
we see that the gaugino masses mn are of order of magnitude 


my. ~ M§/mp ~ mn (5.140) 


where (5.108) has been used. Thus, the gaugino masses are another possible 
supersymmetry-breaking effect on the scale of the gravitino mass. 
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5.10 No-scale supergravity 


In order to solve the hierarchy problem of grand unified theories (see 
Chapter 6) it is necessary to ensure that the supersymmetry-breaking mass 
splittings in the observable sector are not greater than about 1 TeV. The 
discussion of §5.9 then suggests that we require a gravitino mass m3, of not 
more than 1 TeV. In §5.7 such a gravitino mass was obtained by introducing 
by hand into the superpotential of the hidden sector a mass scale m that 
could be adjusted to obtain the required value of mz, as in (5.104). This is a 
somewhat unnatural procedure and it might be more attractive to have a 
theory in which the only input mass scale is the Planck scale mp. This can be 
achieved if (in the absence of observable-sector superfields) the effective 
potential for the hidden sector is flat (constant). Then, the expectation 
values of the hidden-sector scalars are undetermined at tree level and 
consequently the gravitino mass of (5.80) is undetermined at tree level. It 
may then be possible for non-gravitational radiative corrections to the 
effective potential to lift the degeneracy of the tree level effective potential, 
and so the gravitino mass m3, may be hierarchically smaller than the Planck 
scale mp. (When scalar vacuum expectation values arise from radiative 
corrections in this way they can be suppressed by an exponential factor 
relative to the natural mass scale because the radiative correction to the 
effective potential is logarithmic in the scalar vev.) Such theories are 
called no-scale supergravity theories. 

Kahler potentials of the no-scale supergravity type occur naturally in the 
supergravity limit of string theories", the simplest example being 


G=-—3In(z+ z*) (5.141) 
where z is a hidden-sector scalar. For this Kahler potential 

ðG _ ðG 

= = — 3(z + 2* R 5.142 
oz az" oT ( ) 
3G = 

=3(z+ z* 14 

eee: 3(z + z*) (5.143) 


and consequently the effective potential 

V=- 3 - Gic"ye'] (5.144) 
of (5.82) gives 

V=0 (5.145) 


for all values of z. 

The desired property of a gravitino mass undetermined at tree level may 
be retained when observable-sector superfields are incorporated provided 
that the tree level effective potential is positive semi-definite with a flat 


118 COUPLING OF SUPERGRAVITY TO MATTER 


direction (a direction along which V is constant) along which the degeneracy 
in the value of z can be lifted by radiative corrections. A simple example is 
provided by the Kahler potential 


G = — 3 ln(z + z* —ky”y,) + In |W? (5.146) 
where k is a positive constant and the superpotential is 
W = dpqrYpYaYr (5.147) 


with c a constant, and d,,, numerical coefficients. For this Kahler potential 


* 
3(z + z* — ky”y, G7 = k 2 y Ys A (5.148) 


where we have taken the upper index to be the row index as in (5.38). After a 
little algebra, equation (5.144) together with the D-terms of (5.56) gives the 
positive semi-definite effective potential (Exercise 5.11) 


V = (3k) (z + z* — ky” y,)? 


aw]? 2 
z + g Re fas DaDa (5.149) 


where 
Da = G(T a) rs: (5.150) 
The minimum of the potential occurs for 


aW 
ay, 


D,=0 for all r anda (5.151) 


and the cosmological constant is then zero. The expectation value of z is 
undetermined at the minimum of the tree level effective potential, and so 
radiative corrections can again determine m3). 

Unlike (5.126), the form (5.149) of V yields no supersymmetry-breaking 
scalar masses or A-terms in the low-energy limit. Thus, at first sight there is 
no way that supersymmetry breaking can communicate itself to the observ- 
able sector. However, in no-scale supergravity theories deriving from string 
theory“ there is often a second hidden-sector scalar field S which enters the 
gauge kinetic term f,, in the form 


fab = Sav . (5.152) 


Then, a supersymmetry-breaking gaugino mass can arise as in (5.139). 
Other supersymmetry-breaking effects (such as scalar masses) can then be 
induced by radiative corrections when the parameters of the theory are run 
to the electroweak scale using renormalization group equations. 
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Exercises 


5.1 Rewrite the supersymmetry transformation laws (5.2) and (5.3) in 
terms of Majorana spinor and real scalar fields. 


5.2 Derive (5.10) for the variation of the Lagrangian Lo. 
5.3 Derive the next-to-leading-order variation of the Lagrangian (5.15). 


5.4 Show that the supergravity Lagrangian defined by (5.38), (5.42) and 
(5.43) reduces to the globally supersymmetric form (2.56) with m, = 0 when 
non-renormalizable terms are neglected. 


5.5 Show that the mass term of (5.89) may be rewritten in the form (5.92). 


5.6 Perform the calculations necessary to demonstrate explicitly the super- 
Higgs mechanism for the case of D-term supersymmetry breaking. 


5.7 Show that the Polonyi model effective potential of (5.100) has an 
absolute minimum at gy = V3 — 1. 


5.8 Derive the supersymmetry-breaking scalar mass terms of (5.110). 


5.9 Derive the low-energy effective potential (5.131) for hidden-sector 
supersymmetry breaking of supergravity. 


5.10 Show that the supersymmetry-breaking parameter A has the value 
3 — £ for the Polonyi superpotential. 


5.11 Derive the effective potential (5.149) from the Kahler potential 
(5.146). 
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6 


SUPERGRAVITY GRAND UNIFIED 
THEORIES 


6.1 The hierarchy problem 


We noted in Chapter 3 that there is indirect evidence both for super- 
symmetry and for grand unification from the calculated evolution of the acp 
and electroweak coupling constants (a3, a),3a;) to a common value of 
ac = 3 at an energy scale my of order 10'° GeV. If these indications are 
confirmed experimentally, by the discovery of supersymmetric particles on 
LEP200 or LHC, for example, the most pressing questions will be to 
determine what supersymmetric grand unified theory (GuT) describes nature 
above this energy scale, and to understand how its gauge symmetry and 
supersymmetry are broken to the familiar gauge theories that we observe. 
We shall address these shortly. 

First we discuss the generic ‘hierarchy problem’ that is inherent in all Guts, 
namely the huge disparity between the (huge) energy scale at which the GUT 
symmetry is broken and the (TeV) energy scale characterizing the familiar 
breaking of the electroweak symmetry. The advantage of a supersymmetric 
theory is that these two scales may be built into the tree level effective 
potential, and the non-renormalization theorems discussed earlier then 
ensure that higher-order loop radiative corrections do not destroy the 
hierarchy. However, even supersymmetric theories do not explain the origin 
of the two scales in the parameters of the input potential. In a supergravity 
theory emerging from string theory the Gut scale may plausibly be near the 
string scale (related to the Planck scale of 10!8 GeV), but the origin of the 
electroweak scale remains problematic. At the time of writing the favoured 
solution is that the electroweak symmetry breaking is driven by radiative 
corrections, in which the mass-squared term for the electroweak scalar 
‘runs’ from a positive value at the GuT scale to a negative value at the TeV 
scale, thereby inducing the spontaneous breaking of the electroweak 
symmetry. To investigate such a scenario we first need to formulate the 
supergravity GUT. This is done in §6.2 for the minimal SU(5) theory. In 86.3 
we take universal soft supersymmetry-breaking masses for the scalars (mo) 
and gauginos (71,2), as well as trilinear scalar interactions with their 
associated A-parameters. We then formulate the (coupled) renormalization 
group equations for the Yukawa couplings, scalar masses and A-parameters 
and investigate the possibility of obtaining the required electroweak 
symmetry breakdown. The soft supersymmetry breaking also induces mix- 
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ing between the gauginos and Higgsinos. This is discussed in §6.4, and the 
current status of experimental searches for these and other sparticles is 
reviewed in §6.5. In §6.6 we consider proton decay in the context of 
supersymmetric Guts. The principal generic difference compared with non- 
supersymmetric GuTs arises from the existence of additional mechanisms for 
inducing proton decay, some of them at an unacceptably high rate. We 
discuss the removal of the unwanted terms by the assumption of additional 
(discrete or continuous) symmetry. 

The limited evidence for supersymmetry is most welcome for reasons that 
were briefly alluded to in Chapter 1. These relate to the ‘hierarchy’ problem 
that afflicts all non-supersymmetric Guts. All GUTs require at least two levels 
of spontaneous symmetry breaking. The first is to break the GUT symmetry, 
and this is achieved by a scalar field ® acquiring a vacuum expectation value 
(VEV) 


(0\|0) = V = O(10'° GeV). (6.1) 
The second is the familiar electroweak breaking which is achieved by the 
neutral component @ of the Higgs doublet acquiring a VEV 

(0|g|0) = v = 246 GeV. (6.2) 
The hierarchy problem derives from the vast difference between these two 
scales 

V/v = O(10"7) (6.3) 
and the difficulty of arranging this in a natural way. The tree level effective 
potential for these fields has the generic form 

Vo(®, p) = — 4AP? + 4BO* — Jag’ + jbg’ + AD g. (6.4) 
The Gut symmetry breakdown (6.1) is achieved by choosing A, B such that 

V? = A/B 


and this sets the mass scale for the superheavy Higgs particle(s) associated 
with ®. The problem arises at the electroweak symmetry breaking (6.2), 
since the superheavy scale V is communicated to the g-sector by the term 
proportional to A in (6.4). Such a term is always present, since a represen- 
tation multiplied by its complex conjugate always includes the singlet 
representation. The superheavy Higgs fields decouple, and the required 
symmetry breaking is ensured by choosing 


v? = (a-AV*)/b. (6.5) 


Evidently to achieve the required value (6.2) it is necessary to fine-tune 
the value of a to one part in 10”°, and it is this fine-tuning that is thought to be 
so unnatural. It might not seem so distasteful if it only had to be done once. 
However, radiative corrections produce loop corrections to the effective 
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potential and we have to retune at each order in perturbation theory to 
accommodate the induced corrections to a, 4, V, b. Even so it should be 
borne in mind that it is only a matter of taste; after all, we are by now quite 
accustomed to doing something that, in a way, is even worse. When we 
renormalize we have to choose counter-terms that cancel the infinities that 
arise from the divergent loop momentum integrations. It is (only) the 
further finite retunings that are now regarded as unaesthetic. 

The advantage of supersymmetric theories is that it is only the tree level 
potential whose parameters have to be fine-tuned, as in (6.5). The non- 
renormalization theorems, discussed in §§2.6, 2.7, ensure that loop correc- 
tions do not destroy the hierarchy, so there is no necessity to retune. Of 
course, since we know that supersymmetry must be broken, the situation is 
not quite so clean. The non-renormalization theorems derive from a 
cancellation of radiative corrections between the contributions from super- 
symmetric partners. Thus if the average supersymmetry-breaking mass- 
squared splittings within supermultiplets are of order uw’, we shall obtain 
finite radiative corrections from graphs like (2.71, 2, 3) with 


PEE 5 6.6 


with A some Yukawa or gauge coupling constant. So the retuning problem 
will not arise provided the supersymmetry-breaking mass splitting uw is of 
order v: 


aa (6.7) 


In other words the super-partners of the known quarks and leptons and 
gauge particles should all have masses less than or of order 1 TeV or so, if we 
insist that the hierarchy problem is to be solved by supersymmetry. This then 
suggests, but does not require, that we should attempt to relate supersym- 
metry breakdown to the electroweak symmetry-breaking mechanism. 

We have seen in Chapter 5 that an attractive mechanism for achieving the 
required supersymmetry breakdown in supergravity theories is to assume 
the existence of a ‘hidden’ sector of the theory, involving particles that 
interact only gravitationally with the quarks, leptons, gauge particles of the 
‘observable’ sector; such a situation is realized naturally in heterotic string 
theories. In the observable sector the supersymmetry breaking is manifested 
by the appearance of (soft) mass terms for the scalars and/or the gauginos. 
The masses of the scalars (7) and the masses of the gauginos (7/2) are of 
the order of the gravitino mass (73,2): 


mo ~ min ~ mp ~ M3 /mp (6.8) 


where Ms measures the supersymmetry breaking scale. Then the required 
TeV scale for the particle-sparticle mass splitting is obtained when 
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Ms = O(10"' GeV). (6.9) 


In turn such a value for Ms might be understood as arising in a no-scale 
theory as a hierarchic suppression of the Planck scale mp. However, this 
does not explain why the electroweak symmetry breaking scale (v) is of the 
same order of magnitude O(1 TeV) as the supersymmetry-breaking mass 
splittings (6.7). 

Indeed, if we add to the supersymmetric standard model superpotential 
(3.139) the only renormalizable term involving the Higgs chiral superfields 
Hı, H, that is consistent with SU(2) x U(1) symmetry+ 


= mH irh, (6.10) 


then the F-terms generate mass terms 


> eer 


for the Higgs scalar components h,, h2, of H,, H,. We see that, since 
m*>0, there is no possibility of breaking the SU(2) x U(1) symmetry 
spontaneously. Furthermore the additional terms in the low-energy effec- 
tive potential (5.137), which arise in models possessing hidden-sector 
supergravity breaking, also do not generate the necessary negative mass- 
squared terms. Thus, far from relating the electroweak breaking to the 
supersymmetry breakdown, we cannot even achieve spontaneous symmetry 
breaking. 

The simplest way out is to introduce a new SU(2) x U(1) singlet chiral 
superfield Y, and instead of W, add the term 


W, =AY(HTiCH — u?) (6.12) 


to the standard model superpotential. Then the effective potential (5.137) 
for the Higgs sector is 


V=AMlhtitth, — wl? + My*y(hjh, + hłha) 
+ ee y + hih, + hhz) + m3pAA(yh} ith + nc) 
+ (2 — Aiu? (y + y*) +g” (hjhi — hY 
+ $y (hitrih, — hoch)? (6.13) 


where the last two terms are the D-terms. In writing (6.13) we have 
suppressed the factors exp(4|a,|*) in the definitions (5.130) and (5.133) of 
mn and W. They may be restored at the end by rescaling all masses with this 


= m(hjh, + hhz) (6.11) 


+We ignore until §6.6 the possibility of adding terms that do not conserve baryon 
number and/or lepton number. 
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factor. It is easy to verify (Exercise 6.1) that (6.13) does lead to the 
spontaneous breaking of SU(2) x U(1) to U(1)em provided 


(Au) > mp. (6.14) 


We shall not proceed further with the minimization of V. Suffice it to say that 
the magnitude of (the common value of) the vevs of h, and hz is determined 
by the parameter u that we had to introduce in order to achieve the 
SU(2) x U(1) breaking. Thus the electroweak breaking scale is effectively 
input via u and is not related to the supersymmetry-breaking scale. The 
solution to this problem that is favoured at present is that the electroweak 
symmetry breaking is induced by radiative corrections. In this scenario the 
mass-squared term for the electroweak Higgs fields is positive (or zero) at 
the Gur scale (6.1), but as the couplings evolve, because of radiative 
corrections, the renormalization group equations drive the mass-squared 
negative at the TeV scale (6.2), thereby causing the electroweak transition. 
We shall see later how this can happen. First we formulate the minimal 
SU(5) supergravity GUT. 


6.2 The minimal SU(5) supergravity GUT 


We have described in the previous chapter (§5.4) how to write down the 
supergravity Lagrangian for general (gauge) vector superfields coupled to 
general chiral supermultiplets. The procedure starts with a version of the 
global supersymmetric theory, generalized, by the introduction of the 
Kahler potential (G or K) and the function f», to include non- 
renormalizable terms. The original (renormalizable) theory is fixed once the 
superpotential W(®) is known. In the case of the SU(5) Gut, the chiral 
superfields must include those associated with the three generations of chiral 
fermions. These are denoted by wy (i = 1,2,..., 5) transforming as the 5 
representation of SU(5), and xf, which transforms as the 10 represen- 
tation; f= 1, 2, 3 labels the generations. In addition there is the adjoint of 
scalars $° (a=1,...,24) necessary to break the SU(5) symmetry to 
SU(3) x SU(2) x SU(1), and two further Higgs scalar multiplets, denoted 
H;, H'(i=1, ..., 5) associated with the electroweak symmetry breakdown; 
H transforms as a 5, and H as a 5. The couplings required to generate 
fermion masses derive from the superpotential 


Wn = D m VOKE + m ia am]. (619 
fe 


In addition we need the terms that lead to SU(5) breaking. It is convenient to 
represent the adjoint scalars by a (traceless Hermitian 5 x 5) matrix 


Xi = 24(t7); (6.16) 
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where t° are the 5 x 5 matrices representing SU(5). 
Then the required breaking can arise from 


Ws =A, tr 33 + 4M, tr 32). (6.17) 


Ignoring the supergravity contributions for the moment, the effective 
potential is given by 


aW _ |aWs 1, 2Ws)? 
V= = -a 
2 Da ue gs, OSE 


= At tr |B? + Miz —$tr >?! 


= (itr 54 — tr D7)? + MZ tr E? + 2M, tr $°]. (6.18) 
It is easy to verify that the F-term 
Fs =>? +M,2 —4tr>? (6.19) 
is zero for three independence choices of 2. These are 
2=0 (6.20) 
> = 4M, diag(1, 1,1, 1, -4) (6.20b) 
> = M; diag(2, 2,2, -3, —3). (6.20c) 


Thus V has three degenerate minima at which V = 0, so supersymmetry is 
unbroken. Clearly, at the first SU(5) is unbroken, at the second it is broken 
to SU(4) x U(1), and at the third to SU(3) x SU(2) x U(1). This is a 
generic feature of globally supersymmetric theories. However, in the case of 
supergravity GUTs we have seen how the supersymmetry may be broken via 
gravitational interactions with a hidden sector and so we might anticipate 
that the supergravity contributions in (5.137) will lift the degeneracy and, we 
hope, select the SU(3) x SU(2) x U(1) minimum as the preferred phase. In 
the presence of the supergravity corrections, the stationary points of the 
effective potential occur when 


Fs + mp’ X(W + (W)) =0 (6.21) 
where (W) is given by (5.128). In the limit mp— this gives 
E’? + (M; + ulh) — itr}? = 0. (6.22) 


Thus, as in (6.20), there are three solutions, but the positions are shifted by 
the replacement 


Mı—> M; + ul (6.23) 


which is small if m3, is of TeV order, while M; is on the Gut scale. These 
(supersymmetric) vacua are no longer degenerate, since V has the value 


THE MINIMAL SU(5) SUPERGRAVITY GUT 127 


V =e'4"2u(A — 3)W (6.24) 


at such stationary points, and W has different values for each of the three 
minima. Allowing for the shift (6.23), we find, corresponding to the three 
cases in (6.20), 


el? w =0 (6.25a) 
el’ W = 483, (M; + w/A,)°(My — 2ulh1) (6.25b) 
el" W = 5A,(M, + ulh)? (M; — 2u/d,). (6.25c) 


Thus if A < 3, as it is for the Polonyi potential, the global minimum is the 
SU(3) x SU(2) x U(1) phase, as required. 
Besides the terms (6.15) and (6.17) of the superpotential, we must have in 
addition the terms 
Wy = AEO + 3M>)H. (6.26) 


At the SU(3) x SU(2) x U(1) minimum we may replace È by its VEV to 
obtain an effective superpotential that generates mass terms for the colour 
triplet and doublet scalars in H and H. Explicitly we see 


mp3) = mal) = A2[3M2 + 2(M, + wlAy)) (6.274) 
my(2) = my(2) = 34s[M> — (M; + ul% )]. (6.27b) 
We have seen that M, must be of order 10'° GeV in order to break the SU(5) 
symmetry at the ‘observed’ scale. This is welcome as a mass scale for the 
Higgs colour triplet scalars, since they can mediate proton decay, and would 
do so at an unacceptably high rate if their masses were less than 


O(10!° GeV). However, we also require light electroweak Higgs doublet 
scalar fields h,, hy, and this requires 


to TeV accuracy. Dropping the massive colour triplet states then gives an 
effective SU(2) x U(1) superpotential of the form (6.10) with 


m= — 3A2M3/2/A4 (6.29) 


and we noted before that this cannot generate spontaneous breaking of the 
electroweak gauge group. However, we must also include the supergravity- 
induced contributions to the effective potential, besides the global super- 
symmetric contribution (6.11). Including such terms, we find, using (5.137), 


Vett = (M° + m32)(hihy + Agha) + mmsp[(A — Dh it*hy+ Hc] (6.30) 
which yields the required symmetry breaking, provided that 
nm? — mm3\|A — 1| + mn <0. (6.31) 


This is satisfied for certain values of m/m3, provided that 
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|A -1)>2. (6.32) 


Of course the required TeV scale for m is a result of the fine-tuning (6.28), 
which we have input; nothing in the model requires it to be so, and in this 
sense we are no better off than in the original model (6.12). 

What we really need is a model that has no mass scale input, and in which 
all low-energy mass scales derive from the supersymmetry breakdown which 
is transmitted to the observable sector by the parameter m3. Since there 
are to be no explicit mass parameters in the superpotential, it must be 
trilinear in the fields. 

We discussed just this possibility in §5.9. It leads to the effective potential 
given in (5.136) since 


aW a 
r= 3W. 6.33 
Wy, (6.33) 
Then we can also write 
awl? aw 
Vert = p + m5nly |? + 43/2 [ay +ccj: (6.34) 


Since W is homogeneous, the effective potential is zero when all fields have 
zero VEVs. Thus the only way to obtain symmetry breakdown, which requires 
non-zero VEVS, is when V g¢ is negative. However, it is easy to see that this 
can happen only if 


|A| >3. (6.35) 


To illustrate this consider a simplified model with three singlet (chiral 
superfields) and 


W = AXYZ. (6.36) 
Then 
Vote = IXY}? + [YZ]? + |ZX|?] 

+ m3/[|X |? + |Y? + |Z|] + m3.A(AXYZ + HC) (6.37) 


where we are now using the same symbol to denote the chiral superfield and 
its scalar component. The symmetry requires that V.,, attains its minimum 
when 


W| = KY = KZ) =v (6.38) 
and 


arg A + arg(X) + arg(Y) + arg{Z) = x. (6.39) 
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Then the stationary points are given by (Exercise 6.2) 


v= 0,472 (4) + VAP — 8] (6.40) 
at which the potential has the value 

Vett = v(m = Av"). , (6.41) 
When |A| > 3, 

Ay = 4msp[|A| + VIA]? — 8] > mn (6.42) 


so the non-trivial minimum is the global minimum, as claimed in (6.35). 

To realize this mechanism in electroweak theory it is essential to enlarge 
the Higgs sector, since we cannot make an SU(2) singlet using three 
doublets. The ‘cheapest’ enlargement is to introduce a singlet superfield Y 
and take“) 


Wy =AHTi CHY + Loy’. (6.43) 


Then, as above, when |A | > 3 there is an absolute minimum of the effective 
potential at which the SU(2) x U(1) symmetry is broken. Unfortunately, 
when we include the further terms in the superpotential that are required to 
generate the fermion masses, the absolute minimum typically occurs at a 
place where the slepton and squark fields have a non-zero vev: in other 
words the SU(3) X U(1)em gauge symmetry is preferentially broken. This is 
already pretty clear from (6.38) since the global minimum occurs when all 
fields have a non-zero vev, including in our case coloured and charged 
scalars. 
The best bet at this juncture is to arrange that 


A=3 (6.44) 


since then all of the local minima occur at Veg, and so are degenerate. 
Radiative corrections might perhaps spoil this degeneracy, and, we hope, 
select the charge-conserving SU(2) x U(1)-breaking solution as the absol- 
ute minimum. 

Actually the introduction of singlet fields, such as Y, introduces further 
unsatisfactory features for supergravity Guts. If Y in (6.43) is an SU(5) 
singlet, then it can couple to the heavy colour triplet Higgs, and this 
threatens the stability of the TeV mass scale m3,. which transmits the 
supersymmetry breaking to the observable sector). We shall not pursue 
this point further, but instead consider the possibility that we can sustain just 
the minimal Higgs sector (with no singlets Y). The breaking of the electro- 
weak symmetry at tree level is then impossible, as we have seen, but it might 
be driven by radiative corrections. 
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6.3 Renormalization group equations® 


At the unification scale (the Planck scale?) we shall assume that the scalar 
masses have a universal value mọ. To see whether electroweak breaking can 
arise from radiative corrections we need to write down the renormalization 
group equation for the squared mass of the electroweak Higgs scalars 
(hı, h2). Of course this equation involves other masses and coupling con- 
stants so it is necessary to consider the evolution of all of the parameters of 
the theory as we run the energy scale from 10'° GeV down to electroweak 
scale. 

We have already written down in (3.139) the part of the observable-sector 
superpotential that is necessary to induce mass terms for the quarks and 
leptons at the electroweak symmetry breakdown. The only other term 
consistent with the gauge symmetry (and renormalizability) is that given in 
(6.10). It is, as we have said, unaesthetic to input any small mass scale (such 
as m) other than the gravitino mass msp deriving from supersymmetry 
breaking in the hidden sector. However, without such a term the theory 
possesses axions, as we shall see later, so we shall include it without further 
ado. Assuming, as in §5.9, that the full superpotential is the sum of the 
observable-sector piece plus a hidden sector piece W, the effective potential 
for the scalar particles is given by 


A 2 
Vert = pa t m?ly,l? + 3/2 D A;G'L'T i t’ H° 
ay, 


+ z [A®G40/T i t HDE + AGY OTit H,U] 
f8 
+ BuH{ i rH, + nc! +4D? (6.45) 


where we are now using the same symbol to denote the chiral superfield and 
its scalar component. The scalar masses m? have the common values 


m= ms (6.46) 


(perhaps equal to m3,) at the unification scale. Similarly at this scale the 
various A-parameters have a common value: 


AŽ = Alf =A =A (6.47) 
and, as in (6.30), 
B=A-1. (6.48) 


Allowing for possibly non-minimal gauge kinetic functions fip, where 
i=1,2,3 refers to the three gauge groups U(1), SU,(2), SU,(3), the 
D-terms in (6.45) are given by 
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1p? =} >, Re fis! DiDi, (6.49a) 


where 
Di, = 58iVi(Ta)rsYs- (6.49b) 


The non-minimal gauge kinetic functions can also give rise to non-zero 
gaugino masses, as discussed in §5.9. Thus besides the soft supersymmetry- 
breaking masses in (6.45) we also include gaugino (Majorana) mass terms 


D MASAS (6.50) 


where as before i = 1, 2, 3 labels the three gauge groups. 
At the Planck scale these too have a common value 


Mi=mn (6.51) 


of order m3. 

Before formulating the renormalization group equations that determine 
whether the electroweak symmetry is broken by radiative corrections, let us 
first try to get some sort of feel for whether it is even feasible. The terms in 
(6.45) involving just the electroweak Higgs scalars lead to an effective 
potential having the general form 


Vy = miHiA, + m3H3H, — m4(H! i t?H, + nc) 

+381(HİH; — 3H) + $83(Hit'H, + H3t' HY (6.52) 
and electroweak symmetry breaking occurs when this potential has a 
non-trivial minimum. This will happen in particular if m? < 0, as we shall 


see. The generic structure of the radiative contributions to a scalar squared 
mass is 

ôm? ~g°(m} — mh) (6.53) 
where g measures the coupling strength, m7 is the contribution from a 
virtual-fermion loop, and mz, is from a virtual-boson loop; the opposite sign 
derives from the usual —1 factor from closed fermion loops. It follows that 
the contributions from the gauge interactions is typically positive, since the 
gauge vector particles are massless, while the gauginos have a non-zero mass 
from the supersymmetry breaking. However, besides their electroweak 
gauge interactions the Higgs scalars have Yukawa couplings to the quarks 
and leptons, as displayed in (6.45). The largest of these is the coupling of H; 
to the top quark, since it is the most massive. Its supersymmetric partner, the 
top squark (or stop), is even more massive, so the top/stop contribution is 
negative and can in principle drive m? negative. This gives a non-zero VEV to 
Hı, and in fact H,. Furthermore the non-zero vev for H, leaves U(1)em 
unbroken, as required (Exercise 6.3). 
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Figure 6.1 Diagrams contributing to the G3, renormalization group equation. 


We denote the vevs of the neutral components of H, 2 by v1, 2, and these 
are non-zero when the minimum of 


Vy(vi, v2) = mvi + mavi + 2m3vv + agi + B2)(Vt — v2)? (6.54) 


is away from the origin. Note that the quartic terms derive entirely from the 
D-terms, and that they vanish if |v,| = |v2|. Stability against v4, > running to 
infinity in this case therefore requires 


my + m3 > 2\m3\. (6.55) 


Also, the breakdown of SU(2) x U(1) requires that the quadratic part is 
negative in some direction of the (v;, v2) plane, and for this it is necessary 
that 


mim, < m3 (6.56) 


which is satisfied, in particular, in the case where m? is negative, as we 
envisage. 

We have already noted the renormalization group equations for the gauge 
coupling constants in §3.8. For three generations of chiral fermions (ng = 3) 
and the minimal Higgs content in a supersymmetric theory (ny = 2), these 
become 


da 11 
M-e 6.57 
dM an"! (Car 
da, 1 2 
das i. 6.57b 
MM aS (9078) 
daz 3 pi 
la aa 6.57 
MM S ar 


at single-loop order. The corresponding equations for the Yukawa coupling 
constants may be computed in a similar manner. We are especially con- 
cerned with the largest of these, namely G33, which eventually generates the 
top quark mass. It is customary to neglect the contributions to all diagrams 
from all except this Yukawa coupling. Its renormalization group equation 
can be computed from the diagrams shown in figure 6.1. 
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Figure 6.2 Diagrams contributing to the mî renormalization group equation. 


They give 


dG3 3 pi G3 
Fira = By (G3) - p (§a3 + 3a + iga). (6.58) 


Similarly the corresponding three-scalar vertex given in (6.45) generates an 
equation for the A-parameter: 


d 
M IM (Aš3m32) = Ea (Alman (G33) 


E 1 Bazi; + jañ + tga) (6.59) 


where ñ; are the gaugino masses, whose evolution is given by 
a;/m; = constant. (6.60) 


The spontaneous symmetry breakdown is driven by the running of mi, as we 
have already seen. Its evolution is calculated from the diagrams in figure 6.2: 


ant _ (G3)? 


dM ga? [mi + mys + mo: + (mznA53Y ] 


2 $ a 

See [Zaqm} + ja]. (6.61) 

Evidently we also need the equations for mz; and mg; which may be 
calculated in a similar manner: 


dmi: _ (G43) 
dM 4n? 


[mj + mys + mo: + (113A43)"] 


R = (ayn? + Sam?) (6.62) 
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A, M 


Figure 6.3 Diagrams contributing to the u renormalization group equation. 


dm2 š G! 2 j 
M = (Gi [mj + mys + mo + (m2433 | 


2 ad 5 A 
- 2 Gayid + Fa + dar). (6.63) 


The parameter m4 in (6.52) is given by 
m3 = Bums, (6.64) 


where the evolution of u is determined from the diagrams in figure 6.3. 
They give 


Bi 8 ta 
di ie a + 3a). (6.65) 


The corresponding diagrams with external scalars determine the evolution 
of the B-parameter 


d 3 ii i 2 X ds 
Mau (Bm3;2) =- Bx (A53m3/2 (G53) = z Gam aa łam ). (6.66) 


If we neglect all Yukawa couplings except for G3; then the running of all 
other scalar masses is determined just by the gauge couplings. In particular 
the mass m3 in (6.52) satisfies 


2 re = 
M n (łam + jami). (6.67) 


It is now straightforward, in principle, to perform the numerical inte- 
gration of these equations for given input values of the parameters A, m12, 
U, M3, Mo, G33 at the unification scale my at which the gauge coupling 
constants have the common value 


ax(my) = a(mx) = 3a,(myx) = agur(mx). (3.153) 


The values of these last two parameters are those required by the data and 
given in (3.164) and (3.167). 

To get a feel for what actually happens we note first that the Yukawa 
coupling contributions to the running of the masses mi, my, Mos in (6.61), 
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(6.62) and (6.63) have the effect of reducing the squared mass as the scale M 
is reduced. Further, since the coefficients of (G43)* are in the ratio 3:2:1, mî 
decreases at a faster rate than the other masses squared; thus for suitable 
values of the parameters mî becomes negative before the squark mass- 
squared terms do. By subtracting the equations it is clear that this remains 
true even allowing for the contributions of the gauge couplings, which 
oppose the decrease. 

For this to work the coupling (G43)? must be large enough to drive mj 
negative, and this leads to a lower bound on the mass of the top quark, since 
it is fixed when G3, is known: 


mMm, = G3301 š (6.68) 


The actual value of the lower bound depends on the other parameters, 
notably A. However, we can also see from (6.58) that for large G4; the first 
term dominates and this reduces G33 as M is reduced; if G43 is too large at the 
unification scale, it becomes too small at lower energies to drive mj negative. 
In this way an upper bound on G33, and therefore m,, is found. Altogether 
the allowed range is“ 


100 GeV = m, £ 200 GeV (6.69) 


with the renormalization group fixed point of (6.58) tending to attract G33 to 
the value 


(Gis)? = $T Bhas(m,) + da(m.) + Bor (m)] (6.70) 


corresponding to m,= 210 GeV. The values of mzn that allow this are 
typically in the range 


80 GeV = mzn < 300 GeV. (6.71) 


The renormalization group equation (6.61) shows that the running of mj 
to the required negative value is assisted by the (73,.A4;)* term. A larger 
A-value permits the symmetry breaking with a smaller value of G53, and 
therefore of m,. However, we have already noted that A cannot be too large, 
or else the global minimum of the scalar potential will not be that which 
preserves SU(3), X U(1)em. Allowing for different masses, as induced by 
radiative corrections, the A-parameter A, associated with the term AXYZ in 
the superpotential is constrained by“ 


|A, < 3(my + my + m2}. (6.72) 


in order to avoid the unwanted minimum. (Note that, as required, this 
reduces to |A| < 3 when all masses are m3,2.) 

Incidentally this mode] also illustrates the source of the axion problem to 
which we have alluded. Evidently such a superpotential possesses a global 
U(1) symmetry in which 
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X> iX Yor? vy Vee we oy A (6.73) 


with ay, ay arbitrary. One choice of ax, ay is associated with the (gauged) 
U(1)em Symmetry, but there is clearly an independent U(1) that is not 
gauged. The occurrence of the spontaneous symmetry breaking will violate 
the global symmetry and generate an unwanted Peccei—Quinn axion, It is 
for this reason that the u-term (6.10) was introduced into the potential 
(6.45)—it excludes any such global symmetry. 

The upshot of all of this is that for a range of unification scale parameters 
the renormalization group equations do generate the required symmetry 
breaking, and all low-energy parameters are determined by a few basic input 
parameters, 

In order to test the consistency of the theory with the data, we need to 
establish the relationship of the low-energy parameters determined by the 
renormalization group to the experimentally measured quantities. The low- 
energy effective potential is determined by the parameters m? (i = 1,2, 3), 
a; (j = 1,2), and using (6.64) these are all known at low energies, for given 
input values of the parameters. Using these we may determine the VEvs v,_ >. 
It is convenient to use instead the related quantities v, 0 defined by 


ve =vj t+ v3 (6.74a) 
tan 0 =v,/v. (6.74b) 
Then 6 is given by 
2m3 
26 = -—>— > 6.75 
sin MEN (6.75) 
(provided that the constraint (6.55) is satisfied) and v by 
per i am 
2 + pp mr Li) 3, 6.76 
DAE ae)? cos26 = sin 20 (6:16) 
The gauge boson masses are 
my = 2ra? (6.77a) 
mz = 2n(a, + ajv”. (6.77b) 


The physical Higgs scalar particles are found by combining the fields in the 
two scalar doublets 


no (fh e» 


It is convenient to introduce 
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mec ee (6.79) 
and then define 

x = (cos 9)H, — (sin A) (6.80a) 

ọ = (sin 0), + (cos 0)y2 (6.80b) 
so that 

(olz)=0 ollo = [9]; (6.81) 


Evidently y is an ‘ordinary’ doublet while g supplies the three Goldstone 
boson fields. This is to say, the fields y*, v° and g; in 


E () e=, n + os z 


are physical fields, and the Goldstone bosons ọ*, ¢ are eaten in the Higgs 
mechanism. Expressing the low-energy potential in terms of these fields 
then enables us to determine the masses of the physical states. The charged 
scalars y* have 

ms = mi + m3 + my (6.83) 


and, writing 


o_ 1 : 
=—- (y + 6.84 
= 75 tix) (6.84) 
the field y2 is a pseudoscalar, and has a mass given by 
m, =m} + m}. (6.85) 


The two fields @, and y, are scalars and mix and produce eigenstates with 
mass eigenvalues given by 


mZ, m = AGA + mz) + 5[(m;,, + mz) — 4m m7 cos? 29]? (6.86) 


which requires that there is one scalar lighter than the Z boson. 

The mass parameters for the first- and second-generation squarks and 
sleptons satisfy renormalization group equations of a form similar to (6.67), 
and these can be integrated analytically; the generic structure is 


M” = a, 6.87 
gone (6.87) 


which is solved by 
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Ci px Ss 
m?(mx) = mnz) = X zp nx) — mir(mz)] (6.88) 
where the b; are given in (6.57) as 
da; 2 
i = — b.g. 6. 
M M bia; (6.89) 


We shall not give details of the parameter c;, but refer the interested reader 
to reference (3). However, it is important to recognize that these mass 
parameters are not the physical masses of the squarks and sleptons under 
discussion. This is because the D-terms and the trilinear scalar terms in 
(6.45) generate additional contributions to the squared masses when the 
scalars acquire non-zero vevs, besides the explicit mass terms m?. The 
determination of these additional contributions is controlled by the evol- 
ution of the various A-parameters, as well as that of the Yukawa couplings. 
We omit details of these too. 

Because of the non-negligible Yukawa couplings the situation is even 
more complicated for the top squarks (the ‘stops’). The two scalars (f,,fp) 
have a non-diagonal mass matrix” which has two eigenvalues 


2 2 = 2 
mi, = (mi + mr) F [(miL — mer) + 4mîr]”  (6.90a) 


where 
mi = my +m, + (az — $a; jv? cos 26 (6.90b) 
ee: 2, 4% 2 
MRR = My: + m; + z av" cos 20 (6.90c) 
Mi = vG33[A33/N3/2 sin 0 + 4 COS 0] (6.90d) 


are determined by integrating the renormalization equations given earlier. 
The important point here is that the lighter state (f,) can in principle be 
lighter than the top quark itself. 


6.4 Charginos and neutralinos 


We have just seen that because of the existence of the soft supersymmetry- 
breaking trilinear scalar interactions, as well as the inclusion of the w-term in 
the superpotential, there is a non-zero coupling of the f} squark to the fp 
squark, and consequently a non-diagonal stop mass matrix, when the 
electroweak symmetry is spontaneously broken. As a result the mass 
eigenstates are superpositions of tf; and fg. A similar mixing effect occurs in 
the fermionic sector between the electroweak gauginos and the Higgsinos 
when the electroweak symmetry is broken. Of course, since charge is 
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conserved (because U(1)em is unbroken) there is only mixing between states 
of the same charge. n 

We start with the mixing between the charged gauginos, the Winos W *, 
and the Higgsinos Hj (i = 1, 2). We have input non-zero gaugino masses in 
(6.50), deriving from possibly non-minimal gauge kinetic functions in the 
hidden sector. The Wino mass terms come from the a = 1, 2 generators of 
the SU, (2) gauge group and can be written as 


lm (ALAL + AZA2) = m(WtW- + WtW-) (6.912) 
where 
we =) (4) +122) (6.91b) 
V2 2 2 x 


are Weyl spinors constructed from the Weyl spinors 45 of the SU (2) gaugino 
Majorana spinor fields A5. Similarly the Higgsino mass terms derive from 
the uH, itH, terms introduced into the superpotential for the reasons 
discussed earlier. The charged terms come from the uH} Hy piece, which, 
as in (3.56), generates the mass term 
u(y Hy + HY Hz) (6.92) 
where Ht, H3 are the spinor components of the superfields Hj , Hz . The 
bilinear coupling of these fields arises from the gauge terms displayed in 
(3.128) when the neutral components 49, h? of the scalar doublets H,, H 
develop vevs. Then we find 
goV2 > Hi1°°H, = go W AT + .W*H5) (6.93) 
a=1.2 
i= 1.2 


after spontaneous symmetry breaking. All of these mass terms may be 
combined using the ‘chargino’ mass matrix (C) as 


2 Peete m g2v2 Ww- 

(wt LAD 2 \, ~ -} (6.94) 
: 820, -u /\i H2 

We diagonalize C by forming the linear combinations 


cos 6. —sin 6.\/W* 
= S 6.95 
Fa 6.  cosĝ+ \ Fe) ( ) 
and choosing the angles 6. appropriately. Then the mass eigenvalues are 
M cos 0, cos 0 + gov; cos O_ sin 8, + gav sin O_ cos 6, 


— usin 6, sin 0 (6.96a) 
— m sin 6, sin @_ + gov, sin 6_ cos 6, + gav cos 8_ sin 0, 


+ u cos 0, cos 6_. (6.96b) 
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A similar, but more complicated, treatment applies to the mixing of the 
neutral gauginos with the neutral Higgsinos. The two neutral electroweak 
gauginos are the SU(2) Wino W° and the U(1) Bino B. These mix with the 
two neutral Higgsinos after spontaneous symmetry breaking and yield the 
‘neutralino’ mass matrix (N) 


W° B HY H9) 


M r ~igyu,/V2 — igyvo/V2 | wW? 
S 0 Mı igw/ V2 —igw/V2 B 
—igg/V2 — igy,/V2 0 =u H? 
igy,/V2 —igw/V2 “Ku 0 HS) 
(6.97) 


This too can be diagonalized, but we shall give no further details here. We 
merely note that the masses m, and mz are related by virtue of the 
renormalization group equation (6.60), the unification condition (3.153) 
and the common gaugino mass (™m ,2) at the unification scale: 


Aagur(Mx) _ a _ Say, {= 3), (6.98) 
Min Mz 3m, 


Note also that when u and Mñ, (and hence M) are zero, the combinations 
photino 


7 = (81W? + g.B)/(gi + 93)!” (6.99) 
and 

S = (v H} + wH? Vv (6.100) 
are massless, while the two orthogonal combinations Zino 

Z = (gB - g.W)(gi + 83)” (6.101) 
and 

A = (v,H9 — vH!) /v (6.102) 


give degenerate states (W/V2)(Z 2 A) with mass 
1 
AW) (gi + g3)'?v = mz. (6.103) 


In the same limit the chargino mass eigenstates are the Dirac spinors 


(W*, Ñ5)and (Ñt, W7) with masses gav, gav: respectively, both of which 
are less than 2mw. 
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6.5 Experimental signatures 


The experimental searches for supersymmetric particles are all constrained 
by the assumption that ‘R-parity’ is conserved. This imposes a discrete 
symmetry on the allowed interactions, which requires, in particular that the 
(so far unobserved) super-partners of the known particles can only be 
produced in pairs. Then the lightest supersymmetric particle (Lsp) is stable. 
This assumption of R-parity conservation is introduced primarily to simplify 
the otherwise prodigiously complicated production and decay mechanisms. 
However, we shall see in §6.6 that the known absence of fast proton decay 
requires some such symmetry in the supersymmetric theories that we are 
considering. 

LEP experiments give lower bounds in the masses of sparticles®: the 
absence of Z decays that are not in accord with the predictions of the 
standard model bound the charged slepton, squark and chargino: 


mz, Mj, My = 5mz (6.104) 
while the ‘invisible’ width of the Z gives a sneutrino bound 
mz > 42 GeV. (6.105) 


In principle, better limits on the squark and gluino masses can be obtained at 
pp colliders, if they are light enough to be pair produced. Ultimately the 
sparticles decay to the tsp which escapes detection, thereby giving an 
imbalance of energy transverse to the beam. However, to derive mass 
bounds further assumptions must be made. All analyses assume that the 
lightest neutralino (79) is the tsp. If the next lightest sparticle is a squark, it 
is assumed to decay only via 


ğ — qz? (6.106) 


so the experimental signal from squark pair procuction will be two jets plus 
missing transverse energy. On the other hand, if the gluinos are the next 
lightest sparticles, it is assumed that the only decay is 


g > qax! (6.107) 
(via a virtual squark), so the signal from gluino pair production is four jets 
plus missing transverse energy. Then with the further assumptions that the 
LSP is massless and that all squarks have the same mass, the 1991 CDF data 
give 

M3 = mz > 150 GeV mg > 170 GeV. (6.108) 


Given the numerous assumptions needed it is difficult to assess how reliable 
these bounds are. If the squarks and gluinos are sufficiently massive that 
chargino and other neutralino decays are kinematically allowed, then these 
dominate the direct decays of ğ , 7 , and the tsp is produced at the end of a 
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Figure 6.4 B- and L-non-conserving diagrams in the SU(5) GUT. 


cascade of decays. Allowing for the cascade decays weakens the lower 
bounds” to 


mz = 135 GeV mz = 130 GeV. (6.109) 


Then using (6.60) we can bound the SU(2) gaugino mass parameter: 
m= 2m; = 40 GeV (6.110) 
a3 


using (3.158), (3.159), (3.161). Combining this with the absence of observed 
neutralinos in Z-decays gives a lower bound of 


mz = 20 GeV (6.111) 


for the lightest neutralino). 


6.6 Proton decay 


The minimal (non-supersymmetric) SU(5) Gut has 12 diquark and lepto- 
quark gauge bosons X74, Y*!/? which couple to baryon-number- (B-) and 
lepton-number- (L-) non-conserving currents. These gauge bosons acquire 
masses my = my = O(10'° GeV) when the SU(5) gauge symmetry is 
broken, and the massive bosons can mediate low-energy B- and L-non- 
conserving processes. In particular the Feynman diagrams shown in figure 
6.4 generate a (colour singlet) effective Lagrangian for nucleon decay 
(p> etm, vn" ). 
They give 


2 
Lou = _§5_ 


Z Eid [aiy A — ysu; [Ey (1 — ys)dk + dgy, C — ys)e] 
8mY 


+ [Ziv“( — ys)d] [diy (1 — ¥5)ve]} (6.112) 


using just the quark and lepton fields of the first generation; g5 is the gauge 
coupling constant of the SU(5) cut, evaluated at the scale my. This leads to 
a decay width 


2 
T(p— e*n?) = of $$ mè) (6.113) 
myx 
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With the renormalization group equations predicting the Gur ‘fine-structure 
constant’ as = g3/4a = 1/42 and the unification scale my ~ 10'> GeV, this 
gives a lifetime 


l-\(p— etx?) = O(10* yr). (6.114) 


More sophisticated treatments”), including an enhancement factor due 
to gluon radiative corrections, reduce this to 


Pips etn?) = 4.5 x 102? +17 (6.115) 


well below the measured lower bound“ of 6 x 103% yr, which is why the 
non-supersymmetric theory is dead. The supersymmetric SU(5) GUT of 
course allows proton decay via the same diagrams but the larger values of 
(ag and) my, given in (3.164) and (3.167), increase the predicted value of tp 
way above the measured lower bound, principally because of the pro- 
portionality of the width to mx". 

Another way to see that the matrix element is proportional to mx’, and 
hence that T « mx’, is to note that the mass dimension of the four-quark 
field operator in Lege is [M6]. Then to ensure that £s has the required 
dimension [Mf], it is necessary to supply [M7?], and the unification scale my 
provides this in the gauge-boson-mediated processes shown in figure 6.4. In 
fact it is clear that something like this must be true of any (non- 
supersymmetric) GUT: to construct a colour singlet baryon-number-non- 
conserving operator the only possibility is to use three quark fields; then to 
make a Lorentz invariant effective Lagrangian a further fermion (lepton) 
field must also occur. The missing [M~?] is supplied by whatever mass can 
mediate the baryon number non-conservation. In the minimal SU(5) Gut 
p—e*z® can also be mediated by the colour triplet Higgs in the 5 
representation, which naturally has a mass of order m y (but is not compelled 
to do so). 

In a supersymmetric GUT, however, there are additional operators that 
might arise as an effective Lagrangian. In the first place, there are additional 
SU(3) x SU(2) x U(1)-invariant terms that can be added to the superpo- 
tential (3.139): 


= 1) 7 (n)T; „2 (2)7 (T+ 2 
OW = » AD) LOTi cA LOM? + »: ARLO it QOD) 
l,m,n l, f.g 
3 h 
ea ` a2) YODO pe (6.116) 
fgh 

where J, m,n = e, u, t label the leptons and f, g, h = 1, 2, 3 label the three 
quark generations. Each of these violates L- and/or B-conservation, and 
taking the F-part gives a dimension 4-operator, just as it does for the terms in 


(3.139). Thus these operators are unsuppressed by any power of the super- 
heavy mass scale, and, if they are all present, they generate an amplitude for 
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Figure 6.5 d-squark-mediated B- and L-non-conserving amplitude. 


proton decay suppressed only by the supersymmetry mass breaking 
scale“*), as shown in figure 6.5. 

Itis for this reason that an additional (discrete) symmetry must be invoked 
to forbid them: estimating the proton decay rate using the diagram of figure 
6.5, and comparing with the measured bound leads to the constraint“) 


1019 s m2 gyi ~ 107”. (6.117) 


The simplest way to expunge the offending terms is to require a ‘family 
reflection symmetry’ ©® under which 


EAEE LO E ow” pau QW” 
YN- yu Df — pw) 
H>H; H,— H3. (6.118) 


Then, all of the terms (3.139) needed to generate masses are allowed, as is 
the term (6.10) needed to ensure v; # v2, but all of the B- and L-non- 
conserving terms (6.116) are forbidden. 

We shall discuss later alternative ways of removing these dimension-4 
operators. Assuming that they are absent for some reason, there remains the 
possibility of dimension-5 B- and L-non-conserving operators“, which will 
only be suppressed by a single power of the superheavy scale, and which may 
well be the dominant contributors to proton decay in supersymmetric 
theories. 

The dimension-5 B- and L-non-conserving operators allowed by the 
SU(3) x SU(2) x U(1) symmetry have the structure 


= [QQQL]; (6.119a) 
=[USUD 1], (6.1196) 

= [QQQH;]r (6.119¢) 

= [QU"I° L] (6.119d) 

= [LLH,H,]F (6.119e) 

Os = (LH>H\H |p (6.119) 
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Figure 6.6 Proton decay induced by O,. 


0, = [H) A!" Ip (6.119g) 
O; = [HiH2!°|p (6.119h) 
O; =[QU‘L']p (6.119) 
Oio =(UD'T |p (6.119/) 


where we have omitted the generation labels, as well as all of the group 
labels. Each chiral superfield has dimension 1. Since the superspace coordi- 
nate @ has dimension —ż, as in (3.21), the dimension of the F-part of a 
product of n superfields is 


[®t Dn]: [M"**] (6.120) 
while the dimension of the D-part of a product is 
[Di D]: [M" +]. (6.121) 


To generate proton decay, which does not involve any sparticles, the above 
operators must be dressed by radiative corrections involving only (light) 
particles and sparticles. Thus O, generates the diagrams shown in figure 6.6. 
In figure 6.6(a) two incoming quarks annihilate to produce a squark and a 
slepton—this is the dimension-5 B- and L-violation—and these convert to a 
quark and lepton via electroweak gaugino exchange. As in the previous 
examples, proton decay is achieved by adding a spectator quark. 

Evidently not all of the above operators can by themselves generate 
vation of B, and O; does not have L-non-conservation. Of course, if some of 
the dimension-4 operators (6.116) survived, the missing ingredient might be 
supplied this way. Thus O3 together with the term proportional to 4®) will 
generate proton decay, as in figure 6.5, when the electroweak symmetry is 
broken, so H, is replaced by (O|H,|O) ~ v2. At any rate, if the family 
reflection symmetry (6.118) is invoked, only O4, 2,4 survive, and O, cannot 
generate proton decay in the absence of the dimension-4 operators which 
are also deleted by the symmetry. 

We therefore consider just O; 2, remembering that the chiral superfields 
obey Bose statistics. Consider first O3: 


O3 = eUF O UFO DPI (6.122) 
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Figure 6.7 Higgsino contribution to Oj. 


where i, j, k = 1,2, 3 are the SU(3) labels. Bose statistics therefore require 
that the generation labels f, g are different, f # g, so one of the U“ fields must 
be the c-quark (c°) superfield (or else t°). Since this is an SU(2) singlet, 
neither the electroweak nor the strong dressings, shown in figure 6.6, can 
change the flavour. It follows that O, does not contribute to nucleon decay, 
since t, c are too massive. Finally, then, there is O4: 


0; = EO i PQ (QUT iL) 
= e(u\Pd® — dPul® )(ulPl — dH) (6.123) 


and the Bose statistics again requires the use of at least two quark gener- 
ations. On this occasion, however, we can use Wino exchange in figure 6.6 to 
convert the second- or third-generation up-like flavour to a down-like 
flavour (d, s); in the case of a neutrino decay, however, we can use strong 
dressing, via gluino exchange, which leaves the (down-like) flavour 
unchanged. It follows that the dominant decay mode will be 


poK*y (6.124) 


in a supersymmetric theory, provided, of course that in the supersymmetric 
GUT the operator O, actually arises. The expression (6.123) for O, gives a 
two-fermion-two-sfermion vertex in which both incoming fermions are left 
chiral, and both incoming sfermions are the partners of left chiral fermions. 
Such a vertex therefore cannot arise via gaugino exchange, since gauge 
particles conserve helicity. It can, however, arise in the supersymmetric 
SU(5) theory via colour triplet Higgsino exchange, as shown in figure 6.7, in 
which the cross denotes the Dirac mass of the Higgsino. 

Using the vertices in (6.15), we can estimate the effective strength of this 
vertex 


G, = GIP GY /ma(3) (6.125) 


where (3) is the colour triplet Higgsino mass. The dressing via strong 
interactions, as shown in figure 6.6, then gives an effective Lagrangian of the 
form 


Lest = GettEijk (Uid (SEV) (6.126) 


(omitting the y-matrices) with 
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Get = G12 $ (6.127) 


where m, is the gluino mass and m, the squark mass. Reasonable estimates 
of the parameters then yield 


Gere ~ 23/8. (6.128) 


Thus the dominant decay mode (into kaons) has a lifetime of order 10° yr, 
as before. 

All of this is dependent upon the assumed family reflection symmetry. 
There are other symmetries that forbid the dimension-4 operators. In 
particular, if the offending terms are dropped, the remaining theory has a 
larger (global) symmetry called R-symmetry. This is a U(1) continuous 
symmetry, parametrized by a, under which the superspace coordinate 0 
transforms as 


6— ei9 (6.129) 
and a general chiral superfield ® as 

P — ei Pao, (6.130) 
So we can say that 6 and ® have R-charges: 

R(@) = 1 R(®) =R. (6.131) 


Evidently, since the superpotential W contributes f d?@ W to the Lagran- 
gian, the theory is R-invariant if 

R(W) = 2. (6.132) 
Referring now to the terms that interest us, namely (3.139), (6.10) and 


(6.116), we see that there is an R-invariance in which the superfields have 
charges 


ROM, LO, U, DM, 1°) =4 (6.133a) 
R(H,, Hy) =1 (6.133b) 


and that excludes the (offending) terms (6.116). 
The transformation properties (6.129), (6.130) show that the scalar and 
spinor components of ® have charges 


R(g)=R R(y)=R-1 (6.134) 
and according to (6.133) 

RQ, 1) =—3 RG, 1) =3 (6.1352) 

Rth,,h2) =1 R(h,, Ay) = 0. (6.135b) 


Since it is real, the vector superfield V has zero charge: 
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R(V) = 0. (6.136) 
Referring to (3.4), we deduce that the gauge field component V, has 
R(V,,) = 90 (6.137) 


since 0, 6 have opposite charges. It follows too from (3.4) that the gaugino 
fields transform non-trivially: 


R(A) =1 (6.138) 


and this means that gaugino Majorana mass terms such as (6.50) are 
forbidden by R-symmetry. Since there is experimental evidence that the 
gluinos have non-zero masses, as we have seen in (6.108), it seems that the 
R-invariance must be (spontaneously) broken. This in turn generates an 
unwanted Goldstone boson (actually an axion, since the U(1) is anomal- 
ous). Thus it appears that the continuous symmetry cannot be used to 
exclude the unwanted terms in the superpotential. This has led to a fuller 
investigation of the discrete R-parities that may be used to exclude some, but 
not all, of the B- and L-non-conserving operators, but in a way that is 
consistent with present data on proton decay", 


Exercises 


6.1 Show that the potential (6.13) does generate the spontaneous breaking 
of SU(2) x U(1) provided that |Au| > m3). 


6.2 Verify (6.40) and (6.41). 


6.3 Show that the minimum of the Higgs potential (6.52) leaves U(1)em 
unbroken. 


6.4 Calculate the R-charges of the chiral superfields in the supersymmetric 
standard model that are needed to give all ‘particles’ zero R-charge, and all 
‘sparticles’ non-zero R-charge. 
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THE BOSONIC STRING 


7.1 Introduction 


Historically, relativistic string theory was developed as a possible theory of 
strong interactions”) before the role was filled by quantum chromo- 
dynamics. Subsequently, the occurrence of a massless spin-2 particle in the 
spectrum of states of the string suggested an alternative use for string theory 
as a possible framework for gravitation that might succeed in overcoming 
the problems that had been encountered in trying to obtain a renormalizable 
theory of quantum gravity. In particular, there is an intuitive argument, 
which we shall explain in the next section, as to why string theory might not 
suffer from the ultraviolet divergences of quantum field theory of point 
particles. This argument is borne out by detailed calculations of string loop 
diagrams. In the case of the heterotic string, to be discussed in Chapter 9, not 
only does the theory provide a satisfactory framework for quantum gravity 
but it also appears able to unify gravity with the strong, weak and electro- 
magnetic interactions. These remarkable properties make string theory a 
candidate theory of all physics (a ‘theory of everything’). At the present 
time, the theory is usually formulated in the form of relativistic quantum 
mechanics, a relativistic quantum field theory of strings not yet having been 
fully developed (if indeed this is the appropriate framework for a complete 
string theory). 


7.2 The bosonic string action 


Whereas the position of a point particle in D dimensions may be described by 
degrees of freedom X“(r), u =0,1,..., D — 1, depending only on a time- 
like coordinate z7, to describe a string we need in addition a space-like 
coordinate o. Then, the string degrees of freedom X“(r, o), 
u=0,1,...,D—1, can trace out a curve as o varies at fixed t. The curve 
may be open or closed (open or closed strings as in figure 7.1) and it is 
convenient to take 


0O<o<a2 (7.1) 


to be the range over which o varies as the string is traced out from one end to 
the other for an open string, or once round the string for a closed string. As t 
varies the string sweeps out a world sheet (figure 7.2) just as a point particle 
sweeps out a world line, and it is appropriate to refer to the coordinates t and 
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Figure 7.1 Open and closed strings. 
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Figure 7.2 Open- and closed-string world sheets. 


a as world sheet coordinates. We shall see in §7.8 that consistency of the 
theory requires D to be 26. 

An action is required to embody the dynamics of the bosonic string. For a 
massless, non-relativistic string of length L the action of classical mechanics 


1S 
T te L al 
S= —> | dt| dxej— 7.2 
2 f [ z ( ) 


where y is the displacement of the string at position x, T is the tension in the 
string, and ż; and ¢; are some initial and final times. When writing down an 
analogous action for the relativistic bosonic string propagating in D- 
dimensional flat space we wish to ensure that it is not only Lorentz covariant 
in form but also that the physics does not depend on the particular choice of 
world sheet coordinates r and o. To this end we introduce a space-time 
metric 


Nu = diag(1, —1, +, 1)  mv=0,1,,D=1 (7.3) 


and a world sheet metric h(t, o) of signature (+, —) where a = 0 and 1 
refers to t and øg, respectively, and adopt the action for the relativistic 
bosonic string 


T, T 
S=- zl ar] do (— det h) PhP” ða Xu agXy. (7.4) 
0 


Ti 
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Figure 7.3 Point particle and string interactions. 


The required world sheet coordinate covariance then follows in the same 
way as the space-time coordinate covariance of general relativity. Thus, the 
action (7.4) has by construction local world sheet reparametrization invar- 
iance, and global D-dimensional space-time Poincaré invariance. In detail, 
the infinitesimal transformation for world sheet reparametrization invar- 
iance is 


OX" = E*a,X" Oh = E” d h? + 9, EHP + 8, EP he” (7.5) 


where &* is the infinitesimal shift in the coordinates (t, o). The transform- 
ation for global D-dimensional space-time Poincaré invariance is 


OX" = I”, X” + a” hag = 0 (7.6) 
where /“,, and a“ are constants with 


Lis m apl» (7.7) 


antisymmetric. Additionally, at least at the classical level, the action has a 
local Wey]! scaling or conformal invariance under the coordinate-dependent 
rescaling of the world sheet metric 


Ohag = A(T, O)hag ôX“ = 0. (7.8) 


It should be noted that this is not included in the world sheet reparametriza- 
tion invariance, because those transformations have 6X“ # 0 as a result of 
the t- and o-dependence of X“. The existence of this accidental conformal 
invariance is peculiar to strings and is not shared by reparametrization- 
invariant objects with more dimensions such as membranes. 

As mentioned in the introduction, string theory is expected to be free 
from the ultraviolet divergences that occur in the quantum field theory of 
point particles, for the following reason. In the quantum field theory of point 
particles, interactions are associated with vertices where world lines meet, 
and, correspondingly, string interactions should be associated with world 
sheets joining, as in figure 7.3 for closed strings. An important difference is 
that whereas for a point particle theory there is a well defined point where 
the interaction occurs, for a string theory there is no well defined point at 
which the two strings merge into one. If we consider two observers 
corresponding to different choices of world sheet coordinates their lines of 
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Figure 7.4 Strings merging as seen by different observers. The solid lines are lines of 
constant z and the dashed lines are lines of constant t’. What the observers see at 
various values of r and r’ is depicted alongside. 


Figure 7.5 Loop corrections to a vertex in point particle field theory and in string 
theory. 


constant t differ? and, as in figure 7.4, one observer will see the two strings 
merging at the point marked by the solid dot, and the other at the point 
marked by the cross. If we now consider loop corrections to the vertex as in 
figure 7.5, in the point particle field theory diagram ultraviolet divergences 


+As will be seen in §7.7, it is possible in the light cone gauge to choose the world 
sheet coordinates such that z is identified with any specified combination of X* and 
Xt, and it is this freedom which is exploited here. 
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arise from propagators meeting at a well defined interaction point. On the 
other hand, we do not expect such problems in the string case because there 
is no well defined point at which the interaction occurs. This expectation is 
confirmed by detailed calculations in string loop perturbation theory, 


7.3 Equations of motion and covariant gauges 


String equations of motion may be obtained as Euler-Lagrange equations 
by varying the action with respect to X“ and with respect to hg. The former 
equations of motion are 


al (— det hyn aax" =0 (7.9) 


where it has been assumed that the surface terms vanish, a point to which we 
return shortly. The latter equations of motion are 


Tap = — ða X“ gX, + agh”® 0, X“ 33X, = 0 (7.10) 


where Tg may be interpreted as the energy-momentum tensor obtained by 
regarding the string action as the action for a two-dimensional field theory of 
D free scalar fields X“. In deriving (7.10), the identities 


d(det h) = det h h”? ôh,s (7.11) 
and 
6h = — hh? shy, (7.12) 


are useful. For any solution of the equations of motion (7.10), the integrand 
of the string action (7.4) may be cast in the form |det 3« X“ 4,X,,|"", which 
shows that the action has a geometrical interpretation in terms of the area of 
the string world sheet. 

Just as in gauge field theory or general relativity, there are fewer 
independent dynamical degrees of freedom than appear explicitly in the 
action, and the number of degrees of freedom may be reduced by a suitable 
choice of gauge. In the present case, the gauge symmetries are the two- 
dimensional world sheet reparametrization invariances (7.5), and the con- 
formal invariance (7.8). The reparametrization invariance may be used to 
reduce the metric hag of signature (+, —), which in the first instance has 
three independent components, to the form 


hop = ett nap (7.13) 
where 
Nog = diag(1, —1). (7.14) 


This choice of gauge is usually referred to as conformal gauge. If we also 
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exploit the conformal invariance (7.8), the metric may be further simplified 
to 


hep = Nop - (7.15) 
When we refer to covariant gauges in what follows we shall have (7.15) in 
mind. There is some further gauge freedom, which we do not employ for the 
time being, that can be used to reduce the number of components of X”. 
This will be used in §7.7 to obtain the non-covariant light cone gauge which 
does not put all the components of X” on the same footing. 
In the covariant gauge (7.15), the equation of motion (7.9) simplifies to 
the one-dimensional wave equation 


aaax“ = [E ©) yuu, (7.16) 
at” ða? 


The string degrees of freedom X™ are further constrained by (7.10) which 
may now be written as 


1/9X“ ax, | dX" dX, 
Tt, s =z AK EN = 9 7.17 
we eat (= art ðo žl aN 
and 
aX” Xu 
01 10 ər ðo ( ) 


where we are using indices 0 and 1 to refer to t and ø, respectively. In 
particular, 


h®Tag = Ty — Tu =0 (7.19) 


i.e. the two-dimensional energy-momentum tensor is traceless. 

As remarked earlier, the validity of (7.16) depends on the vanishing of 
the surface terms when the variation of the action is made. In the case of a 
closed string, the boundary conditions 


X*(t, o + x) = X*(t, o) closed string (7.20) 


ensure that the surface terms are zero. For an open string, and in covariant 
gauge, the surface terms again vanish provided that we impose the boundary 


conditions 
ax" ; 
oa 0 when o = 0 and o= x open string. (7.21) 


7.4 Mode expansion and quantization 


For a closed string, the general solution of the wave equation (7.16) 
consistent with the boundary conditions (7.20) is (Exercise 7.1) 
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XY = xh + Pp*t 


i 1 H a` 2in(t-— o) 1 -u ,—-2in(t +0) 
+54 ave +-ane 
n#0 n n 


closed string (7.22) 


where the zero-frequency part (zero mode) has been treated separately, and 
a fundamental length 


l= (aT)? (7.23) 


has been introduced for later convenience. We shall often work in units 
where / is 1. Hermicity of the operator X“ requires the centre-of-mass 
coordinates and momenta x“ and p“ to be Hermitian, and imposes the 
conditions on the Hermitian adjoints of the oscillator coefficients 


(at) =a", (ak) = a", (7.24) 


As always for solutions of the one-dimensional wave equation, the solution 
may be separated into the sum of a term depending on rt — ø (the right- 
mover part) and a term depending on T + ø (the left-mover part). Thus, for 
the closed string, there is the separation into right mover X and left mover 
Xe, 


X(t, 0) = XR(t — 0) + XE(tT + 0) (7.25) 
where 
TY RE Re CONG er) OE l u g-2in(r~o) 
XK (t - 0) = 4x“ + 4p“(t a) +3! 9 zake (7.26) 
n#0 
and 
4 PER | 172 i 1 -u ,.—2in(t +o) 
XE to) =4x" + 4Pp(r to) +41 > = Ge (7.27) 
2 nae 


Quantization of the closed string requires us to identify the canonical 
momentum conjugate to X“, 


P(t, 0) = -—— 7.28 
de, a) = (7.28) 
where 
. u 
jia X (7.29) 
OT 


and £ is the Lagrangian density defined by writing the action as 
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s=["ar/ do £. (7.30) 
Ti 0 
From the action (7.4) in covariant gauge, 
u . 
P*(t, 0) = r” = TX", (7.31) 
T 
Equal-t canonical commutation relations may now be imposed, namely 
[X(t 0), X(t, o')] = [X“(z, 0), Xz, o')] =0 (7.32) 
and 


[P¥(r, 0), X*(t, o')| = TIX“(t, 0), X(t, o')} =id(o—0')n””. (7.33) 


Substituting (7.26) and (7.27) into (7.32) and (7.33) it can be seen that 
(Exercise 7.2) the corresponding commutator for the centre-of-mass coordi- 
nate x“ and the centre-of-mass momentum p“ of the string is 


[x", p*} = in (7.34) 
and the corresponding commutators for the oscillators a and &% are 

[at ay] = = mbm + n, 00” (7.35) 

[át G2] = — mbm + non” (7.36) 
and 

[ah &,] = 0. (7.37) 


The operators 


att =_ gq", at = —= dh n>0 (7.38) 


n>0 (7.39) 


have standard commutation relations for harmonic oscillator creation and 
annihilation operators, with a factor of 7”, 
[as an l= "= mnn”. (7.40) 


It remains to implement the constraints (7.17) and (7.18) on X“, and we 
return to this in §7.5. 
The Hamiltonian in covariant gauge 


7 H a u u 
H= f ao(-p, 2- a) = -If ao e) ran 
0 oT 2 Jo OT Ot ðo ðo 
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may be written in terms of the oscillators a% and a in the mode expansion 
(7.22) as (Exercise 7.3) 


= 5 (apaun + CM nGun) — Cp Mp, (7.42) 


n#0 


For an open string, the general solution of the wave equation (7.16) 
consistent with the boundary conditions (7.21) is (Exercise 7.4) 


X“ =x“ + Ppt til be a e7” cos(no) open string. (7.43) 


n#0 


In the open-string case, the left- and right-mover oscillator terms are not 
independent, having been linked by the boundary conditions (7.21), and a 
separation into left and right movers is not particularly useful. Quantizing in 
the same way as for the closed string using (7.32) and (7.33) leads to the non- 
zero commutators for the centre-of-mass coordinates 


x“, p] =- in” (7.45) 
and for the oscillator coefficients 
[ah an] = MÒm +n, 00”. (7.46) 


The constraints (7.17) and (7.18) on X“ will be discussed in §7.7. For the 
open string, the Hamiltonian takes the form (Exercise 7.5) 


H=-} J at nun — =P" Dy (7.47) 


7.5 Virasoro algebra and masses of states for the closed string 


The string degrees of freedom in covariant gauge must not only satisfy the 
wave equation (7.16), leading to the mode expansion (7.22), but must also 
satisfy the constraint equations (7.17) and (7.18) which originate from the 
hag equation of motion and are a consequence of the reparametrization 
invariance of the string action. To analyse these constraints it is convenient 
to define combinations T}, and T__ of the components of the two- 
dimensional energy-momentum tensor Tag by 


axe | 2x") ay aX, 
OT do /\ ð ða 


+ 


T+ =3(Too + Tor) =- (= (7.48) 


and 
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(7.49) 


oX“ ax"\iAX, Xa 
T--=}(Tø — To) = -4 - (2-5) 


ÔT do /\ oT ðo 


/ 


Noticing that T, can only depend on X{ (t + a), that T__ can only depend 
on XR(T — o) and that 


u H u u 
aX _ ôXL aXe _ _ XR (7.50) 
OT do ôT 00 
we can write (7.48) and (7.49) more succinctly as 
u 
| aa ALOA (7.51) 
ÔT OT 
and 
qoom h PARIR (7.52) 
ÔT OT 


The constraint equations (7.17) and (7.18) may be written as 
T.4 =T__ =0. (7.53) 


Classically, we are free to implement these constraints straightforwardly. 
However, quantum mechanically we shall see that it is not possible to 
impose the full content of (7.53) without inconsistency, and in that case it is 
useful to work with the Fourier components 


T . 
Ly -5| do ens am Se 
2 0 


T De M \2 
--7f da etme -o (EB) m#0 (7.54) 
2 Jo ôT 


Lr a5 [ doetime+ or, 
2 0 


x : HYZ 
= -7 da e?im +o) (2) m#0 (7.55) 
2 Jo aT 


which are referred to as the Virasoro operators. Substituting the expansions 
(7.26) and (7.27) into (7.54) and (7.55) gives the expressions for the 
Virasoro operators: 


Lm = —3} » at, naun m#0 (7.56) 
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and 
Lm=-$ X ain —nGn  m#0 (7.57) 


where we have defined 


aj = áb = sp" (7.58) 
with / as in (7.23), so as to be able to cast the result in this neat form. Strictly, 
if we were to use (7.54) and (7.55) to define Ly and Lo then (7.56) and (7.57) 
would also apply for m = 0. However, for reasons that we discuss in a 
moment we shall denote the expressions obtained in this way by Lo and Ly. 
Thus, 


x 


Liat] dTs- X atan (7.59) 


‘n= 2 


and 
= 


ee FIF =i 
Lo = 5 | do T}, = -3 > O— Gun (7.60) 


n=~ x 


If we arrange the oscillators in Lo and L in normal-ordered form with all 
annihilation operators a4, n > 0, to the right of all creation operators a“, , 
n > 0, then we have 


Lo = aay Y atnan a (7.61) 
n=1 
and 
Lh =- laá- Y AM pGyn ~ 4 (7.62) 


where a is a formally infinite constant arising from the commutators. This 
constant needs to be regularized in some way, and we shall show in §7.8 that 
we should take a to be 1. (No such problem arises for L, and L,, when 
m # 0.) It is conventional to define Lo and Lo to be just the normal-ordered 
products 


L=-}: >. a paun (7.63) 
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and 
[geek ` ål nånn. (7.64) 
With this definition i 
Lo=-— jaba -— > at An = Lota (7.65) 
n=1 
and 
Lo = — 564K G49 — 3 Â! Gyn = Li + a. (7.66) 
n=1 


The Hamiltonian (7.41) is related to the Virasoro operators by 
H =2(L} + Lh) = 2(Lo + Lo — 2a). (7.67) 


The constraint equations (7.53) may be formulated in terms of the 
Virasoro operators, which are the Fourier components of T, and T__, as 
the conditions for physical states |g), 


Linl®) = Lml@) = 0 m>0 (7.68) 
and 

Lole) = Lolg) = 0 (7.69) 
or equivalently, 

Lol) = Lolo) = alp). (7.70) 


(We shall see in §7.8 that a should be taken to be 1.) The conditions (7.68) 
are applied only for m > Q0 and not for m <0 for reasons to do with the 
algebra of the Virasoro operators. 

The algebra may be derived from the explicit expressions (7.56), (7.57), 
(7.65) and (7.66) for the Virasoro operators using the commutation relations 
(7.35)-(7.37) which are also valid for m or n equal to zero with the definition 
(7.58) of a§ and @§. Let us concentrate for the moment on the algebra of the 
Lm. When m + n #0, [L,,, Ln] can be calculated straightforwardly (Exer- 
cise 7.6). In particular, when m and n are both non-zero we obtain 


[Lm Lan] “4D Pala Pp Qu, ptn 2 ie Pa apm pe Hp 


a 2 (m — pata um+n-p (7.71) 
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Using the antisymmetry of the commutator in m and n, and comparing with 
(7.56), this may be cast in the form 


[Lins Ln] = (m — n)Lm + p m,n#0. (7.72) 


A similar calculation shows that the same result applies when one of m or nis 
zero, but not both. 

It remains to consider the case m and n both non-zero but m + n = 0. (The 
case m and n both zero is trivial.) Then, both the infinite sums in the first line 
of (7.71) have normal-ordering problems and adding the two terms is very 
delicate. We therefore write the general formula 


lns Ey] = (m T n)Lm Pra b(m)6,, +n,0 (7.73) 


where b(m) is a constant deriving from the proper treatment of normal 
ordering when m + n is zero. This constant, referred to as the conformal 
anomaly, may be evaluated by considering [L,,, L_,,]. As a preliminary to 
this evaluation recall that the a#* and a“ of (7.38) have harmonic oscillator 
commutation relations and a Fock space may therefore be defined by 
applying creation operators a“* (or a“,,) to a ground state that is annihilated 
by all the a% (or a4) where n is positive. A ground state and a corresponding 
Fock space of the oscillator algebra may be constructed for any value of the 
centre-of-mass momentum p of the string and all possible ground states are 
conveniently labelled as |0; p). In the case of |0; 0), the Fock space ground 
state is also annihilated by a% of (7.58). (Notice that this is not a physical 
state obeying (7.70).) The constant b(m) may now be evaluated (Exercise 
7.7) as the expectation value of [L,,, L_,,] with m > 0, in the Fock space 
ground state |0; 0) with zero centre-of-mass momentum. 


m=i 


(0; Olly, L-mll0:0)=2 X pon- p)= Zm- 1), (7.74) 


p= 


In deriving (7.74) oscillators have been moved past other oscillators so as to 
act on this ground state with the aid of the commutators (7.35). Thus, the 
right-mover part of the Virasoro algebra for general m and n is 


[Ems Ln] = (m— Linn GM Dòmna (7:75) 


The left-mover part of the Virasoro algebra 


[Ems En] = (m= Win int SMM =WSmsno (1.76) 


is derived in exactly the same fashion, and because the oscillators œ% and &% 
always commute, the algebra is completed by 
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[Lins Ln] = 0. (7.77) 


The presence of the constant term (the conformal anomaly) in (7.75) and 
(7.76) can now be seen to prevent us from extending the conditions (7.68) 
and (7.70) for physical states to negative values of m. If we consider the 
expectation value of [L,,, L_,,], with m > 0, in a normalized physical state 
|v), we find with the aid of (7.68), (7.75) and (7.70) that 


(Q|L ple —m|!Q) = 2ma + P mm - 1). (7.78) 


If we were to require L_,,|g) to be zero for two or more values of m with 
m = 1 we would have an inconsistency. We shall see later that in physically 
acceptable theories the appropriate choices of D anda are D = 26anda = 1. 
In that case, we reach the stronger conclusion that we cannot consistently 
demand L_,,|~) to be zero for any positive m. However, condition (7.68) is 
sufficient to ensure that (g|L,,|~) is zero for all non-zero n, because when n is 
negative we can use the fact that 


L,=L* py. (7.79) 


The physical state conditions (7.68)-(7.70) have an important role in the 
theory in preventing the occurrence of ghosts, by which we mean, in the 
present context, states with negative norm. That such states could arise can 
be seen by considering the commutation relations (7.40) of the creation and 
annihilation operators. For the time components, we have 


[a8 , a8] =- 1. (7.80) 
Thus, the Fock space state a%,*|0; 0) has negative norm because 
(0; Ojama 10; 0) = (0; O|[am, am ]]050) = — 1. (7.81) 


We should hope that the physical state conditions might forbid the occur- 
rence of such states. There are certainly enough conditions because (7.68) 
applies for every positive value of n, and indeed it can be shown that for 
D=26 and a=1 all ghosts are removed from the theory by these 
conditions“, Zero-norm states occur in the theory for D = 26 but these 
decouple from scattering amplitudes of positive-norm physical states. 

The masses M of physical states in the closed-string theory may be 
obtained from (7.70). In units where / = 1, equation (7.70) yields 


o æ 


3M? = BP “Pu =— > at Ayn a=- >: aH näna. (7.82) 


n=1 n=1 
This may be written as 


M? = M? + M? (7.83) 


164 THE BOSONIC STRING 


where 
1M2 = — a” pana (7.84) 
n=1 
1M2 = — >. ål än- a (7.85) 
n=1 
and 
MR = M2. (7.86) 


Thus we may think of the squared mass as having equal contributions from 
the left and right movers. This last equation is a consequence of 


Lolg) = Lole) (7.87) 


for all physical states |g). Because of the commutators (7.35) and (7.36), 
acting with a” „ (m > 0) ona state increases the value of {M2 by m, and 
acting with &“ „ increases the value of {Mj by m. 


7.6 Virasoro algebra and masses of states for the open string 


As discussed in §7.4, the boundary conditions for the open string mean that a 
separation into left and right movers is not useful because the left- and right- 
mover oscillator terms are not independent. Consequently, the open-string 
expansion (7.43) only involves one set of oscillators a*, and, correspond- 
ingly, we would only expect to define a single Virasoro algebra, rather than 
independent algebras for the left and right movers. The constraint equations 
(7.17) and (7.18) may as before be written as the pair of equations 


PST 6 (7.88) 


with T}, and T__ as in (7.48) and (7.49). Generators L, of a Virasoro 
algebra may then be defined by taking a combination of Fourier components 
of T,, and T__ in the following way 


i rÍ doi +97, + al doei” -DT__. (7.89) 
0 0 


It is not too difficult to check that these generators may be expressed in terms 
of the oscillators æ% of (7.43) as 
Ln=—34 > Ol nOn m#0 (7.90) 


n=- 2x 
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where we have defined 
ao = Ip” (7.91) 


with Z as in (7.23). Notice that this differs by a factor of two from the 
definition (7.58) for the closed string. Just as for the right movers of the 
closed string we define 


Lo=—}: - yn! (7.92) 


n=- 2% 


and impose the physical state conditions 


Lm = 0 m>0 (7.93) 
and 
Lol) = alg) (7.94) 
where 
Lo=-4 X a! paun +a. (7.95) 
n=- æ 


The same Virasoro algebra as before is obtained because we are dealing with 
oscillators with the same commutation relations. 


[Lins En] = (= Dmir HMM = 13mano- (79) 


The Hamiltonian of (7.47) is related to Ly by 

H= L-a. (7.97) 
The masses of physical states are obtained from (7.94), and (7.91). In units 
where l= 1, 


$M? = — > QË pie a. (7.98) 


This is of almost the same form as the corresponding expression (7.82) for 
the closed string but differs by a factor of four on the left-hand side. 
7.7 The light cone gauge 


In §7.3, we employed the reparametrization and local Weyl scaling invar- 
iance of the action of the string to choose the covariant gauge defined by 
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(7.15). In choosing this gauge not all the gauge freedom has been removed 
and it is possible to impose further gauge conditions that reduce the number 
of non-trivial components of X“ and leave only physical dynamical degrees 
of freedom. Let us first define light cone coordinates for a string in D 
dimensions 


t leyo D-1 
X* = (KOs XP 71), (7.99) 


A reparametrization (7.5) followed by a local Weyl scaling (7.8) is consistent 
with the gauge conditions (7.15), provided that we choose 


An? = — (a%&8 + PES), (7.100) 


This residual gauge invariance allows us to make the essentially trivial choice 
for X* 


X*(@oysx" +P pr (7.101) 


where x* and p* are constants, and / is as in (7.23). To show this we first 
notice that (7.100) implies that ¿° + &! may be taken to be arbitrary 
functions of t + øg, respectively. In particular, ¿° is the sum of an arbitrary 
function of t + o and an arbitrary function of t — ø. Recalling that €* is an 
infinitesimal shift on (t, a) we see that we may combine a reparametrization 
and a local Wey! scaling to obtain a new 1, say t’, which is the sum of an 
arbitrary function of t + o and an arbitrary function of t — o. This means 
that t' may be identified with any chosen solution u of the wave equation 


2 g 
(2 Š u=0. (7.102) 
Since X* obeys this equation, and consequently so does aX* + b for any 
constants a and b, we may make the identification (7.101), where the prime 
on the variable t’ for the chosen gauge has now been dropped. 

The coordinate X~ may now be calculated in terms of the transverse 
degrees of freedom X’, i=1,...,D — 2, in the following way. The con- 
straint equations (7.17) and (7.18) written in terms of light cone variables 
become 


+ co + — T2 APA 
aX" aX”, aX" aX =3() +()) (7.103) 
ÔT OT ðo ôo 2\\ dt ðo 
and 
+ - - + inyi 
aX" ðX + ax” ðX = ox ax’ (7.104) 


ðr ðo ôT ðo ÔT do 


Using (7.101) for X~ gives 
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ax  1f//ax'\? [ðX y 
Pp Sh lee 1 
P OT A x) =] (LUS 


and 
Ppt? = aX’ aX" 


— 7.106 
ðo oT ðo ( ) 


which may be solved to obtain X~ in terms of the transverse degrees of 
freedom X apart from an integration constant x~. Thus, in the light cone 
gauge the only dynamical degrees of freedom are the transverse degrees of 
freedom X’. We need only solve the string equations of motion (7.16) for the 
transverse degrees of freedom, using closed- or open-string boundary 
combinations as appropriate. There will be the usual mode expansions 
(7.22) or (7.26) and (7.27) for the closed string, and (7.43) for the open 
string, for the transverse degrees of freedom. 

In the light cone gauge, the derivation of the masses of physical states 
proceeds somewhat differently to the derivation of §7.5 for the covariant 
gauge. In the case of the closed string, equation (7.105) may be written with 
the aid of (7.31) and (7.101) as 


ax'\? faxy 
2 +7 a 1 SE (=) } ; 
I*p p a( oe ) + T (7.107) 


Using the expansion (7.22), and integrating from 0 to z with respect to a, 
gives (Exercise 7.8) 


IM? = bp? = 4p *p~ — (P= Y (ai nah + Gna) —a (7.108) 
n=1 

where we have chosen /=1, or equivalently, from (7.23), have taken 

T=. '. The normal-ordering constant a may be determined because it 

arises from reordering some of the terms in the original sum over n from — % 

to % using the commutators (7.35) and (7.36). The result is 


= -2-5 Y n. (7.109) 


n=1 


If we regularize this divergent expression using -function regularization 
with ¢(s) = Èz- ı n” analytically continued to s = —1, then 


(D-2) 


<o ADS Dp cae 
7 2 (1) 24 


(7.110) 


(A discussion of the use of ¢-function regularization in the field theory 
context can be found in Ramond.) 
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For the closed-string case, equation (7.106) may be integrated from 0 to 7 
with respect to o and the periodicity X~ in the interval 0 to x may be used to 
deduce that 

[ dX" 0X" 4g = 0. (7.111) 
o Ot da 


Using the expansion (7.22) then yields the further condition 


ss éi_,ai= oy al „ai, (7.112) 
n=1 n=l 
where the normal-ordering constants, which are the same on the left- and 


right-hand sides, have cancelled. Combining (7.108) and (7.112) we may 
write 


M? = Mh + M? (7.113) 
where 
1M? = >. a aa (7.114) 
n=1 
iM? = y äi „å -a (7.115) 
n=1 
MR =M}? (7.116) 


and a is given by (7.110). 

A similar treatment may be used for the open-string case except that there 
is no condition like (7.112) because the string degrees of freedom are not in 
this case periodic in ø in the interval 0 to z. For the open string we obtain 
(Exercise 7.9) 


1M? = » ai_,ai,—a (7.117) 
n=1 


with a again given by (7.110). 


7.8 Low-lying string states 


Bosonic string states may be constructed in the light cone gauge by acting 
with products of oscillators aL, and @_,,i=1,...,D—2, on the ground 
states |0)p and |0}; for the right and left movers, respectively, and forming 
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the product of the right- and left-mover states obtained. To calculate the 
masses of these states we need the value of the normal-ordering constant a in 
(7.114) and (7.115). This constant may be determined by constructing the 
Lorentz generators for the D-dimensional string theory, using the Noether 
currents for the Lorentz group, and requiring that the commutators of the 
Lorentz generators do not have any quantum anomalies spoiling the Lorentz 
invariance®), The vanishing of these anomalies requires 


D=26 (7.118) 
and (without using (7.110), which is a check on the result) 
a=1. (7.119) 


We shall see shortly that there is a simple argument from the masses of the 
string states that leads to the same conclusion. In later chapters it will be seen 
how theories in 4 dimensions rather than 26 dimensions may be constructed. 
For the closed bosonic string, the ground state |0)p for the right movers is 
obtained when the oscillator contribution to (7.114) is zero, and so |0)p has 
M = —4, and similarly |0), has M? = —4. Thus, the closed-string ground 
state has M* = —8, in units where / of (7.23) is 1. This tachyonic ground state 
constitutes a problem for the bosonic string which can be avoided for the 
superstring of Chapter 8, and for the heterotic string of Chapter 9 which 
employs superstring right movers and closed-bosonic-string left movers. 
To obtain massless states consistently with (7.116) it is necessary for MR 
and M? to be separately zero. Thus, the massless closed string states are 


a! [ORELO = ai 1|0)p&L1|0)_ + alra 
— 264(D — 2)~*a* 1!0)pa@* 1|0)L) 
+ 64(D — 2)7*a*1|0)pa* 1|0), 
+ 3(a_,|0)pa_ 1/0), — a/_,|0)pa_4|0),). (7.120) 


The three terms in (7.120) correspond to a traceless symmetric tensor, which 
may be identified with the graviton for D = 26 dimensions, a scalar referred 
to as the dilaton, and an antisymmetric tensor. These last two types of 
massless particle accompanying the graviton are characteristic of string 
theory. 

Since we are working in the light cone gauge where only the transverse 
degrees of freedom are present, we should expect massive states to fall into 
irreducible representations of SO(25) and massless states into irreducible 
representations of SO(24). The states of (7.120) do fall neatly into SO(24) 
representations but there are no other states of the same mass, no matter 
what the value of a, that can complete SO(25) multiplets. This is a further 
argument that the states of (7.120) should be massless, and that the choice 
a = 1 is the correct one. Consistency with (7.110) then requires D = 26. 
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7.9 Path integral quantization 


In quantum field theory, there are two basic approaches to quantization. 
The first is canonical quantization, in which the classical field g is replaced by 
an operator field @ upon which canonical commutation relations are 
imposed. This is analogous to the procedures that we have been using up to 
this point in the quantization of string theory. The second is the path integral 
approach, in which the generating functional W[J] is constructed as a path 
integral over the exponential of the action in the presence of source terms, 
and the Green functions of the theory are obtained as functional derivatives 
of the generating functional. We shall now develop this approach to the 
bosonic string”. 

Because the bosonic string possesses gauge symmetries, namely world 
sheet reparametrization invariance (7.5), the procedure required for path 
integral quantization of the string is very similar to the Faddeev-Popov 
method required for the quantization of gauge field theories ® (®©, It is 
convenient to introduce world sheet ‘light cone’ coordinates (not to be 
confused with the space-time light cone coordinates of §7.7) 


a Sto (7.121) 
with conjugate derivatives 

3a = (4, 3o). (1.122) 
The components of the world sheet metric may be rewritten in terms of 

Nos =0--=0 1+- = 1-4 = 3 (7.123) 


Choosing the covariant gauge of (7.13) is then equivalent to imposing the 
gauge conditions 


Fy (hag) = h44 =0 (7.124) 
and 

F__(h,g) =h__ =0. (7.125) 
World sheet reparametrizations 

tort & a—>oté! (7.126) 
may be recast as 

o*t > 07 + &., (7.127) 
The effect of this reparametrization, as in (7.5), may be written as 

Ohag = Vag + Vesa (7.128) 


where 
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V6 = (ða 7; Ta Sy (7.129) 


with IY, the affine connection derived from the world sheet metric hag. In 
terms of world sheet ‘light cone’ coordinates 


Ôh, =2V4E, (7.130) 
and 
6h_. =2V_é_. (7.131) 


To apply the Faddeev—Popov quantization procedure to the string theory, 
we require the path integral 


Zx fax [ans Dh Dh, o[F 4 ]o[F_-] 


OF +4 ÔF--\ ais 
x det| SE | aet| SE Je (7.132) 


where S is the bosonic string action of (7.4). The effect of the functional 
6-functions, with F,, and F__ as in (7.124) and (7.125), is to select the 
gauge h,, =h__=0 and to leave an integral over X“ and h,_ (or 
equivalently, in this latter case, over g of (7.13)). The determinants may be 
cast in terms of Faddeev-Popov ghosts (not to be confused with the 
negative-norm ghosts of §7.5) by using the identity 


det B= |e Db exp ‘= | d'o d’a' ci(t', 0')B,{t', 0'; t, o)b;(t, o) (7.133) 


where the ghosts c; and anti-ghosts b; are anti-commuting Grassmann 
variables, and 


fao = | ‘dr f do (7.134) 
Ti 0 
as in (7.4). With the aid of (7.124) and (7.130) we see that 
ôF, +CT »o í ) , r ’ 
t+ = 29 - — 0). 
BE, (5 0) 2V.,'d(t’ — t) d(a’ — o) (7.135) 


Thus, (7.133) (with the ghosts given the conventional labelling c~ and b__.) 
gives 


OF +4 A 
04 


Similarly, 


det fac Db__ exp : | oc (t, o) V.b__(t, o). (7.136) 
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det = = fact Db... expt | Pac", o) V_b...(t, 0). (7.137) 


The path integral (7.132) may therefore be written as 


Zx fae fax“ De~ Det Db__ Db, eil t See (7.138) 
where 
Sep = 1 feo (Vb +c" V_b,,). (7.139) 
IT 


Although it is beyond our scope here, it may be shown" that in this 
formulation of the theory, with the Faddeev—Popov ghost contribution to 
the Virasoro generators included, there is no anomaly in the Virasoro 
algebra when 


D=26 a=1. (7.140) 


Exercises 


7.1 Show that the general solution of the string wave equation with closed- 
string boundary conditions is as in (7.22). 


7.2 Derive the commutator (7.34) for string centre-of-mass coordinate x“ 
and centre-of-mass momentum p“. 


7.3 Derive the expression (7.42) for the string Hamiltonian in terms of 
oscillators. 


7.4 Show that the general solution of the string wave equation with 
open-string boundary conditions is (7.43). 


7.5 Show that in terms of oscillators the open-string Hamiltonian is (7.47). 
7.6 Derive the Virasoro algebra commutator [L,,, La} when m + n #0. 


7.7 Calculate the constant b(m) in (7.73) by considering the expectation 
value of [Lm, L_» |. 


7.8 Derive the expression (7.108) for the squared mass for the closed string 
in terms of oscillators. 


7.9 Repeat the calculation of Exercise 7.8 for the open string to obtain 
(7.117). 
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THE SUPERSTRING 


8.1 Introduction 


The bosonic string theory of Chapter 7 is not entirely satisfactory as a 
complete theory, first because it does not possess any fermionic states, and 
secondly because the string ground state is tachyonic (as discussed in §7.8). 
Both these difficulties can be overcome by constructing a theory in which, 
associated with each bosonic degree of freedom X“(t, 0),u=0,...,D—-1, 
there is a world sheet spinor fermionic degree of freedom V“(z, o) 
(described by a two-component Majorana spinor). The action for this theory 
needs to be formulated in such a way as to avoid the occurrence of ghost 
states of negative norm. 

For the bosonic string, such ghosts were removed in §7.5 by the physical 
state conditions (7.68)-(7.70) which had their origin in the constraint 
equations (7.17) and (7.18), which in turn derived from variation of the 
action with respect to the world sheet metric Aag. Thus, for the bosonic 
string, the absence of negative-norm ghosts depends crucially on the 
reparametrization-invariant form (7.4) of the action. This action is formally 
an action for the coupling of the D scalar fields X“ to two-dimensional 
gravity. We may therefore suspect that an appropriate construction of the 
action in the case when fermionic degrees of freedom Y™ are also present 
might be to treat X“ and VY“ as supersymmetric partners for a world sheet 
supersymmetry, and to couple them to two-dimensional supergravity. It 
turns out that such an action does indeed provide a theory in which all 
negative-norm ghosts are removed by constraint equations arising as Euler- 
Lagrange equations of the action. We shall see in §8.8 that consistency of the 
theory requires D to be 10 for the superstring (rather than 26 as for the 
bosonic string). 

In the first instance, although the superstring possesses world sheet 
supersymmetry, it does not possess space-time supersymmetry. However, 
we shall see in §8.8 that a potential problem of tachyonic ground states is 
avoided by applying a projection to the states of the theory, and after this 
projection has been applied a ten-dimensional space-time supersymmetric 
theory is obtained. Whether space-time supersymmetry survives in the final 
four-dimensional theory depends on the way in which the ten-dimensional 
theory is compactified to four dimensions, as will be discussed in Chapter 10. 
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8.2 The superstring action 


As discussed in §8.1, the required action is formally an action coupling 

supersymmetric partner bosonic and fermionic fields X“(t, o) and Y“ (t, o) 

to two-dimensional supergravity”. Such an action may be derived using the 

Noether procedure in a way similar to that for the construction of the action 

for the chiral superfield coupled to four-dimensional supergravity in §5.2. 
A suitable starting point for the Noether procedure is the action 


So=- = | do (—det h)'?(h% 3a X“ 4,X,, +i V“p* a,¥,,) (8.1) 
where 
0 -i 0 i 
0 1 
= = 8.2 
á , 0 ) í i 0 (8.2) 
are two-dimensional y-matrices satisfying 
{p%, pP} = 2I (8.3) 


with 74g as in (7.14). 

The action Sọ possesses world sheet reparametrization invariance and an 
on-shell global world sheet supersymmetry under the supersymmetry trans- 
formation 


òX“ = Eye (8.4) 
and 
OW = — i p% 3a X" E (8.5) 


where & is a two-component Majorana spinor parameter. It may be checked 
(Exercise 8.1) that Fo is invariant under this transformation, and that the 
transformation is truly a supersymmetry in the sense that the commutator of 
two transformations ô; and ô; is a translation: 


[ði 02] X“ = — 2i &p%E, ða X“ (8.6) 
and 
[ô1, 82] = — 2i &, 9%, 3a Y“. (8.7) 


In checking (8.6) and (8.7) some properties of two-component world sheet 
Majorana spinors are required. For instance, 


EE) = Š; (8.8) 


and 


E, p%E> AT &,p%E, (8.9) 
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which follow more or less immediately from the fact that the components of 
the Majorana spinors are real and anti-commuting. 

The action Sp is no longer invariant when € is replaced by a local variable 
&(t, o). Then, 


ôSo = Z | d?o (—det h)!” a, EJ* (8.10) 


where 
J* =} php?" a9X, (8.11) 


is the world sheet supercurrent. To cancel this variation of Sọ we need to 
introduce the two-dimensional supergravity ‘gravitino’ y, with the trans- 
formation 


OXa = a$. (8.12) 
Then ôSọ is cancelled by adding to the action: 
S=- =| Lo (—det h)? Za p? pY” ôg X, (8.13) 
However, the transformation of X, gives an extra term in 0S,, 
ôS, =-= 1] d°o (—det h)? Za p? p? WU", a,€ + 
= Z feo (—det h) P Y“ 7, p? p% dg€ +++. (8.14) 


This variation is cancelled in its turn by adding a further term to the action: 


Ss -5| toC det h) P Y“ Za p? P” Xg. (8.15) 


Then with the addition of some terms to the local supersymmetry transform- 
ations the action 


S= So + Si + S2 (8.16) 
is invariant under 

ÒX“ = Eye (8.17) 

OW" = ~i p2&(a,X" — V“y,) (8.18) 

OXa = Ja (8.19) 


and 
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de4 = —2i Ep*y, (8.20) 


where eg is the zweibein, satisfying hag = ec e8Nab- This is the locally world 
sheet supersymmetric action we were seeking, which we shall use as our 
action for the superstring. 

At least at the classical level, the superstring action, like the bosonic string 
action, also possesses a local Wey]! scaling or conformal invariance under the 
coordinate-dependent rescaling 


hog = A(t, O)Mag (8.21) 

ÔXa = A(T, O)Xa (8.22) 

OW" = — iA (r, 0) V" (8.23) 
and 

ôX“=0 (8.24) 


which now scale y, and VW“ as well as hag. Moreover, there is a local 
(superconformal) symmetry that acts only on the ‘gravitino’ for two- 
dimensional world sheet supergravity, 


ÔXa =i PaN(T, 9) (8.25) 
and 
Nag = OW" = dX" =0 (8.26) 


where 7 is a two-dimensional world sheet Majorana spinor parameter. 


8.3 Equations of motion and the covariant gauge 


Variation of the action (8.16) with respect to X“, VW“, h,gand x,, under the 
assumption that the surface terms vanish, leads to Euler-Lagrange 
equations. These equations take a particularly simple form if we choose a 
covariant gauge, much as we did for the bosonic string. For the bosonic 
string we were able to exploit the world sheet reparametrization invariance 
and the conformal invariance to write the world sheet metric in the form 


hag = Nag (8.27) 
with 
Nag = diag(1, —1) (8.28) 


and the same is true for the superstring. In addition, the two-dimensional 
world sheet supersymmetry together with the superconformal symmetry 
(8.25), (8.26) may be employed to choose 


Xa =Q. (8.29) 
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In this covariant gauge, the Euler-Lagrange equations are 


ða 3X“ = 0 (8.30) 
iptay =0 (8.31) 
Tag Ea ða X“ pX n z gTa dg + Pg ba) Fy 

+ = XE ð Xu + aTi a,%,) =0 Caa 
and 
Je = 3p? pY“ agX, = 0 (8.33) 


where Tg may be interpreted as the energy-momentum tensor for the 
two-dimensional supergravity of the free scalar and Majorana spinor fields 
X“ and Y“, and J“ is the world sheet supercurrent. These last two equations 
amount to constraint equations. 

For the derivation of the Euler-Lagrange equations (8.30) and (8.31) to 
be valid it is necessary for surface terms to vanish. In the case of the bosonic 
degrees of freedom this allows open- and closed-string boundary conditions 
as in (7.20), (7.21). The surface terms for the fermionic degrees of freedom 
Y“ are a little more subtle and are best discussed by writing the world sheet 
spinor Y“ in components as 


y= be (8.34) 


Then the equation of motion (8.31) reduces to the pair of equations 


(2 + a ve =0 (8.35) 
ot ðo 
and 

ð ô 

(- 2) vt =o. (8.36) 


Consequently, WR is a function of t — o only and describes right-moving 
degrees of freedom, and V{ is a function of t + ø only, and describes 
left-moving degrees of freedom. Moreover, the term S(W") involving Y“ in 
the action in covariant gauge may be written as 


S(w4) =} | Po (Vt aY + Yk aY) (8.37) 
It 
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where 
d+ =3(0, + ðo). (8.38) 


It may then be seen that, in the case of closed strings, the surface terms 
arising from the variation of the action (8.37) vanish for boundary conditions 


PRC, o + x)= + YRC, 0) (8.39) 
and 
Pilt o+ x)= Pi (r 0). (8.40) 


Notice that periodic or anti-periodic boundary conditions may be chosen 
independently for the right movers WR and the left movers Y% (periodic 
boundary conditions for fermionic degrees of freedom are usually referred 
to as Ramond® boundary conditions denoted by r, and anti-periodic 
boundary conditions as Neveu-Schwarz™ boundary conditions, denoted by 
NS). 

For open strings, the surface terms vanish for boundary conditions 


FIC, 0) = YRC, o) (8.41) 
and 


Wi(t, z) = + PRIC, 2). (8.42) 


8.4 Mode expansions and quantization 


For the closed superstring, the mode expansions for the bosonic degrees of 
freedom, and their quantization, are just as in §7.3 for the closed bosonic 
string. The mode expansions for the fermionic right and left movers depend 
on whether the choice of periodic (Ramond, R) or anti-periodic (Neveu- 
Schwarz, Ns) boundary conditions is made, and this choice may be made 
independently for the right and left movers. Thus, for the right movers the 
mode expansion is 


Ves dee pan g (8.43) 
nez 
or 
y4 = bten- o) NS (8.44) 
reZ+1/2 


where n runs over all the integers, and r runs over all the half-integers. For 
the left movers, the mode expansion is 
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Co aoa (8.45) 
neZ 
or 
pë = 5 bH eine + o) NS. (8.46) 
reZ+1/2 


Modular invariance of the theory (discussed in Chapter 11) requires us to 
consider all four possible pairings of boundary conditions (string sectors) in 
a consistent theory. 

Quantization of the fermionic degrees of freedom is achieved by imposing 
the canonical anti-commutation relations (for the canonical momenta 
(i/27) VR or L) 


{YRC 0), FRC, o')} = {VL 0), VL] 2')} 

= — 2nd6(a — 0')n”*” (8.47) 
and 
(PRCT, 0), Filt, 0')} =0. (8.48) 


Substituting the mode expansions (8.43)-(8.46) in (8.47) and (8.48) it may 
be seen (Exercise 8.2) that the corresponding anti-commutators for the 
oscillators in the mode expansions are, for Ramond boundary conditions, 


{din dn} = (dh, dn} = — Ôn + n, 00” (8.49) 
and for Neveu-Schwarz boundary conditions 
{bt by} = (bt, BF} =- 645,00” (8.50) 


with left- and right-mover oscillators anti-commuting. (Notice again that 
Ramond or Neveu-Schwarz boundary conditions may be chosen indepen- 
dently for the right and left movers.) 

The Hamiltonian for the closed superstring in covariant gauge may be 
calculated much as in §7.4 for the closed bosonic string with the result 
(Exercise 8.3) that 


Pia 
H=—-1|"do(a,X"a,X, + 30X“ ðX, 
27 Jo 


+iV{ a Yu — i Yk a Yur) (8.51) 


where we have set / of (7.23) equal to 1. In terms of the oscillators in the 
mode expansions (7.22), (8.43) and (8.45) for Ramond boundary conditions 
for both right and left movers, 
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ee Big as 
H=- sp"D, = ` (ae ai, + ae, Gan) 
n#0 


£ >: n(d” dun + Cy dun )- (8.52) 


nez 


An exactly similar expression applies when the right and/or left movers have 
Neveu-Schwarz boundary conditions with the replacement of d} by by 
and/or į“ or b“ , where r e Z —3. 

For the open superstring, the mode expansions of the right and left 
movers are not independent of each other. For periodic (Ramond, R) 
boundary conditions in (8.42), the mode expansions are 


1 : 
We = ; dž eira- o) 8.53 
R V2 L, ( ) 
and 
1 -in(t+oa 
Vee ` dee Ero, (8.54) 
neZ 


The factors of 1/V2 are conventional, and 27 of (8.43) is replaced by n in the 
exponent because YR and YẸ are not now required to be separately 
periodic over the range 0 to x of ø. For anti-periodic (Neveu-Schwarz, Ns) 
boundary conditions on (8.42), the mode expansions are instead 


wi = 5 yee (8.55) 
reZ+1/2 
and 
weet bi eine +o), (8.56) 
reZ+1/2 


Quantization of the fermionic degrees of freedom is again achieved by 
imposing (8.47) and (8.48), and the corresponding anti-commutators for the 
oscillators in the mode expansions are 

{dms dn} = — Om +n, 00” (8.57) 
and 

{bY bs} = — 0-45.09". (8.58) 


The Hamiltonian is again given by (8.51), and in terms of the oscillators in 
the mode expansions (7.43), (8.53) and (8.54) for Ramond boundary 
conditions 


H=~4p"p,~4 y ahndyn 4) ni ndun (8.59) 


n#0 neZ 
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and similarly for Neveu~Schwarz boundary conditions with d4 replaced by 
bý. 

In subsequent sections, we shall concentrate our attention upon the closed 
superstring which, by providing the right movers for the heterotic string of 
Chapter 9, has been the basis for all phenomenologically promising super- 
string theories to date. 


8.5 Super-Virasoro algebra for the closed string 


The superstring degrees of freedom in the covariant gauge not only obey the 
wave equations (8.30) and (8.31) but are also subject to the constraint 
equations (8.32) and (8.33). In detail these constraints are 


Too = Ty = — 3(0,X" ð X, + ôo X“ ðo Xn) 


i 
me (YaF a + VRO_VR) = 0 (8.60) 
i 
Toi = Tio =e ð, X“ dX, = 5(¥L ð Fu = WR d_VR) =0 (8.61) 
PRIX, 
Joa" R a =0 8.62 
te ðX, (8.62) 
PROX, 
Jsa ay 0. 63 
L Pð X, a a 
It is convenient to write the independent constraint equations as 
T,,=T__=J,=J_=0 (8.64) 
where 
i 
Ta = (To + To) = — 04X4 04X, LOYLI uL (8.65) 
T. =\(To — Toi) = — 3- XR 3X — SYR d-Vin (8.66) 
J, = Yð Xua (8.67) 
and 
J_=WVRI_X,R (8.68) 


with 04 as in (8.38). 
As for the bosonic string, it is not possible quantum mechanically to 
impose the full content of these constraints without inconsistency, and in 
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these circumstances it is useful to work with the Fourier components of T__ 
and T,,, 


bs a doe mt-oT__ m#0 (8.69) 
0 
and 
in= =| do eit or m<0 (8.70) 
0 


where we are using units where / = 1 in (7.23) and correspondingly T = 27. 
It is also useful to introduce Fourier components of J_ and J}. For 
Neveu—Schwarz boundary conditions for the right movers we define 


G,= z] do e0 -9J reZ+} (8.71) 
27 Jo 


and for Ramond boundary conditions for the right movers we define 


F=] dg etm Oz_ meZ,m+0. (8.72) 
27 Jo 


Similarly, for Neveu~Schwarz boundary conditions for the left movers we 
define 
G,= | doe” +7, reZ+h (8.73) 
27 jo 


and for Ramond boundary conditions 


FE, = ral do etme +z, meZ. (8.74) 
27 Jo 


As for the bosonic string in §7.5, we shall handle the case m = 0 in (8.69) and 
(8.70) separately. 

These super- Virasoro operators may be expressed (Exercise 8.4) in terms 
of the oscillators in the expansions (7.26) and (7.27) with the definitions 
(7.58) and (8.43)~(8.46). For Neveu-Schwarz boundary conditions for the 
right-mover fermionic degrees of freedom, 


1 1 m 
Lm=—4 Y Of nOun +4 > z- | Bly = Dr m #0, NS 
nez reZ+1/2 


(8.75) 


and 
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G,=-} N bE pan. (8.76) 
u. 


neZ 


For Ramond boundary conditions for the right movers we have instead 


Ln=-4 Y alr ndin +4 (Z-n) dh- ndu m#0,R (8.77) 
neZ ned 

and 

F, = -4 y din- pelea (8.78) 
neZ 


Similarly, for Neveu-Schwarz boundary conditions for the left-mover fer- 
mionic degrees of freedom 


AEON a > T r) By = by m #0, NS 
neZ reZ+1/2` 
(8.79) 
and 
GRES iaeia (8.80) 
neZ 


m= 4S hy ndn + 2S [Z-n] danda m#0,R (8.81) 
neZ neZ` 

and 

Pn -4Y di nda (8.82) 
neZ 


In all cases, m denotes an integer, and r denotes a half-integer. 

As for the bosonic string, if we were to use (8.69) and (8.70) with m = 0 to 
define Ly and Ly then (8.75), (8.77), (8.79) and (8.81) would also apply for 
m = 0. However, as in §7.5, we shall denote the expressions obtained in this 
way by Ly’ and Ly’, and reserve Ly and Lo for certain normal-ordered 
quantities to be introduced shortly. Thus, 


Bees f do T__ (8.83) 
0 


and 


I! == | doT.,. (8.84) 
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For Neveu-Schwarz boundary conditions for the right movers, 
Lo = aM nd —$ Yb Bye Ns (8.85) 
neZ reZ+1/2 
and for Ramond boundary conditions 


bo = -4 J att Cen ~3 2 nd” „dun R. (8.86) 


neZ nez 
Similarly, for Neveu-Schwarz boundary conditions for the left movers 
Iy =-} >, Cn Gun — 3 » rb", By ns (8.87) 
nez reZ+1/2 


and for Ramond boundary conditions 


ae J Gi! yn ~ 3 yy nd" n dun R. (8.88) 


Arranging the bosonic and fermionic oscillators in Lo’ and Lo’ in normal- 
ordered form with all annihilation operators a% and d%, and bý, n and r 
positive, to the right of all creation operators a“, andd“,,, and b“,,n andr 
positive, we have for right movers in the Neveu-Schwarz sector 


Lo’ =- jaian- Yan Qn — ). 1b! Bur ~ ans NS (8.89) 


n>0 r>0 


and for right movers in the Ramond sector 


Ly’ =- 2a 21,0 = yx ALn Aun ~ 5 nd” ndun — ar R. (8.90) 


n>0 n>0 


In (8.89) and (8.90), ans and ap are formally infinite constants arising from 
the commutators and anti-commutators. We shall discuss the values of the 
constants upon regularization in §8.7, and we shall find that ayns and ag have 
the values 3 and 0, respectively. Similarly, for left movers in the Neveu- 
Schwarz sector 


Ly = 5ab do = >. Wy Cay eas > rbt, bur — ans NS (8.91) 


and for left movers in the Ramond sector 


Lo! = — täjän- Y On Gun - > nåt „dn — ap R. (8.92) 
n>0 n>0 
(The same constants ayns and ag must occur for both left and right movers 


because the same numbers of oscillators with the same commutation and 
anti-commutation relations are involved.) 
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On the other hand, a common convention is to define Ly and Lo to be just 
the normal-ordered products. Thus 


Lo=-4 > OM nauni} > ribb: Ns (8.93) 
n>Z reZ+1/2 
and 
Ly = -4 a naun: 3 > Red tan: R (8.94) 
neZ nez 


with similar expressions for the left movers. With these definitions 


Lo = Lo’ + ans NS (8.95) 

Lo = Lo’ + ap R (8.96) 

Lo = Le’ + ays NS (8.97) 
and 

Ly = Lo' + ag R. (8.98) 


The constraint equations (8.64) may now be formulated in terms of the 
super-Virasoro operators, which are the Fourier components of T44, T__, 
J, and J_. For the right movers, there are conditions on physical states |g): 


Limi?) = 0 m>0 (8.99) 
and 
Lo'|p) = 0 (8.100) 


or equivalently, depending on whether the boundary conditions for the 
fermionic right-mover degrees of freedom are Neveu-Schwarz or Ramond, 


Lol) = asi) NS (8.101) 
or 

Lole) = arip) R. (8.102) 
Also, in the right-mover Neyveu-Schwarz sector, 

G,\g) = 0 r>0,Ns (8.103) 


and in the right-mover Ramond sector, 
F,,|p) = 0 m> 0,R. (8.104) 


Exactly similar conditions apply for the left movers. These physical state 
conditions are not applied for m or r negative for reasons to do with the 
super- Virasoro algebra that we shall discuss later. 
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The Hamiltonian (8.52), for right and left movers both in the Ramond 
sector is related to the Virasoro operators by 


H = ois + Lo’). (8.105) 


The same expression applies for the other possible choices of boundary 
conditions for the right- and left-mover fermionic degrees of freedom. 

The super-Virasoro algebra for the right movers with Neveu-Schwarz 
boundary conditions for the right-mover fermionic degrees of freedom can 
be derived from the explicit expressions (8.75), (8.76) and (8.93) using the 
commutators (7.35) of the bosonic oscillators a% and the anti-commutators 
(8.50) of the fermionic oscillators b*, with the result 


pare La] = (m ai n)Lm +n t A(Mm)Ôm +n,0 (8.106) 

[Lins G,] = z z | Gnas (8.107) 
and 

(GCP SUE rc ERO ace (8.108) 


Similarly, for Ramond boundary conditions for the right-mover fermionic 
degrees of freedom 


[Lins La] =(m-n)Lm+nt C(m)Òm + n, 0 (8.109) 

[Lins Fn] = z- n) Prsi (8.110) 
and 

{Fins Fa} = 2Lm +n + EM)Öm + n, 0- (8.111) 


Exactly similar algebras apply for the left movers. 

In (8.106), (8.108), (8.109) and (8.111), A(m)}, B(r), C(m) and E(m) are c- 
number anomaly terms deriving from normal-ordering problems. They may 
be evaluated much as in §7.5, by studying expectation values of commuta- 
tors in the ground state, and this will be the subject of the next section. For 
convenience, we record the conclusions here, namely 


A(m) = Dmm -— 1) (8.112) 
B(r) -2 =) (8.113) 


C(m) = =m (8.114) 
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and 


E(m) = 2m, (8.115) 


8.6 Closed superstring ground states and superconformal anomalies 


The mass-squared operator for the closed superstring may be obtained from 
(8.101) and (8.102), using the expansion (8.93) and (8.94) (and the anal- 
ogous expressions for the left movers), and recalling that the centre-of-mass 
momentum p“ enters as in (7.58) (with / = 1 in the units being employed). 
By a similar line of argument to that pursued at the end of §7.5, we may 
conveniently write the mass-squared operator in the form 


M?= M+ M2 (8.116) 
where 
1y2 = — y ot! 4 Qun ~ > rb „bur — ans (8.117) 
n=1 r=1/2 


for Ns-sector right movers, 


iMg =- D ar 4 Quan — ` nd dun — ag (8.118) 
1 


n=1 


for R-sector right movers, and, analogously, 


IM} =- » On Gun — ` R — as (8.119) 


1 n åt Gun ~ 2 nå” „dn — ap (8.120) 


for r-sector left movers, with 
Mi = MR (8.121) 


as a consequence of (8.101), (8.102) and the corresponding expansions for 
left movers. 

The oscillators in the mode expansions act as step-up and step-down 
operators for the eigenvalues of Mg and MẸ because of the commutators 
(7.35) and (7.36), and the anti-commutators (8.49) and (8.50). Acting with 
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the oscillator æ“ „ or d“,,, (m > 0) ona state increases the value of }M% by 
m, and acting with the oscillator b4, (r > 0) increases the value of 4M4 byr. 
The oscillators @“,,,d“,, and b“, have a similar effect on }M? . The ground 
state is the product of the ground state for the right movers and the ground 
state for the left movers. Let us concentrate on the right-mover ground state. 
If the fermionic right movers are in the Ns sector then the ground state |0)p is 
obtained by requiring 


a |0)p = bY |0)p = 0 m,r>0. (8.122) 


When the fermionic right movers are in the R sector, a collection of states 
forming a degenerate ground state occurs rather than a unique ground state 
as in the ns case. Analogously to (8.122), we require the right-mover ground 
state |0)p to satisfy 


a lOr = d4|0)p = 0 m>0. (8.123) 


However, a subtlety results from the presence of the oscillators dg, which 
may act on a state without changing the value of M. The nature of this 
degenerate ground state may be elucidated by considering 


y“ =i V2d4 u=0,1,..., D-1. (8.124) 
As a consequence of (8.49), the y“ obey the (Clifford) algebra 
de = 2q” (8.125) 


with 7, as in (7.3), i.e. the y“ behave like D-dimensional y-matrices. Since 
the various ground states transform amongst themselves under the action of 
the dý and so of the y“, the degenerate ground state is an irreducible 
representation of the Clifford algebra. In turn, this means that the ground 
state is a spinor representation of SO(1, D — 1) because the generators M“” 
of this representation may be constructed from the above y-matrices as 


MP = hy") (8.126) 


which satisfy the Lie algebra of SO(1, D — 1), 
[M, M°?] = i(n PM” + QM — QM”? — QPM“). (8.127) 


For the Ns sector, the superconformal anomalies A (m) and B(r) may now 
be evaluated by calculating the expectation values of the commutator 
(8.106) and the anti-commutator (8.108) in a zero-momentum Fock space 
ground state |0; 0), with the results 


A(m) = 2 mm? -1) (8.128) 


and 
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B(r) = 2 mei: (8.129) 


(A ground state of the oscillator algebra Fock space with string centre-of- 
mass momentum is labelled as |0; p).) In (8.128), a fermionic contribution 
has been added to the bosonic contribution obtained in (7.74). 

Similarly, for the r sector, the superconformal anomalies C(m) and E(m) 
may be calculated from the expectation values of (8.109) and (8.111) in any 
one of the degenerate zero-momentum Fock space ground states to yield 


Come Dm (8.130) 
and 
B= Dm. (8.131) 


As for the bosonic string, ghost states of negative norm are created by the 
time components of the oscillators a”“,,. In addition, ghosts states are 
created by the time components of the oscillators d% „and b£, for the R and 
NS sectors respectively, because, for m positive, 


(0; 0|d},d°,,|0; 0) = (0; O|{d9,, dom }|0;0) = — 1 (8.132) 


employing (8.123), and similarly for the Ns sector. The physical state 
conditions (8.99) and (8.104) for the Ramond sector, and (8.99) and (8.103) 
for the Neveu-Schwarz sector, provide enough conditions to allow one to 
forbid the occurrence of all ghost states. For D = 10, ap = 0 and ays = 3, 
which we shall see in §8.8 are the appropriate choices for the superstring, all 
ghosts are indeed removed from the theory by these conditions, 


8.7 The light cone gauge 


For the bosonic string in §7.7, we saw that even after the covariant gauge of 
(7.15) had been selected, there remained further gauge freedom. This 
freedom could be removed by imposing additional gauge conditions (light 
cone gauge) in such a way as to reduce the number of non-trivial components 
of X” and leave only physical dynamical degrees of freedom. For the 
superstring, a covariant gauge was chosen in 88.3 in which the world sheet 
‘gravitino’ Xa was gauged away, and the world sheet metric was given by 
(8.27). Just as for the bosonic string, a combination of a world sheet 
reparametrization and a local Weyl scaling may be used to remove some 
residual gauge freedom and select a gauge in which X* is given by (see 
(7.101)) 
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X*(t,0)=x7+ptr (8.133) 
where x* and p* are constants (in units where / is 1). In addition, a local 
world sheet supersymmetry transformation may be used to choose 

*=0 (8.134) 


where 


ype ap yP!) (8.135) 


“75 C 
without modifying (8.133), because of (8.17). 

The coordinates X~ and Y~ may now be calculated in terms of the 
transverse degrees of freedom X’ and VW’, i=1,..., D —2, as follows. 


Written in terms of light cone variables, the constraint equations (8.64)- 
(8.68) become 


T,..=-20,Xta,Xi- 5 (Vi a YI + Vr a, Vi) 


LyX 9 Xi — at a Yi (8.136) 
T__=-29_Xğə_ Xk- (Ya VR + YR YE) 

+3 -Xk ð Xh + 5Yk awh (8.137) 
J =Y} ð XE + YE ôL XE — Yi aL XL (8.138) 
and 
J_= YE 3_XR + VR ô-Xk - VRI_XR (8.139) 


where the world sheet derivatives 04 are given by (8.38). Applying the light 
cone gauge conditions (8.133) and eee leads to 


p` að XE = 083, Xi OX yt 5 Yi a Yi (8.140) 
and 
pta- XR = Xð Xh + sk a Yh (8.141) 


which may be solved for Xg and Xx in terms of transverse degrees of 
freedom, and 


sp Wy = YLL Xi (8.142) 
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and 
sp WR = VRdI_XR (8.143) 


which express YI and Wp in terms of transverse degrees of freedom. 
Thus, only the transverse degrees of freedom X i and Wi=1,...,D—-2, 
remain as dynamical degrees of freedom. These will have the usual mode 
expansions for the closed superstring (7.26), (7.27) and (8.43)-(8.46), with 
the space-time index u restricted to transverse degrees of freedom, 
i=1,...,D-—2. 

The mass-squared operator in terms of left-mover oscillators can be 
derived from (8.140) by substituting the expansions (7.27) for X{ and (8.45) 
or (8.46) for Yi and integrating from 0 to x with respect to ø. All terms may 
be written in normal-ordered form with positive values of n or r to the right 
of negative values using the commutators (7.36) and anti-commutators 
(8.49) or (8.50). In similar fashion, an alternative expression for the mass- 
squared operator in terms of right-mover oscillators may be derived from 
(8.141). In the Ramond sector, the result is 


oc 


aM? =p = Y dnd + Y ndind; 
n=1 


n=1 
= aiai + d „di, (8.144) 
2 
which it is convenient to cast in the form 
M? = M} + M? (8.145) 
with 
iM? = > ainai + ndi „di, (8.146) 
n=1 n=1 
iM? = >: á „åh + » nd_, di, (8.147) 
n=1 n=1 
and 
Mi=M?. (8.148) 


No normal-ordering constant occurs in (8.146) and (8.147) because of an 
exact cancellation between the bosonic and fermionic contributions in the 
Ramond sector. Thus, ap in (8.118) or (8.120) is now identified to be 


ag = 0. (8.149) 
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(Using ¢-function regularization, as in §7.7, each bosonic degree of freedom 
contributes 34 to ag and each fermionic degree of freedom, with periodic 
boundary conditions as appropriate to the Ramond sector, contributes —+4 
to dp.) 

In the Neveu-Schwarz sector, the corresponding result is 


1M2 = > at „ol, + rbi „bi (D T 2) (8.150) 
n=l r=1/2 
and 
iM? = y ã „ái, + rbi_, bi — 2- 2) (8.151) 
n=1 r=1/2 
which determines ays in (8.117) or (8.119) to be 
D-2 
ans = Poel, (8.152) 


The normal-ordering constant has again been calculated using ¢-function 
regularization, as in §7.7, so each bosonic degree of freedom contributes en 
to ays and each fermionic degree of freedom, with anti-periodic boundary 
conditions as appropriate to the Neveu-Schwarz sector, contributes gg. We 
shall see in $8.8 that the appropriate choice of D is 10. 


8.8 Superstring states, GSO projections and space-time supersymmetry 


In the light cone gauge, Spesie states may be constructed by acting with 
products of oscillators a, and d+, or bt, on mhe ground state lOr for the 
right movers, and with products of oscillators a'_, and d}, or bL, on the 
left-mover ground state |0}; , and forming the product of the resulting right- 
and left-mover states. A calculation of the masses of these states requires a 
determination of the space-time dimensionality D of the superstring theory 
to fix the normal-ordering constant ayns = (D — 2)/16 which occurs in 
(8.150) and (8.151). (The normal-ordering constant for the Ramond sector 
has already been obtained in (8.149).) As for the bosonic string, normal- 
ordering constants may be determined by requiring that the commutators of 
the Lorentz generators in the light cone gauge are free from quantum 
anomalies. For the superstring, this requires 


D=10 (8.153) 


and 
= 4, (8.154) 
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It then follows from (8.150) and (8.151) that the Ns sector ground state for 
right or left movers is tachyonic with MR or Mj being —3. 

The problem of tachyonic ground states may be avoided, and a (ten- 
dimensional) space-time supersymmetric theory obtained at the same time, 
by applying a projection to the states of the theory due to Gliozzi, Scherk 
and Olive (the cso projection). This projection is performed separately on 
left and right movers. For the Neveu-Schwarz sector, the cso projection P is 


_4)F+1 
P= Gacy) NS sector (8.155) 


where the number operator F is defined for left movers by 


Fe) (AYE = 672) NS sector (8.156) 


r=1/2 


where f* and g@, as defined in (9.101), are oscillators for complex fermionic 
degrees of freedom e a=1,...,4, replacing the real fermions Wiis, 
..., 8, and similarly for right movers with f% and g“ replacing f% and g¢. 
Thus, only states with (—1)* = —1 survive the projection in the ns sector. 
Among other things, this has the effect of deleting the tachyonic ground 
states with F = 0. 

On the other hand, for the Ramond sector, the Gso projection is defined to 
be 


P=5(l + (-1)F*!) R sector (8.157) 


where y is either +1 or ~1 and may be chosen independently for the left and 
right movers. In this case, F is defined for left movers by 


f= > (Crs) mat = (En) Em R sector (8.158) 


m=1 


where č% and &%, are defined in (9.109), and similarly for right movers with 
Cm—1 and es, replacing ¢7,_, and ê}. In this case, F contains a zero mode part 
(Ea) ee or (c&) eg. Theories where y has the same value for both left and right 
movers are, for historical reasons, referred to as type-IIB theories and those 
where 7 has opposite values for left and right movers as type-ITA theories. 

The basic distinction between the states of type-IIA and type-IIB theories 
may be clarified by considering the zero-mode contribution to (—1)*. As 
discussed in §8.6, the ground state for the Ramond sector in covariant gauge 
is degenerate, forming a spinor of SO(1, D — 1). Correspondingly, in the 
light cone gauge and with D = 10, the ground state is an SO(8) spinor. For 
definiteness, let us focus on the right-mover Ramond ground state. An 
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exactly similar discussion applies for the left movers. The 16 independent 
components of this SO(8) spinor ground state may be chosen to be 


4 
na) = [| ao 


a=1 


Oe oer (8.159) 
where 
aa = of =p (GeT? + ide) on REE (8.160) 


The spinor splits into two spinors of opposite chirality y = +1 when we 
introduce the chirality operator 


z= [|x (8.161) 


where 
Xa =e 'y* a=1,...,4 (8.162) 


and y“ is as in (8.124). It may be checked that a’, anti-commutes with %a, so 
that |0)p and a’,\0)p have opposite chirality. Moreover, 


[as 43] = 2i a’ (8.163) 
from which it follows that we may take the chiralities of |0)p and a4,|0)p to be 


(-i)* = 1 and i(—i)* = —1 respectively. Consequently, |n«) of (8.159) has 
chirality 


x= (-1)" (8.164) 


This means that if Fo is the zero-mode contribution to F, then the chirality % 
of the SO(8) spinor ground state is 


x= (-1)". (8.165) 


Thus, type-IIB theories have Ramond-sector spinor ground states for right 
and left movers of the same chirality, whereas type-IIA theories impose 
opposite chirality. Since there is no absolute definition of chirality, we may if 
we wish take 7 = 1 for both right and left movers for the type-IIB theory, 
and y = 1 for right movers and 7 = —1 for left movers for the type-IIA 
theory. 

Before cso projection, the massless states in the various Ramond and 
Neveu-Schwarz sectors for right and left movers are 


O)pbt 1/2 OL R-NS sector (8. 166) 
511/210) R10) 1 NS-R sector (8.167) 
b'_12|0)pbt 1210). NS-NS sector (8.168) 
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and 
[Orl R-R sector (8.169) 


in terms of the oscillators for real fermionic degrees of freedom. These 
oscillators may be written as linear combinations of the oscillators for 
complex fermionic degrees of freedom using (9.102), (9.103), (9.110) and 
(9.111). As a result they increase the eigenvalue of F by 1 modulo 2. 
Consequently, the effect of the Gso projection on the massless states is to 
preserve the states (8.168), to restrict the right movers in (8.166) and the left 
movers in (8.167) to a single SO(8) chirality, and the right and left movers in 
(8.169) each to a single chirality. For the type-IIB and type-IIA theories 
discussed above, the Ramond-sector SO(8) spinor ground states for right 
and left movers have the same and opposite chirality, respectively. 

After Gso projection, the Ns-sector vector b'_,/|0)g and the r-sector 
spinor ground state |0)p have the same number of degrees of freedom, 
namely 8, and similarly for the left movers. Thus, the massless states of the 
theory given by (8.166)-(8.169) contain equal numbers of bosonic and 
fermionic degrees of freedom. This matching of the numbers of degrees of 
freedom is a necessary condition for supersymmetry and strongly suggests 
that, after Gso projection, we have a supersymmetric theory (in ten dimen- 
sions). This is confirmed by comparing the massless states with those of the 
two possible ten-dimensional N = 2 supergravity theories. For the type-IIA 
theory, the massless states of (8.166)-(8.169) surviving aso projection are 
the products that can be formed by using an SO(8) vector or an SO(8) spinor 
of definite chirality for the right movers, and an SO(8) vector or an SO(8) 
spinor of opposite chirality for the left movers. These are precisely the 
massless states of the ten-dimensional N = 2 supergravity theory that was 
constructed by dimensional reduction of eleven-dimensional supergrav- 
ity. For the type-IIB theory, the massless states of (8.166)—(8.169) surviving 
GSO projection are the same sorts of products of right and left movers but 
with the same chirality of SO(8) spinor for right and left movers. These are 
the massless states of the chiral version” of ten-dimensional N = 2 super- 
gravity. The supersymmetry of these theories can be made manifest in 
another formulation of superstring theory that we shall discuss briefly in the 
next section. 


8.9 Other formulations of the superstring 

A path integral quantization for the superstring® may be developed in 
much the same way as for the bosonic string in §7.9. In the case of the 
bosonic string, the Fadeev—Popov ghosts associated with the world sheet 
reparametrization-invariance gauge symmetries use anti-commuting Grass- 
mann variables. For the superstring, these Fadeev-Popov ghosts are 
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required, but so also are ghosts associated with local world sheet supersym- 
metry. Because world sheet supersymmetry transformations are parame- 
trized by world sheet Majorana spinors, the Fadeev—Popov ghosts in this 
case are commuting degrees of freedom rather than anti-commuting Grass- 
mann variables. 

It is also possible to construct an alternative formulation of the superstring 
in the light cone gauge in which space-time supersymmetry is manifest®. In 
this approach, the theory is formulated in terms of 8 bosonic transverse 
degrees of freedom X', i=1,...,8, providing 8 right movers and 8 left 
movers, and 16 fermionic transverse degrees of freedom which form a world 
sheet spinor, much as in (8.34), but with 8 right-mover degrees of freedom 
constituting an SO(8) spinor of definite chirality, and 8 left-mover degrees of 
freedom an SO(8) spinor of either the same or opposite chirality (corre- 
sponding to the type-IIB and type-IIA cases discussed in §8.8). Thus, right 
from the outset there are equal numbers of space-time bosonic and space- 
time fermionic degrees of freedom in the string degrees of freedom them- 
selves. This allows the light cone gauge superstring action to be written ina 
form that displays space-time supersymmetry (as well as world sheet 
supersymmetry). This formulation is equivalent to the formulation of §8.8 
after the Gso projection has been applied to render it space-time supersym- 
metric. Detailed expositions of these alternative formulations of the super- 
string may be found elsewhere”), 


Exercises 


8.1 Check that the transformation given by (8.4) and (8.5) is a world sheet 
supersymmetry, and that the action (8.1) is invariant under this transform- 
ation. 


8.2 Derive the anti-commutators (8.49) and (8.50) for oscillators in the 
superstring mode expansions. 


8.3 Derive the Hamiltonian (8.51) for the closed superstring. 


8.4 Express the super-Virasoro operators in terms of oscillators in the 
superstring mode expansions. 
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THE HETEROTIC STRING 


9.1 Introduction 


A realistic superstring theory will have to contain gauge fields for the 
electroweak and strong interactions and perhaps for a grand unified theory. 
The simplest way for this to happen is for gauge fields to be present in the 
ten-dimensional theory, though, a priori, there is the possibility that the 
gauge fields arise from the construction of a four-dimensional theory from 
the ten-dimensional theory, as will be discussed in Chapter 10. For open 
superstrings, this may be achieved“ by associating with one end of the 
string an index labelling a state of a representation R of some group, and 
with the other end an index labelling a state of the conjugate representation 
R. Such theories are only consistent when the gauge group is SO(32) or 
Sp(32). 

The type-IIA closed superstring is unsuitable to describe the real world 
because, as discussed in §8.8, it is non-chiral. The type-IIB closed super- 
string is also unsuitable, in the first instance, because the only massless states 
it contains are in the supergravity multiplet of N = 2 supergravity, so there 
are no non-abelian gauge fields present in the ten-dimensional theory. 

Nonetheless, theories of only closed strings may be obtained with a non- 
abelian gauge group occurring in the ten-dimensional theory by the oblique 
method of using the right movers of a type-II superstring and the left movers 
of a bosonic string). The cso projection (8.155) and (8.157) is performed 
on the right movers to ensure equal numbers of bosonic and fermionic 
degrees of freedom, as required for space-time supersymmetry. The free- 
dom to choose the right and left movers of different kinds of string derives 
from the facts that the states of a bosonic string or of type-II superstring are 
direct products of the Fock space states for the right and left movers, and 
that interactions respect this structure. Such a string theory is referred to as a 
heterotic string. (To quote Gross et al®), heterosis is ‘increased vigour 
displayed by crossbred plants or animals’.) At first sight, such a theory 
makes little sense, because the right movers are in 10 space-time dimensions 
whereas the left movers are in 26 space-time dimensions. However, in this 
approach, 16 of the left-mover dimensions X“ are ‘compactified’ by associat- 
ing them with a 16-dimensional torus with radii on the assumedly extremely 
small scale set by the string fundamental length / of (7.23). As we shall see in 
89.4, some gauge fields then arise in the Kaluza—Klein manner, as is to be 
expected when a higher-dimensional theory containing gravity is reduced to 
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a lower dimension by compactification™’, There are also a large number of 
additional gauge fields of a stringy origin whose existence depends on the 
possibility of having winding numbers for the string on the torus. In this way, 
the extra 16 left-mover dimensions provide the gauge group of the resulting 
10-dimensional theory. 

For the heterotic string, it is found that the possible gauge groups 
consistent with gauge and gravitational anomaly cancellation are SO(32) 
or Eg X Eg. The latter possibility has led to phenomenologically promising 
models because one Eg factor can contain E, which in turn contains SO(10) 
with useful subgroups such as flipped SU(5) x U(1) or SO(6) x SO(4), 
while the other Eg, factor can be treated as a hidden-sector gauge group, 
much as in the discussion of supergravity in §5.7 and $5.8. We therefore 
focus in what follows on the heterotic string with the Eg x Eg gauge group in 
ten dimensions. 


9.2 Mode expansions and quantization 


For the right movers, the mode expansions for the heterotic string are those 
of §8.4 for the closed superstring. For the bosonic degrees of freedom, 


“(tr ~ 0) =3x"+ sp"(t —o)+ z ` On e-2in(t - 0) (9.1) 


n#0 
and for the fermionic degrees of freedom 
Wk(t-o)= >: dhe Aint o) R sector (9.2) 
nez 
and 
PE (t -= 0) = >; bt eine 9) NS sector (9.3) 
reZ+ 1/2 
where in each case u = 0,1,..., 9. 


For the left movers, it is convenient to introduce a notation that dis- 
tinguishes the first ten degrees of freedom, which we denote by Xf, 
u=0,1,...,9, from the last 16 degrees of freedom. We denote these 16 
‘internal’ degrees of freedom by X4, I = 1, . . ., 16. For the first ten degrees 
of freedom the mode expansion is just as in §7.4 for the closed-bosonic-string 
left movers 

Eto) = 3x" tipt +o)+z Y Steiner (9.4) 
2 n#0 


where u =0,1,...,9. 
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For the 16 internal degrees of freedom we write 


Xi(rt+o)=x] + I + el ál, —2in(t + 0) 9.5 
L Lt pL(t +o) 5 > e (9.5) 
n#0 


where /=1,..., 16. 
The quantization for u = 0,1,...,9 is that of §7.4 and §8.4, so 


[x“,p"]}=—in™ (9.6) 

lam: an] = [Bins @n] = — Mom +n 00” (9.7) 

{dh dn} = — Ôm +n 00” R sector (9.8) 
and 

{06 bs} == Òrts on” NS sector (9.9) 
where in each case u,v=0,1,...,9. More care is required for Xt 
I=1,...,16, which are not paired with a right mover. Proper account may 


be taken of the absence of corresponding right movers by first replacing X{ 
by X’ with both right- and left-mover degrees of freedom and then 
eliminating the right movers by imposing the constraint 


(8, — 4,)X! =0. (9.10) 


In §7.4, we could have arrived at the quantization condition (7.33) by writing 
down the Poisson bracket of the classical theory, and then making the 
transition to the quantum theory by replacing the Poisson bracket by the 
corresponding commutator multiplied by —i. Here, a similar procedure may 
be followed but using the Dirac bracket in the classical theory, to incorpor- 
ate the (second-class) constraint (9.10), before passing to the quantum 
theory by replacing this bracket by a commutator multiplied by —i. The 
result of this calculation is to replace (7.33) (with Z, J substituted for u, v) by 


[P\r, 0), X(c, 0’) = $4(0 SPE a IG ~ ojo (9.11) 


which differs by a factor of $ from the naive expression. Consistency of the 
mode expansion (9.5) with (9.11) then requires the factor of 4 to feed 
through into the commutator 


I J i I] i IJ 
=—=n" =-0 9.12 
[xL Pi] z” 5) ( ) 


while the oscillators @, have the commutators 
läh, an] = — MÒm + n,0) 7 = Mm + n.00” (9.13) 


(without 4) because there is no contribution to (9.11) from right-mover 
oscillators. (No similar modification is required for the right-mover fermio- 


202 THE HETEROTIC STRING 


nic degrees of freedom YR, which have no corresponding left movers, 
because the anti-commutation relations (8.47) are already separated into 
right and left movers.) 


9.3 Compactification of the bosonic string on a circle 


As discussed in §9.1, the 16 extra left-mover dimensions of the heterotic 
string are to be compactified on a torus to obtain a ten-dimensional theory 
with a gauge group arising from the compactified dimensions. In this section, 
we warm up to this task by considering the simpler example of a bosonic 
string with one dimension (for both right and left movers) compactified on a 
circle, say X°°, Then, mode expansions for X“, u =0,1,..., 24 are as in 
87.4: 


Xg- 0) = $x" +p- 0) +2 Y Lage ”rt-o (9.14) 
2 n 


n#0 
and 
Xil +o) = hx" + Spe to) +i Y Taketo (9.15) 
n#0 n 
foru = 0, 1, . . ., 24. However, in the casé of X’, which is compactified on a 
circle of radius R we must make the identification 


x = x°5 + 2aRn (9.16) 


for any integer n. There are then extra ways of satisfying the closed-string 
boundary condition (7.20) corresponding to winding the string n times 
round the circle, so 


X(t, o + a) = X(t, o) + 20Rn. (9.17) 
Thus, the general mode expansion is 
X(t, o) = x25 + pr 
+2Lo+s Y LB eint- 4 asento) (9.18) 
2 n#0 $ 
where 
L=nR. (9.19) 


The integer n in (9.19) is the winding number for the string configuration. 
The momentum p°” is then constrained by the requirement that 
exp(i px?) should be single valued when we replace x” by the equivalent 
coordinate x” + 27Rn. Consequently, we must take 
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(9.20) 


where m is any integer. Decomposing into right and left movers by writing t 
and g in terms of t — o and t + 9, 


X” =XR +X? (9.21) 
where 
XRG- 0) = a8 + PRT - 0) +5 DE a ent- (9,22) 
wee 
and 
XP + 0) = xP + pP(r +o) += D = ais Br ee eh: (9,23) 
ka #0 
with 
R = (p™ — 2L) (9.24) 
PE =p” + 2L) (9.25) 
and 
P= xe xe. (9.26) 


To obtain the 25-dimensional mass-squared operator for the physical 
states we need to amend Lyand Ly of (7.65) and (7.66) to take account of the 
effect of one string dimension being compactified on a circle. This amounts 
to repens =. =0P “Py by’ 2 o P“Du — (2PRK >)? for Lo, and by 
2, a P “p, — (2 Dey for Lo. It is convenient in the following exposition to 
use p“p,, to denote pas =0P"P,, Which is the 25-dimensional mass-squared 
operator M? (rather than the 26-dimensional mass-squared operator as in 
(7.82) where the sum over u is from 0 to 25). Then, we find 


3M? = kp"p, = PRY - 5 (at naun ~ anas, n) — 1 


n=1 


APPP- X (aM nGun ~ Frcs.) — 1 (9.27) 

n=1 
where the normal-ordering constant a of (7.82) has been set to 1 as required 
by (7.118), and the sum over u for the oscillator terms is also from 0 to 24. 


The mass-squared operator may now be cast in the form (analogous to (7.83) 
to (7.86)) 


M? = M? + M? (9.28) 
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where 
IMR = APRS- Y (atnan ~ 2,035, n) ~ 1 (9.29) 
n=l 
IME = Hpi) — SY) (Gatun n G5, n) — 1 (9.30) 
n=1 
and 
M} =M? (9.31) 


which allows us to think of the squared mass as having equal contributions 
from right and left movers. 

Alternatively, substituting the explicit expressions for p% and př of (9.24) 
and (9.25), we have 


aM? as a [ye a (an oe a Os, a) 


ly a pod 
Sg (GM Gyn — @2 025, n) — 1 


= ase m 1% 
Sna 8R 7 z (aM naun — Cy D5, n) 
Dg pt -25 = 
~ A (O Chin > A>, O25. n) =1 (9.32) 
7 2 
with 
5 (Én Qun z a, Qs n) e 5 (CAR _ a 25 n) 
n=1 n=1 
= p?L = mn. (9.33) 


Equation (9.32) displays the contributions to the 25-dimensional mass 
squared from the winding number and momentum in the compactified 
dimension. 

The mass-squared operator may be written entirely in terms of physical 
dynamical degrees of freedom by adopting the light cone gauge. It is 
convenient for our present purposes to define the light cone coordinates to 
be 
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+__1 eee 24 
X* = gr) (9.34) 


so that the transverse degrees of freedom are X i i=i,...,23, and x. 
which corresponds to the compactified dimension. (This differs from the 


choice (7.89) which involves X” instead of X*.) Following the argument of 
§7.7, the mass-squared operator then takes the form 


M? =M} + M? (9.35) 
where 
IMR =KpRy +N-1 (9.36) 
AM? =p yy +N-1 (9.37) 
with 
N= > (a nai + a, 25, n) (9.38) 
n=1 
N= R (C + &>, Gos. n) (9.39) 
n=1 
and 
M =M}. (9.40) 
Alternatively, 
R m N Ñ 
eat 4 +1 9.41 
i 2 8R 2 2 oe) 
with 
N-Ñ=mn. (9.42) 


After compactification of one dimension on a circle, the massless states of 
the resulting 25-dimensional theory include (in analogy with (7.120)) the 
graviton, the dilaton, and the antisymmetric tensor for 25 dimensions, as the 
traceless symmetric, trace and anti-symmetric’ parts of aù ;|0r& l0). 
However, there are also massless vector particles V' and V’ obtained by 
taking one index to be associated with 25-dimensional space-time and the 
other with the compactified dimension: 


vi = a'_1|0)pa*,|0), (9.43) 
and 


vi = a, Orál. (9.44) 
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One such massless vector could have been expected to arise in Kaluza—Klein 
fashion when a dimension was compactified on a circle, with components of 
the 26-dimensional metric tensor with one index associated with the com- 
pactified dimension becoming the components of a U(1) gauge field for 25 
dimensions. Here there are two such gauge fields, deriving from the 26- 
dimensional metric tensor and the anti-symmetric tensor field, characteristic 
of string theory, as (1/V2)(V' + V’). 

The gauge group arising from the compactification on a circle can be 
larger than U(1) x U(1) for a particular choice of the radius R. This 
enhancement of the gauge group is a stringy phenomenon depending on the 
existence of winding number. Let us use |m, n) to denote a state obtained 
from the ground state by taking momentum p” = m/R in the compactified 
dimension, and winding number L = nR, but without applying any oscil- 
lators to the ground state. Then, for a special choice of R, four extra massless 
vector fields may be constructed, namely 


Wi, = a_,|1, 1) (9.45) 

W*=a‘_,|-1,-1) (9.46) 

Wi, = &,|1, -1) (9.47) 
and 

Wi = a@_,|-1,1). (9.48) 


This may be seen as follows. As a consequence of (9.35) and (9.40), a 
massless state requires 


M% = Mi =0. (9.49) 


One way to arrange this in (9.36) and (9.37) is to take N and N both to be 
one, and p% and p?> both to be zero (which implies that m and n are both 
zero). This yields the massless vectors of (9.43) and (9.44). An alternative 
way of obtaining massless vectors is to take N = 1 and pg = 0 to arrange 
Mz = 0, and to take Ñ = 0 and (p?) = 2 to arrange M? = 0. Using the 
explicit expressions (9.24) and (9.25) for p and p;>, and noticing that in this 
case 


mn=N-N=1 (9.50) 
it follows that 
m=n= +1 (9.51) 
and 
R= 4., (9.52) 
V2 i 


These are therefore massless vectors W$, and WŁ provided that the radius of 
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the circle on which a dimension is compactified is given by (9.52). Similarly, 
massless vectors W‘, and W‘_ also occur for this value of R. To sum up, for 
the special choice (9.52) for the radius of the compactified dimension, there 
are present in the theory the six massless vector fields required for the 
adjoint representation of the gauge group SU(2) x SU(2). (That these 
massless vector fields are indeed the gauge fields of an SU(2) x SU(2) gauge 
group may be confirmed by explicitly constructing the generators of the 
gauge group and checking that they commute with the mass-squared 
operator.) 


9.4 Compactification of the heterotic string on a torus 


A ten-dimensional theory, with the ‘internal’ degrees of freedom X{, 
I=1,...,16, of §9.2 providing a gauge group, may be constructed by 
compactifying these degrees of freedom on a 16-dimensional torus. Much as 
for the quantization, it is necessary to impose boundary conditions on X r 
with both right and left movers, and then to eliminate the right movers. A 
16-dimensional torus may be defined by introducing a lattice F with basis 


vectors e}, a = 1, . .., 16, chosen to have length V2, and by making the 
identification 
16 
x= xl + Vn > n Rei, (9.53) 
a=1 


where the R, are radii and the n, are arbitrary integers. There are then extra 
ways of satisfying the closed-string boundary conditions (7.20) by winding 
the string round the torus so that 


16 


X(t, 0 + 2) = X"(t, 0) + V2a > n Re, = X! (t, o) + 2aL! (9.54) 
a=1 
where 
i 16 
rt I 
Lis BD, Rye. (9.55) 


The L’ are usually referred to as the winding numbers. Then, the mode 
expansions are 


X(t, o) = x! + p't + 2L'o 


i 1 —2in(t = -I ,—2in(t 
oo (in Cree gaa: NETO), (9.56) 


n#0 
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Decomposing into right and left movers by writing t and o in terms of t — o 
and t +g, 


=X +X! (9.57) 
where 
X(t- 0) = xk + ph(t - 0) + : >: Zal ene) (9.58) 
nzo 
and 
Xi(c+a)=xi +p (t+0)+ i > Lal e7? nl + o) (9.59) 
n#0 
with 
Pk = (p! — 2L") (9.60) 
PL = 3(p' + 2L’) (9.61) 
and 
xtaxhtaxl, (9.62) 


We now wish to eliminate the right movers, which in particular means that 
we should take 


P= 0 (9.63) 
with the consequence that 
pL = 2L’. (9.64) 


(Notice that if we were not to compactify the internal dimensions, the L/ 
would all be zero and the internal momenta p} would have to be zero.) 
Moreover, we should take 


xh =0 (9.65) 
which together with (9.62) and (9.53) means that 


Leal 4 Vn 5 ngR,e!. (9.66) 


a=1 


The commutation relation (9. 12) implies that it is 2p{ rather than pi 
that Eent tates translations of xi, and thereiore we should require 
exp(2i 27° , pi xl) to be singled valued when x? is replaced by the tals 
ent coordinates of (9.66). If the lattice Č, with basis vectors denoted by e% 
dual to I’, is defined by 
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16 


` eet! = ôn (9.67) 


l=1 


then p} must be given by 


1 Ma 
PL= A > ey (9.68) 


where m, are arbitrary integers. 
In the light cone gauge, the ten-dimensional mass-squared operator for 
the physical states is given by 


M? = M} + M? (9.69) 


with M% and M{ as follows. For the superstring right movers, using (8.146) 
and (8.150) with D = 10, 


t1MR=N (9.70) 
where 
N= 5 (aai, + ndi n„d}) R sector (9.71) 
n=1 
and 
N= 5 alno + ` rbi ,bi -4 NS sector. (9.72) 
n=1 r=1/2 


For the bosonic string left movers with 16 dimensions compactified on a 
torus, the analogue of (9.37) is 


(plyP+N-1 (9.73) 
with 


N= Y (d nån + in din) (9.74) 


n=1 


where a sum over i from 1 to 8, and over J from 1 to 16 is understood. Also, 
for physical states, 


Mż = Mi. (9.75) 


(For the bosonic string, as well as the superstring, the light cone coordinates 
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have been chosen to be (1//2)(X° + X°), so that the transverse degrees of 


freedom for ten-dimensional space-time arei=1,..., 8.) 
Massless states require 
MR = Mj =0. (9.76) 
For massless vector bosons, the form (9.72) of MR appropriate to the Ns 
sector has to be employed. There are 16 massless vectors V}, J=1,...,16, 
of Kaluza—Klein type (analogous to (9.44)): 
Vi = bi |0)p a! 1/0), T= eein t6 (9.77) 


providing a U!Ś(1) gauge group. As in §9.3, the gauge group can be 
enhanced for special choices of the lattice I and the radii R,. Let us use the 
notation | p1) to denote a state obtained from the left-mover ground state by 
taking momentum p/ in the compactified dimensions (without acting with 
any oscillators). In the present case, the extra gauge fields W‘(p! ) arising in 
a stringy way are 


W(pL) = b 1/2/0)p\ pt) (9.78) 
with 


X LY =2 (9.79) 
I 


which, as can be seen from (9.73), ensures that M ? is zero. Whether there 
are internal momenta for which (9.79) is satisfied depends on the lattice I’, its 
dual I’, and the choice of radii R,. 

As we shall now discuss, there are very few choices of the lattice T 
consistent with an acceptable string theory. In Chapter 10, we shall see that 
there is a fundamental constraint on string theories, referred to as modular 
invariance, that is needed to ensure absence of gauge and gravitational 
anomalies and finiteness of string loop contributions to scattering ampli- 
tudes. Demanding a modular invariant theory restricts the radii of the torus 
to be 


R, = 1/V2 a=1,...,16 (9.80) 
and the lattice I to be an even self-dual lattice, i.e. a lattice for which 
r=. (9.81) 
and 
16 
Baa = 5 ele! = even integer. (9.82) 
Ii=1 


There are only two such lattices in 16 dimensions, denoted by Tj, and 
Ts X Tg. The first of these (T16) contains the root lattice of SO(32) as a 
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sublattice (and leads to an SO(32) gauge group). We shall focus on the 
second possibility (T x I), which is the direct product of two Eg root 
lattices. The momenta p} are then on the root lattice of Eg X Eg, and the 
momenta of length two required to satisfy (9.79) are the weight vectors of 
the adjoint representation of Eg XEg. It would therefore by unsurprising if 
the extra massless vector fields (9.78), taken together with the Kaluza—Klein 
gauge fields (9.77), were the gauge fields of an Eg X Eg gauge group. This 
can be demonstrated by an explicit construction of the generators of the 
gauge group, and a check that they commute with the mass-squared 
operator. In this way, an Eg X Eg gauge group arises from a toroidal 
compactification of the left-mover internal degrees of freedom of the 
heterotic string. 

Other massless states may be constructed by using the superstring right 


movers b/1/7|0)p,i=1,...,8, for the Ns sector, and \0)p for the R sector, 
with M% = 0, and the bosonic string left movers @_,|0),,j=1,..., 8, with 
M? = 0. In this way, we obtain in the ns sector the massless states 

bi 4/2/0)pa_,|0), ij=1,...,8 (9.83) 


which decompose into a traceless symmetric ten-dimensional graviton, a 
scalar (dilaton), and an antisymmetric tensor. In the R sector there occur the 
states 


The decomposition of the product of the ten-dimensional spinor right mover 
and the ten-dimensional vector left mover provides a ten-dimensional 
gravitino together with an eight-component ten-dimensional spinor. In this 
way, the complete supergravity multiplet for ten-dimensional N = 1 
supergravity is generated. 

The theory contains no tachyons because the only right-mover state with 
negative MQ is the Ns-sector ground state |0)p with M R = —2, and the only 
left-mover state with negative M{ is the bosonic string ground state |0} with 
M? = —4, and we cannot then satisfy MR = MẸ as required by (9.75). 
(Notice that, unlike in the case of the superstring, the absence of tachyons is 
not enforced by a Gso projection.) 


9.5 Fermionization and bosonization 


In the next section, we shall present an alternative formulation of the 
heterotic string which replaces the internal bosonic degrees of freedom 
compactified on a 16-dimensional torus by 32 world sheet fermionic degrees 
of freedom, a process referred to as fermionization. That such a replacement 
should be possible a priori depends on the fact that spin is not defined in two 
dimensions and the two-dimensional nature of the world sheet. In this 
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section, we shall illustrate fermionization (and the inverse process of 
bosonization) by considering the simplest case of a single bosonic degree of 
freedom compactified on a circle. This bosonic model has been discussed in 
§9.3, where the compactified dimension was denoted by X”. It will be 
convenient here to display only the part of the squared mass due to X”, 
including the contribution —3 to the normal-ordering constant. It will also 
be convenient to suppress the index and denote X” by X. Thus, following 
(9.22) and (9.23) we write the mode expansions 


Xet- 0) = + pa(t-0) +4. Lupea- (9.85) 
2 n 


n#0 
and 
X(t + 0) =x, +pi(t+0) +i y Lá, ge ne Na) (9.86) 
n#0 
with 
Pr= Xp — 2L) (9.87) 
PL =p +2L) (9.88) 
and 
X=Xpt+ Xp (9.89) 
where 
p=m/R (9.90) 
and 
L=nR (9.91) 


where m and n are integers. The contribution of the single compactified 
dimension to the squared mass 


M? = Mh + M? (9.92) 
is given by 

IMR = iph + N- A (9.93) 
and 

Mi = 3pi+N-x (9.94) 
where 

N= > An Oy (9.95) 
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and 
N= D Â nä. (9.96) 


We wish to show that for the choice of radius 
R=1 (9.97) 


there is an alternative formulation of the single compactified bosonic degree 
of freedom X, as single complex fermionic degree of freedom. (An exactly 
similar discussion can of course be given for Xp.) From §8.4 and 88.7, a pair 
of real fermionic degrees of freedom has left-mover mode expansions for 
Neveu—Schwarz boundary conditions 


Wk = > bK e7? r + o) k=1,2 (9.98) 
reZ + 1/2 
and the contribution of this pair of real fermions to the squared mass M7 is 
given by 
1M? = > rbk bE — 4; (9.99) 


recalling that each Ns fermion contributes —zg to the normal-ordering 
constant. A reformulation in terms of a single complex fermionic degree of 
freedom VY, may be made by writing 


t= tive L) (9.100) 
Then, 
Î = ` (f, en +o) 4 gi earra) (9.101) 
r=1/2 
with 
f= = G+ +ib?) (9.102) 
and 
i = GS +ib*,). (9.103) 


The contribution of ¥, to }M Í may then be written as 
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Mi= X nift 88) -A (9.104) 
r= 1/2 


where we have used the fact that 

(ky = bk, k=1,2 (9.105) 
which follows from the mode expansion (8.46) for real fermionic degrees of 
freedom. As a consequence of the anti-commutation relations (8.50), the 
oscillators for the complex fermion obey 

{fro fo} = {E 8s} = Ors (9.106) 


from which it follows that f} and g increase the eigenvalue of 4M? by r. 
On the other hand, for Ramond boundary conditions the pair of real 
fermionic degrees of freedom has left-mover mode expansion 


wk = y dk e2intt + 0) k=1,2 (9.107) 
neZ 


and contributes to Mj according to 
iM? = 3 ndk d +4 (9.108) 


n 


recalling that each Ramond fermion contributes 3 to the normal-ordering 
constant. Reformulating in terms of a single complex fermionic degree of 
freedom Y, defined by (9.100) we obtain the mode expansion 


v= > (Em -1670 DEt ar ei mC + o)) (9.109) 
m=1 
with 
tm =< h-i tidh) m=1,.., œ (9.110) 
and 
ë, = ds, tidem) m=1,...,%. (9.111) 
5 


(9.112) 


N= 


IME = X nEn + ee) + 


where we have used the fact following from the mode expansion (8.45) that 
(dky = dE, k=; 2: (9.113) 
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As a consequence of the anticommutation relations (8.49) the oscillators for 
the complex fermions obey 


{En Em) = {Em En} = Orin (9.114) 


from which it follows that ¢;, and é;, increase the eigenvalue of į}M? by n. 

A comparison of the values of 3M 7 in the bosonic and fermionic 
formulations may now be made and such a comparison for some low-lying 
states is given in tables 9.1 and 9.2 for the Ns sector and for the R sector of the 
fermionic formulation, respectively. It can be seen that the number of states 
of the fermionic theory at each value of {M7 is the same as the number of 
states of the bosonic theory. A more detailed correspondence of states in the 
two formulations may be achieved by defining a charge lattice momentum q 
for the fermionic theory by 


q =Ni +u -3 (9.115) 
where 
1 
5 NS sector 
= 9.116 
“LE = V9 R sector ( ) 


and NF is the eigenvalue of the fermionic ‘number’ operator. For the Ns 
sector, the ground state is defined to have N F = Qand f} creates 1 unit and 
g, creates —1 unit of NF. For the R sector, NE is 0 or 1 for the two 
components of the spinor ground state, c} creates 1 unit and e} creates — 1 
unit of NF. Then for each value of }M?, the number of fermionic states with 
qı = pı matches the number of bosonic states with this value of p, as also 
displayed in tables 9.1 and 9.2. In the case of table 9.2, |0), denotes the 
degenerate spinor ground state and so denotes two states with different 
values of q1. 

The equivalence of the theory of a single left-moving complex fermionic 
degree of freedom and the theory of a single left-moving bosonic degree of 
freedom compactified on a circle of radius R = 1 may be made more explicit 
by writing 


Up Hiei: (9.117) 
where the normal ordering is taken to mean 


i 12 _; 1 a j 
:e7 xX, .= exp|- > =a, e aieea) exp - ` = Gin e 2i n(r +a) 
aeos i n 4 


>0 
x exp[2i(x, + (pL +4 (t + 0))]. (9.118) 


To show that the two theories are equivalent means checking that all 
correlation functions are the same, which can be done by showing that the 
replacement of V, by: e”'*. ; gives the correct operator product expansions 
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Table 9.1 Values of }M? for fermionic states in the Ns sector compared with 
bosonic states for R = 1. 


Charge lattice 


IM? momentum q;, NS sector Bosonic theory 
=} qL=pı=0 10), |p = 0) 
-4+ q =p=1 FirlOr [pp =1) 
q =PL=—1 Flr lpL=—1) 
-4+1 q =p=0 fingin áP = 0) 
-4+4 q =p =1 F210. a_,|P_ = 1) 
QL =PL=—1 &p|0), @_,|pp = —1) 
-4+2 qL = Py = 9 Fi28i2l0).. Bf 120. @_>| py = 0), &1a_,| py = 0) 
q = PL =2 faafia 0), IPL = 2) 
QL = PL = -2 838120). [PL = —2) 


-4+3 q=pr=1 solr, fanfin sie 0), @2|/p_ = 1), @-1@_1|p_ = 1) 
q = Pi = -1 852\0) 1; 83 2f 2812/0). &2|PL = —1), @14_-1|p_ = -1) 


-4+3 q =pL=0 fsnĝinlOL, Bf i2|0L. &s|PL = 0), d_24_,| py = 0), 


£38321) d_;4_14_1|p_ = 0) 
qL=PL= Fsafin 10), @_,|p_ = 2) 
qL = PL = 2 ingin). ál PL = —2) 


for VW, and currents constructed from it. The only unexpected feature of 
the definition of normal ordering in (9.117) is the occurrence of p, + 5 rather 
than pı; otherwise (9.117) is just normal ordered in the usual sense. 
However, from the discussion above of corresponding states in the two 
formulations, anti-periodic (Ns) boundary conditions for the complex fer- 
mionic degree of freedom should correspond to integral bosonic momentum 
Pi. and periodic (R) boundary conditions should correspond to half-integral 
bosonic momentum p; . The presence of p, + 3in (9.117) ensures that this is 
the case. 


9.6 Fermionic formulation of the compactified heterotic string 


The discussion of §9.5 suggests that it should be possible to find an 
alternative formulation of the heterotic string in which the toroidally 
compactified degree of freedom X{, J=1,..,16, are replaced by 16 
complex left-moving fermionic degrees of freedom or 32 real fermionic 
degrees of freedom. In this section, we shall show that by a suitable choice of 
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Table 9.2 Values of $M? for fermionic states in the Ramond sector compared 
with bosonic states for R = 1. 


Charge lattice 


IM? momentum q, R sector Bosonic theory 
b q = PL = +3 0), lp. = +3) 
btl g=pL=3,3 ĉilo lp. = 3), ál PLE 
q =p =-3,-} ëil) lp. = —3), áil pL = -2 
pt+2 gq=35 63/0), &_,|PL = 3), 
ål pi = 4), áP = }) 
gu =}, —ż ĉiēilO 
ão pi = —}), á&-1&-lPL = —} 
qu = -}, -3 23/0), a@_,|p_ = —3) 
bt+3 q=33 HO pL =3 
sd P a_2 PL = 3), anál Py = 3) 
qL = 352 é3/0). 
&_3| PL = 3), @24_1| p> = J, 
@_\@_;4_;|/pp = 5) 
qL = 5, -} 6561/0), cil 
@_3|p_ = —3), á-24-1|PL = —3), 
G&_,a_\4_,| PL = -3) 
qu = —ż4, -3 63/0), 
G_p| py = ~3), @-14_1| PL = —3) 
q = —3, -3 lO [pL = —3) 


boundary conditions for these 32 real fermionic degrees of freedom, and by 
applying a suitable Gso projection, we can indeed reproduce the Eg X Eg 
gauge fields of §9.4. 

Our desire to construct the version of the theory with the Eg x Eg gauge 
group rather than the SO(32) gauge group suggests that we should separate 
the 32 internal real fermionic left-mover degrees of freedom into two sets of 
16 which we denote by 44, A = 1,..., 16,and44, A = 1, . . ., 16. Because of 
the possibility of assigning Ramond (R) or Neveu-Schwarz (Ns) boundary 
conditions independently to the 4^ and 4“, the internal theory then 
possesses four sectors (R, R), (NS, NS), (R, NS) and (NS, R), where the first 
boundary condition of the pair refers to the 4^ and the second to the 4. The 
mode expansions for the 4^ are 


Ae = > JA ae aa R sector (9.119) 


nez 
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and 


MS » 24 eiri to) NS sector (9.120) 


reZ+1/2 


and similarly for the 24. 

To determine the masses of the states, the normal-ordering constants for 
the four sectors are required. As discussed in §8.7, each real bosonic degree 
of freedom contributes + to the normal-ordering constant, each real 
fermionic degree of freedom with periodic (R) boundary conditions contrib- 
utes —34, and each real fermionic degree of freedom with anti-periodic (Ns) 
boundary conditions contributes zg. Thus the normal-ordering constants å 
for the left movers for the above four sectors are 


a(R,R)=—1 (9.121) 

G(NS, NS) = +1 (9.122) 
and 

G(R, NS) = 4(NS, R) = 0 (9.123) 


including the contribution of the eight transverse left-mover bosonic degrees 
of freedom associated with ten-dimensional space-time. 
The mass-squared operator for the left movers is then 


iMt = N(a, B) — a(a, P) (9.124) 


where a, f = R or NS depending on the boundary conditions for the two 
sets of real fermions 4^ and 4“. The normal-ordering constants a(a, 8) are 
given by (9.121)-(9.123). The oscillator term N(a, 8) is given by 


N(R, R) = > äi „ái, + > n(d4,,a4 + 44,44) (9.125) 
n=1 n=1 
N(Ns, NS) = > a, ai,+ z (44,44 + j4 AA) 0.126) 
n=1 r= 1/2 

N(R, NS) = > äi „ái, + > nda, dd + x r4 iA (9.127) 

n=1 n=1 r= 1/2 
and 

N(Ns, R) = > ai_,ai+ > AA jd + >» niA,i4 (9.128) 

n=1 r=1/2 n=1 
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where i= 1,...,8, runs over the transverse ten-dimensional space-time 
degrees of freedom. The mass-squared operator for the right movers is as in 
(9.70)-(9.72) with the usual requirement of equality of MR and Mj. for 
physical states. 

The Eg X Eg gauge fields now arise from the four sectors in the following 
way. In the (Ns, Ns) sector, there are the massless vector states 


bY 12 0)pAF 1242 172101 (9.129) 

bË 1/2/0)RA4 1242 12/0). (9.130) 
and 

bi 1/2|0)pA4 12421210). (9.131) 


which provide the representation (120,1), (1,120) and (16,16) of 
SO(16) x SO(16), respectively. In the (R, Ns) sector, there are the massless 
vector fields 


b*1/210)r lO). . (9.132) 


The left-mover ground state for this sector is the spinor representation of the 
first SO(16) factor of SO(16) x SO(16) and so is the representation 
(128, + 128’, 1) where 128 and 128’ are the two chiralities of the SO(16) 
spinor constructed by applying an even or odd number of zero-mode 
oscillators analogously to the two chiralities of the SO(10) spinor discussed 
in §8.8. Similarly, in the (Ns, R) sector there are massless vector fields in 
(1, 128 + 128’) of SO(16) x SO(16). The (R, R) sector contains no massless 
states. 

The 248-dimensional adjoint representation of Eg has the decomposition 
under SO(16) 


248 = 120 + 128. (9.133) 


Thus, to obtain precisely the gauge fields of Eg x Eg it is necessary to delete 
from the theory the massless vector states in (16, 16), (128’,1) and (1, 128’) 
of SO(16) x SO(16). This may be achieved by introducing a pair of Gso 
projections, one for the fermionic degrees of freedom 4^ and the other for 
the 44, as follows. For the 24, we make the projection 


_1)F 
palit) (9.134) 

2 

where F is defined by 
F= > Ana Ns sector (9.135) 


r=1/2 
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F= y J R sector. (9.136) 


Then, surviving states have an even number of 44 oscillators acting on the 
ground state. In the Ramond sector, this includes the zero-mode oscillators 
and so a single chirality of the SO(16) spinor is selected. An exactly similar 
Gso projection is made for the 14. As a consequence of this pair of cso 
projections, the surviving massless vector states are, in the adjoint represen- 
tation of Eg X Eg, 


(248, 1) + (1, 248) = (120, 1) + (128, 1) + (1, 120) + (1, 128) (9.137) 


The massless supergravity multiplet is constructed in exactly the same way as 
in §9.4. In this way, we obtain exactly the same spectrum of massless states 
as in the bosonic formulation of §9.4, and it can be shown that this extends to 
the spectrum of massive states (Exercise 9.1). 


Exercises 


9.1 Construct the massive states of the Eg x Eg heterotic string at the first 
excited level in both the fermionic and bosonic formulations. 


9.2 By treating the real fermionic left-mover degrees of freedom as a single 
set of 32 with the same boundary conditions, construct the SO(32) heterotic 
string in the fermionic formulation. 
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COMPACTIFICATION OF THE TEN- 
DIMENSIONAL HETEROTIC STRING TO 
FOUR DIMENSIONS 


10.1 Introduction 


Any string theory that is to be a candidate theory of the world we live in will 
have to possess just four observable space-time dimensions, or, if there are 
extra spatial dimensions, they will have to be compactified on a sufficiently 
small scale as to be unobservable with the energies that are currently 
available to us. In Chapter 9 a heterotic string theory with ten space-time 
dimensions was constructed by either fermionizing 16 of the left-mover 
bosonic degrees of freedom, or equivalently by compactifying these degrees 
of freedom on a torus in such a way that an Eg X Eg gauge group arose from 
these 16 extra left-mover dimensions. To complete the construction of a 
four-dimensional theory it is necessary next to compactify six of these ten 
dimensions in some way for both right and left movers. The simplest 
possibility is a toroidal compactification. However, we shall see that such a 
compactification produces a theory with N = 4 space-time supersymmetry 
rather than the N = 1 space-time supersymmetry that we saw in Chapter 1 
was required to obtain a chiral theory. Fortunately, theories with N = 1 
space-time supersymmetry can be obtained by simple modifications of 
toroidal compactifications, referred to as orbifolds, in which points on the 
torus are identified by a symmetry of the lattice of the torus. Alternatively, 
compactification on a special class of manifolds, called Calabi-Yau mani- 
folds, may be employed. 

A somewhat different approach to the construction of four-dimensional 
heterotic string theories, which we shall discuss in the next chapter, is to 
return to the original heterotic string with the right movers of a superstring in 
ten dimensions and the uncompactified left movers of a bosonic string in 
sixteen dimensions, and to reduce the number of space-time dimensions to 
four directly by fermionizing all other string degrees of freedom. In this 
approach, there is no intermediate theory with ten space-time dimensions 
that is compactified to four dimensions. 


10.2 Toroidal compactifications 


The simplest way of producing a four-dimensional theory from the ten- 
dimensional heterotic string constructed in Chapter 9 is by compactifying six 
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of the remaining spatial dimensions on a torus. A great attraction of such a 
possibility is that the simple linear string equations of motion of previous 
chapters are unmodified, as a consequence of the fact that a torus is locally 
flat and so may be taken to have the same X“-independent metric as flat 
space, differing from flat space only in the imposition of spatial periodicity. 

In the light cone gauge, the mode expansions for the transverse space- 
time degrees of freedom Xz, VR and X}, i= 1,2 associated with four- 
dimensional space-time are as before in (9.1)-(9.4), the mode expansions 
for the 16 left-mover internal degrees of freedom X ! 1=1,...,16areasin 
(9.58) and (9.59), and the mode expansions for the fermionic degrees of 
freedom associated with the remaining six spatial degrees of freedom Y% , 
k =3,...,8 are also unmodified and given by (9.2) and (9.3). On the other 
hand, the mode expansions for the bosonic degrees of freedom X% and Xf, 
k =3,...,8need to be amended to take account of the toroidal compactifi- 
cation of these six spatial dimensions. If the lattice defining the six- 
dimensional torus has basis vectors er, k,t=3,...,8 chosen to have length 
V2, then for the centre-of-mass string coordinates x* there is the identifi- 
cation 


8 
xkaxk + Va >: n,R,e* (10.1) 


t=3 


where the R, are radii, and the n, are arbitrary integers. This results in extra 
ways of satisfying the closed-string boundary conditions (7.20) by winding 
the string round the torus, so 


X*(t,0+ 2) = X*(t, o) + 2aL* (10.2) 


where the winding numbers L* are given by 


1 
Lk=—, » nR. (10.3) 


By analogy with §9.4, we can then write 


X(t -0)= XS + p(t —o)+ 7 » i ak eT Anema) (10.4) 


n 
n#0 
and 
Xi(e+ 0) =a + pie + oy +3 Y -ak eine+o) (10.5) 
n#0 
with 


pk =}(p* — 2L*) (10.6) 
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pi =p" + 2L*) (10.7) 


and 


x = xk + xk. (10.8) 
However, unlike in §9.4, the six dimensions being compactified here have 
both right movers X% and left movers X*, and we do not wish to eliminate 
the right movers. We must require exp(i E$ -3 p*x*) to be single valued 
when x‘ is replaced by the equivalent coordinates of (10.1). If the lattice with 
basis vectors e* has a dual lattice with basis vectors e** where 


>, eke = ðu (10.9) 
then p* must be given by 


8 
k= v2 N Desk 10.10 
p*= V2 y R, ei (10.10) 
k=3 
where the m, are arbitrary integers. 


The four-dimensional mass-squared operator for the physical states is 
given by 


M* =MR +M? (10.11) 
with 
M2 =M} (10.12) 
and MR and M7 as follows. For the superstring right movers, 
8 
M2 = N+ 3», (pk)? (10.13) 


with p given by (10.6), and N by (9.71) or (9.72). (Notice that 2p% is the 
coefficient of 3(t — a) and substitutes for p* of (7.26) in the uncompactified 
case.) For the left movers in the bosonic formulation of the heterotic string, 


16 8 
z 1 1 
lyy2 — i In~, t ky2 
Mi =N 1+5 ; (PL) +3) (Pb (10.14) 


f=] 


with N given by (9.74), pi by (9.61) and p£ by (10.7). Alternatively, in the 
fermionic formulation of the heterotic string, 


8 
1M? = N(a,B) — ala, p) + PAGI (10.15) 
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with N(a@, 8) and a(@, 8), where a, f = R or NS, as in (9.125)-(9.128) and 
(9.121)-(9.123). It is not too difficult to show (Exercise 10.1) that massless 
states generically have no momentum or winding number on the compact 
manifold. This is analogous to the situation for the heterotic string left 
movers in §9.4 where massless states with non-zero winding number only 
occur for special choices of the lattice and radii. 

The graviton for four-dimensional gravity for the toroidally compactified 
theory is the Neveu-Schwarz sector state 


b1/2|0)pa 1/0), i j=1,2. (10.16) 
The four-dimensional gravity supermultiplet also contains four gravitini, 
[Ora O fH ty2, (10.17) 


Here, |0)p is the SO(8) spinor Ramond sector ground state, which can, in the 
first instance, be written as the direct product of a transverse space-time 
spinor and an SO(6) spinor with eight components in 4+ 4 of SO(6). 
However, since the SO(8) spinor is of definite chirality because of the cso 
projection, each space-time chirality is associated with only 4 or only 4, so we 
get a total of eight spinor states, as required for four gravitini. Moreover, 
there are six graviphotons (massless vector fields in the supergravity multi- 
plet) given by the Neveu-Schwarz sector states 


b* 4/2|0)pa_1|0). R23. 0. E fe AyD (10.18) 


Thus, we have the spin-3 and spin-1 content of the gravity supermultiplet for 
N = 4 supergravity, as in table 1.3. As discussed in $1.6, theories based on 
N = 2 supersymmetry do not provide a suitable description of the world in 
which we live because they are always non-chiral. This means that toroidal 
compactification of the extra six spatial dimensions is not appropriate. 
Fortunately, we shall see in the next section that there is a simple modifi- 
cation of toroidal compactification, compactification on an orbifold, which 
overcomes this difficulty. 


10.3 Orbifold compactifications 


A simple modification of toroidal compactification is compactification on an 
orbifold, a six-dimensional space obtained by identifying points on the 
torus that are mapped into one another by certain discrete symmetries of the 
lattice of the torus, referred to as the point group. This approach to 
construction of a four-dimensional theory retains the advantage of toroidal 
compactification that the linear string equations of motion of previous 
chapters are still unmodified. At the same time, we shall see that it is possible 
for orbifold compactification to produce a four-dimensional theory with 
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N = 1 supersymmetry rather than the undesired N = 4 supersymmetry of 
toroidal compactification. 

We shall focus attention here on one particular example of an orbifold, 
namely the Z, orbifold. It will be convenient to use a complex basis for the 
six spatial degrees of freedom X*, k = 3, . . ., 8 associated with the compact 
manifold, and to Wes complex coordinates Z*, a = 1,2, 3, where 


Z! =- (X? +iX*) (10.19) 

Z= wae +iX°) (10.20) 
and 

ZS wed +iX%), (10.21) 


The lattice for the underlying torus of the Z, orbifold is defined by making 
the identifications, for a = 1, 2, 3, 


Z°=Z*+1 (10.22) 
and 
Ze = Z% + e273, (10.23) 


Thus, if we assemble Z!, Z? and Z? into a vector Z, 


Z=Z+ >: (mye, + Np fy) (10.24) 


p=! 
where the basis vectors e, and f, for the lattice are defined by 
e; = (100) e = (010) ez = (001) (10.25) 
and 


fo = ere p=1,2,3 (10.26) 


P 


and m, and n, are integers. The point group for the Z; orbifold is the Z3 
discrete group generated by the element 


w = diag(e™®, Ei es) (10.27) 


acting on Z. The complex coordinates Z provide a basis for the three- 
dimensional representation of the SU(3) subgroup of the SO(6) rotation 
group for the six real coordinates X*, k = 3, . . ., 8andw isa (finite) element 
of this SU(3). It is not difficult to show (Exercise 10.2) that w has the action 
on the basis vectors of the lattice of the torus 
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we, =f, (10.28) 
and 
of, = — ep — fp. (10.29) 


Thus, the discrete group generated by w maps torus lattice vectors to torus 
lattice vectors, i.e. is a symmetry of the torus. The construction of the Z3 
orbifold is completed by identifying points on the torus that are mapped into 
one another by elements of the Z} group generated by w, referred to as the 
point group of the orbifold. 

The orbifold is not quite a manifold because of the existence of a finite 
number of fixed points on the torus that are mapped to themselves, up to a 
lattice vector, by a point group element. The characteristic property of a 
fixed point may be restated using the notion of a space group element (6, J), 
which is a point group rotation 0 followed by a displacement by an amount / 
on the lattice, 


(0,)Z= OZ +1 (10.30) 


where in general / is of the form 


3 
l= >: (Mpep + np fo) (10.31) 


p=1 


where m, and n, are integers. A fixed point is then a point Z that is strictly 
mapped to itself by a space group element, not just up to a lattice vector. We 
shall see in §10.5 that the fixed points of an orbifold are of great importance, 
the various twisted sectors of the orbifold discussed there having centre-of- 
mass coordinates, which are fixed points. To find the fixed points we have to 
solve 


(w, )Z=Z (10.32) 


with w asin (10.27) and Zas in (10.31). (Fixed points of w are also fixed points 
of w? = w7',) It is not difficult to show (Exercise 10.3) that the fixed points 
may be written in the form 

i 2/6 


Z =e (om, + m, m + m, m3 + n) = (m,n, n). (10.33) 


Thus, there are 27 inequivalent fixed points 
iz/6 


e 
Z= Vy B , P2, P3) (10.34) 


with p, = 0, +1 for p = 1, 2, 3, all other fixed points differing from these by a 
lattice vector, and so being the same points on the torus. The fixed points 
(10.34) satisfy (10.32) with 


228 TEN-DIMENSIONAL HETEROTIC STRING 


3 
l= y RA (10.35) 


p=l 
However, equation (10.34) also gives a fixed point of (w, 1) with 
3 


l= > Poep + UI — w)k (10.36) 


p=1 


for any lattice vector k, because Z — k is equivalent to Z on the torus. 

The toroidal compactification of the heterotic string theory possesses an 
Eg x Eg gauge group. A first step may be taken towards obtaining a realistic 
gauge group by embedding the point group in the gauge group, i.e. by 
associating with w an action Q on the gauge degrees of freedom that is a 
finite global element of the gauge group. The simplest possibility is to take Q 
to be the element 


=o (10.37) 


of the SU(3) subgroup of an Es x SU(3) contained in the first Eg factor of 
the Eg x Eg gauge group (the one to be associated with the observable 
sector). We shall see in the next section that this breaks the observable 
sector Eg to Es X SU(3). Further breaking of the gauge symmetry may be 
achieved by the Wilson line mechanism discussed in §10.6. 

The states of the toroidally compactified theory are not all bona fide 
states of the orbifold theory. To define consistent states on the orbifold, 
such that equivalent points on the orbifold are on the same footing, we 
must restrict ourselves to states that are invariant under the action of the 
point group (including the action of the embedding of the point group in the 
gauge group). States of the orbifold theory derived as point-group- 
invariant states of the corresponding toroidally compactified theory consti- 
tute the so-called untwisted sector of the orbifold. In addition, the orbifold 
theory possesses extra states not to be found in the toroidally compactified 
theory, referred to as twisted-sector states. The twisted sectors of the 
orbifold are obtained by observing that it is no longer necessary for the 
closed heterotic string boundary conditions to be strictly satisfied. It is 
sufficient for them to be satisfied up to the action of a point group element 
(which links equivalent points on the orbifold). We shall discuss these 
twisted sectors in §10.5. 


10.4 The untwisted sector of the Z, orbifold 


As discussed in §10.3, the untwisted sector of the Z, orbifold consists of 
those states that can be constructed as a subset of the states of the underlying 
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toroidal compactification by demanding point group invariance. The mass- 
less states, from which the light states we observe originate, are of particular 
interest. To construct these states we require the mode expansions of the 
string degrees of freedom which are exactly those of the toroidal compactifi- 
cation of §10.2, although it will usually be convenient here to cast the 
bosonic and fermionic degrees of freedom associated with the compact 
manifold in the complex basis of (10.19)-(10.21). 

It will now be shown that the undesired N = 4 supergravity of the toroidal 
compactification has been reduced to N = 1 supergravity by the requirement 
of point group invariance by checking that the number of gravitini has been 
reduced from 4 to 1. In (10.17) we saw that the gravitini were the states 


[0ra 410), j=1,2 (10.38) 


where |O}r was the SO(8) spinor Ramond sector ground state of definite 
chirality. This spinor decomposed into a 4 of SO(6) with (say) right chiral 
space-time chirality, and a 4 of SO(6) with left chiral space-time chirality. 
Under the SU(3) subgroup of SO(6) we have the decomposition 


4=34+1 (10.39) 


and, under the action of the point group element w of (10.27), the 3 
transforms with a phase factor e?™™? and the 1 is invariant. On the other 
hand, the left mover (10.38), which is associated entirely with four- 
dimensional space-time is invariant under the action of w. Thus, to make a 
right chiral point-group-invariant state we must retain only the singlet in 
(10.39). Similarly, to make a left-chiral point-group-invariant state we must 
retain only the singlet in 


4=34+1. (10.40) 


These are then just the right and left chiral states of a single gravitino, as 
required for N = 1 supergravity. 

The Eg X Eg gauge group of the toroidal compactification is also modified 
by the requirement of point group invariance when w has the embedding Q 
in the gauge group of (10.37). This cannot affect the (hidden sector) Eg but 
reduces the (observable sector) Eg to E, x SU(3) as follows. Under 
Es X SU(3), the 248-dimensional adjoint of Eg decomposes as 


248 = (78,1) + (1, 8) + (27, 3) + (27, 3). (10.41) 


The gauge fields of Eg, arising from (9.129)-(9.132) have right mover 
b} inlr, i= 1,2, which is invariant under the action of œ. To obtain a 
point-group-invariant state, it is therefore necessary for the left mover to be 
invariant under the action of 2. This eliminates (27, 3) and (27, 3) in (10.41) 
leaving only the states (78, 1) of the adjoint of E, and (1, 8) of the adjoint of 
SU(3), so the gauge group is reduced to Es X SU(3). (Notice that the 8 of 
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SU(3) transforms trivially under Q because it is contained in3 x 3 and Q acts 
with opposite phase factors on 3 and 3.) 

Apart from providing the E, x SU(3) x Eg gauge fields, the states 
(9.129)-(9.132) of the uncompactified theory also provide for the orbifold 
compactified-theory matter fields in (27, 3) of E, X SU(3). These are the 
point-group-invariant states with right movers of the type b%1//0)p, 
a = 1,2,3, in the complex basis of (10.19)-(10.21), and left movers in the 
(27, 3) component of the adjoint of Eg. (Recall that in (9.129)-(9.132) the 
index i runs over space-time and the compact manifold to form a ten- 
dimensional vector state which in the four-dimensional sense is a vector and 
six scalars.) In more detail, the right movers b*%,>/0) transform as 3 of the 
SU(3) subgroup of SO(6) associated with the six spatial degrees of freedom 
of the compact manifold and so transform with a phase factor e*”"? under the 
action of w. We can therefore obtain point-group-invariant states by linking 
these right movers with left movers in (27, 3) of Es x SU(3), which trans- 
forms with phase factor e~ 7”? under the action of Q. Similarly, linking the 
right movers b%,/\0)p with left movers in (27,3) of E, x SU(3) yields 
point-group-invariant states. In this way, we obtain scalar matter fields in 
three copies of (27, 3) and three copies of (27, 3), one for each value of a. If 
instead we consider Ramond-sector right movers, then the space-time right 
chiral component of the SO(6) spinor in 3 of SU(3) in (10.39) links to (27, 3) 
left movers, and the space-time left chiral component of the SO(6) spinor in 
3 of SU(3) in (10.40) links to (27, 3) left movers, to provide point-group- 
invariant states. Taken together with the above scalar states, this completes 
three left chiral supermultiplets in (27, 3) of Eg x SU(3) together with their 
anti-particles. 

The untwisted sector also contains certain E, singlet scalars, referred to as 
moduli, which are point-group-invariant states constructed using the left- 
mover bosonic oscillators for the compact manifold &*;. In the complex 
basis of (10.19)-(10.21), these are the nine states 


b2 12|0)pa*4,|0), a,ß=1,2,3. (10.42) 


The possibility of giving expectation values to these moduli scalars is related 
to the possibility of modifying the scale or shape of the orbifold by adjusting 
various radii and angles characterizing the underlying torus. 


10.5 The twisted sector of the Z, orbifold 


As observed in §10.3, the orbifold theory possesses additional states that 
cannot occur in the toroidally compactified theory, the so-called twisted- 
sector states, whose existence depends on the fact that it is sufficient in an 
orbifold theory for the boundary conditions to be satisfied up to the action of 
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a point group element. Indeed, the fundamental modular invariance of 
string theory (see Chapter 11) requires the twisted-sector states to be 
included in a consistent theory. For the Z3 orbifold there are two twisted 
sectors, the w and w* = w_! twisted sectors, in which the boundary con- 
ditions are satisfied up to a ‘twist’ by w or w°, respectively. Thus, in the œw 
twisted sector the boundary conditions for the bosonic degrees of freedom 
for the compactified dimensions in the complex basis of (10.19)-(10.21) are 


Z(t, o + x) = wZ(t, o) (10.43) 


and for the fermionic degrees of freedom for the compactified dimensions, 
again in the complex basis, the boundary conditions are 


PRIT, 0+ 2) = wWRI(r, o) R sector (10.44) 
and 
W(t, 0+ 2) = — WW I(r, o) NS sector (10.45) 


with similar expressions for the œ? twisted sector with w° replacing w. In 
addition, in the fermionic formulation of the heterotic string, there are three 
complex left-moving fermions with their boundary conditions twisted by 
Q = w, analogously to (10.44) and (10.45). 

The mode expansions in twisted sectors must differ from those for the 
untwisted sector. Proceeding a little more generally than is required for the 
Z; orbifold, when a bosonic degree of freedom (in the complex basis) Z has 
its boundary conditions twisted by e~*”” with 0 < y < 1, and so 


Z(t,0+ 2) =e 77"Z%(z, o) (10.46) 


then the appropriate mode expansion for the right mover ZR is 


ic 1 
Za(t — 0) =zQ+-~ Be e770 — n) ~ 9) 
Dea a 


i = 1 a + .2i(n + y) — a) 
SS ) 10.47 
2 AE e ( ) 


where the oscillators 8; _ „ and y} + „ have commutation relations 


[Bn => (B;, - n) | T Ôa, (Nn = 1) mn (10.48) 


and 


[Yin + n> (Yat) | = Sap + 1)8mn- (10.49) 


The appropriate mode expansion for the left mover Zř is 
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Di i 
Zr +a)= 224+ a eTil + mt + o) 
EC ) L 3 Jaen 

n= 


apa (10.50) 
where the oscillators Be +, and 7, — , have commutation relations 

[Bo n> (Ba + nV] = ban + 1)Omn (10.51) 
and 

[Pin a» (Pan) 1 = Saplt — 1) mn: (10.52) 


It is important to notice that consistency with the boundary condition 
(10.46) implies that there can be no momentum p“ for degrees of freedom 
Z* for which the boundary conditions are twisted. Notice also that the 
boundary condition (10.46) demands that the centre-of-mass coordinate 


z=zR +2 (10.53) 
of the string satisfies 
Sg iya (10.54) 


For the w twisted sector of the Z, orbifold, 7 is 3 for each value of a, and 
consistency with the boundary conditions requires that 


z= wz (10.55) 


up to a lattice vector (since points that differ by a lattice vector are the same 
point on the torus or orbifold). Thus, we must require that 


(a, l) =z (10.56) 


for some lattice vector l. This is just the fixed point condition (10.32). Thus, 
in twisted sectors of the string theory the centre-of-mass coordinate is 
required to be at a fixed point of the corresponding point group element. 

When a right-moving fermionic degree of freedom (in the complex basis) 
W& has its boundary conditions twisted by e777” with 0 < y < 1, then, in the 
Ramond sector, 


W(t, 0+ 2) =e 7" 7PA(z, o) R sector (10.57) 


and, in the Neveu—Schwarz sector, where the twist is superimposed upon the 
underlying Neveu-Schwarz sector boundary condition, 


Wat, o + 2) = — MPS (zr, o) NS sector. (10.58) 


Then, the appropriate mode expansion for the Ramond sector is 
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2 


a(t- o) = p A A 
n=1 


ca 


+ » (Cs aaa dee R sector (10.59) 
n=0 


where the oscillators have anti-commutation relations 
{Cm — ns Chaat = enag (Cnt) t = Omndap- (10.60) 


For the Neveu-Schwarz sector, the form of mode expansion depends on 


whether the twist 7 is less than or greater than 3. The corresponding 


expansions are 


x 


a = S 20-2 ee 


n=1 
£ (ee, 1 i) e2itn +n - 1/2) - 2)) 
NS sector, 0< 9 <3 (10.61) 


and 


oo 


RESE NN eine ee 


n=1 


à +a2i — 3/2)(r = 
SEC +n -3/2) EE TAERE 
NS sector, <N <1 (10.62) 


where 


{Cm -y + 1/2» (hani 12) } F. (emrys 1/2> (es —12)"} 


= Lome yf -32> (ef +» -32)'} T Ones (10.63) 
In the fermionic formulation of the heterotic string of §9.6, there are also 
left-moving real fermionic degrees of freedom 44, A=1,...,16, some of 


which have twisted boundary conditions when the point group is embedded 
in the gauge group. (To realize the point group embedding 0 = w on the 
fermionic degrees of freedom involves rotating these degrees of freedom by 
Q. This can be seen from (9.129) where the adjoint representation of the 
SO(16) subgroup of Eg for the gauge fields arises from the action of a pair of 
fermionic oscillators on the vacuum.) It is convenient to assemble these 16 
real fermionic degrees of freedom into 8 complex fermionic degrees of 
freedom, which we shall denote by 4”, p=1,...,8. For a left-moving 
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fermionic degree of freedom 4? with it boundary conditions twisted by 
e727", with 0 < y <1, in the Ramond sector, 

P(t, o + 2) =e 7" P(t, o) R sector (10.64) 
and in the Neveu—Schwarz sector, 

P(t, o + 2) = — e77 "A(t, o) NS sector. (10.65) 


The corresponding mode expansion for the Ramond sector is 


P(r +0) = Saa A X (UE q) eres Ot 


n=0 n=1 

R sector (10.66) 
where the oscillators have anti-commutation relations 

an (Pian) I= (Hos 9s Uia = Onn? (10.67) 


For the Neveu-Schwarz sector, the form of the mode expansion depends on 
whether the twist 7 is less than or greater than 3. The corresponding 
expansions are 


æ 


AP (t +0)= >: pei args PRESS 


n=1 


+ (ue _ je TAN e2i(n -n- ee 


NS sector, 0< <3 (10.68) 
and 
P(t +0) = > [o ae Praa 
n=] 


+ (u? ete we)" ež =n + 1/2)(t + a 


NS sector, 4 <y <1 (10.69) 


where the oscillators have anti-commutation relations 


{Piney eis Pet y= ins = {Pin +n- 3/2» PR +n- 3/2) 
= (Uh, — £2 (U$ -y= 12)"} = Sn”? (10.70) 


In the bosonic formulation of the heterotic string, the embedding of the 
point group in the gauge group is realized quite differently. Since, as 
discussed in §9.5, bosonic degrees of freedom are converted into complex 
fermionic degrees of freedom by exponentiation (as, for example, in 
(9.117)) a twist on the boundary conditions of a complex fermionic degree of 
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freedom becomes a shift on the boundary conditions of the bosonic degree 
of freedom from which it is derived by fermionization. For the Z, orbifold, 
with the standard embedding of the point group, the twist on the fermionic 
boundary conditions Q = w, with œ as in (10.27), may be written as 


Q= exp = (Jiz + J34 + 2Js56) (10.71) 


where Ji2, J34 and Js, are the generators of the SO(6) rotation group of 
which the SU(3) in which Q is defined is a subgroup. From (10.71), the twist 
Q on the boundary conditions of three complex fermionic degrees of 
freedom in the fermionic formulation becomes a shift xV” on the boundary 
conditions of the bosonic degrees of freedom in the bosonic formulation, 
with 


V’ = (353 0°)(08) (10.72) 


where we have separated the bosonic degrees of freedom into those 
associated with Eg and those associated with Eg . (Notice the factor of 2 in the 
exponent in (9.117).) The role of p{ in (9.59) is now taken by pi — V’, so far 
as the boundary conditions are concerned, and the momentum lattice for the 
bosonic degrees of freedom becomes a shifted Eg x Eg lattice, with 
momenta shifted from the Eg x Eż lattice momenta by V”. 

Mass formulae for the orbifold twisted sector may be derived from the 
mode expansions following the steps described in Chapters 7 and 8 (Exercise 
10.4). The contributions to 1M may be decomposed in the form 


4MR =4MR(B) + 3MR(F) -a (10.73) 


where M(B) and MẸ (F) are the contributions of bosonic and fermionic 
degrees of freedom, and a is the normal-ordering constant. A bosonic 
degree of freedom Z§ with its boundary conditions twisted by e77”, with 
0 <7 <1, makes the following contribution to M(B): 


IMRO) =) (Be y)'Ba—yt Y Ohanian (10.74) 
n=0 


n=1 


In the Ramond, sector, a fermionic degree of freedom with its boundary 
conditions twisted by e7% ” makes the following contribution to M&(F): 


IMRE) = X mcg) R-n + Y + MC ay ERa 
n=0 


n=1 
R sector (10.75) 


and in the Neveu-Schwarz sector a fermionic degree of freedom with a twist 
of e~*"'” superimposed on the underlying Neveu-Schwarz boundary con- 
dition contributes 
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æ 


MOS Y (a-n-en =» 10 


n=1 
+(n+n — 58 4 y= 12) EF 4 p12 


Ns sector, 0< <4 (10.76) 


æ 


iMRCE) = ` (o -y+ sce y + u2) CF — n+12 


n=) 


+ (n+ - 3) 47-32) Ch 4-32 


Ns sector, $} <y <1. (10.77) 


As a consequence of the commutators and anti-commutators of the oscil- 
lators given above, (Bay (Ya + Pi fch- as (en + ays (ch =j v2)’ 
(ergs w2), (c2 „+1u2) and (e+ y-3⁄2), acting on a string state, in- 
crease the value of 4Mz for the state by n- n, n+, n=n,n+n, 
n—-n-4,n+nyn-3,n—n+45andn +y — 4 respectively. 

The normal-ordering constant a in (10.73) may, as in Chapter 7 and 
Chapter 8, be fixed by using zeta-function regularization. Then a complex 
bosonic degree of freedom with boundary conditions twisted by e-7””, with 
O0<y7< 1, contributes 


a=- X (n+m)=—S-1.n)=-4n1- 7) (10.78) 
n=0 
where 
Elza) = X (nta (10.79) 
n=0 


and a Ramond-sector complex fermionic degree of freedom contributes 
a=- +m- n). (10.80) 


A complex fermionic degree of freedom in the Neveu-Schwarz sector with a 
twist of e~°"'”, with 0 < 7 < 1, superimposed upon the underlying Neveu- 
Schwarz boundary contribution, may be handled by replacing y by n + 4 in 
(10.78), for 0 < y <4, and by replacing y by y — 3 in (10.78) for }<4 < 1. 
For the œ twisted sector of the Z, orbifold, we may construct the scalar 
super-partners of the fermions in which we are interested (such as quark and 
lepton generations) by considering the Neveu—Schwarz sector for the right 
movers. Then, in the light cone gauge, there are two real bosonic and two 
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real fermionic degrees of freedom (or one complex bosonic and one complex 
fermionic degree of freedom) with untwisted boundary contributions. In 
addition, there are three complex bosonic degrees of freedom with bound- 
ary conditions twisted by 7 = 3, and three complex fermionic degrees of 
freedom with boundary contributions twisted by 7 = į (after subtracting } 
for the underlying Neveu-Schwarz boundary condition). Thus 


E E E (10.81) 


The massless right mover in the w twisted Neveu-Schwarz sector is therefore 
the Neveu-Schwarz ground state |0)p. 

Similarly, in the fermionic formulation of the heterotic string, we may 
decompose }M7 in the form 


4M? =4Mi(B) +4Mi(F) - 4 (10.82) 


where M? (B) and Mj(r) are the contributions of bosonic and fermionic 
degrees of freedom and @ is the normal-ordering constant. A bosonic degree 
of freedom Z with its boundary contributions twisted by e771”, with 
0<n<1, makes the following contribution to M? (B): 


=> (Bien) Besa 5 Cea aay: (1083) 


n=1 


and the oscillators (8% , ide and (77 _ n) acting on a string state increase the 
value of įM? by n +n and n — ņ respectively. The contributions of the 
fermionic degrees of freedom in (10.66), (10.68) and (10.69) are analogous 
to those for the right movers. For a complex bosonic degree of freedom with 
boundary conditions twisted by e~™7™ ”, with 0 < y < 1, the contribution to @ 
1S 


4=%- M-n) (10.84) 
and for a Ramond-sector complex fermionic degree of freedom 
=- i+ (1-7). (10.85) 


For the Neveu-Schwarz sector the remarks following (10.80) again apply. 
A discussion of the massless left movers for the w twisted sector in the 
fermionic formation of the heterotic string requires the values for the 
normal-ordering constants (a, 8), with a, 8 = NS or R, where the index a 
refers to the oscillators 14, A = 1, . . ., 16, associated with Eg, and the index 
B refers to the oscillators 4,4 =1,..., 16, associated with Eg, as in §9.6. 
When the 4“ are assembled into eight complex fermionic degrees of 
freedom A”, p = 1, . . ., 8, as in the discussion above, three of these complex 
degrees of freedom have boundary conditions twisted by y =4% in the 
Ramond sector, and, after subtracting 5 for the underlying Neveu-Schwarz 
boundary condition, by 7 = ¿in the Neveu-Schwarz sector. However, none 
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of the 2^ have twisted boundary conditions because the embedding of the 
point group is entirely in the Eg factor of Eg x Eg. In addition, in the light 
cone gauge, there are two real bosonic degrees of freedom (or one complex 
bosonic degree of freedom) with untwisted boundary conditions, and three 
complex bosonic degrees of freedom with boundary conditions twisted by 
n = 3. Consequently the normal-ordering constants are (Exercise 10.5) 


Āā(R, R) = -1 (10.86) 

(NS, R) = —4 (10.87) 

(NS, NS) = 4 (10.88) 
and 

G(r, NS) = 0. (10.89) 


It follows that there are no massless left movers in the (R, R) or (NS, R) 
sectors, because of the positive definiteness of the oscillator terms M? (B) 
and M? (F) in M{. In the (ns, ns) sector, if the twisted boundary conditions 
occur for A = 11,..., 16, then we can make massless left movers 441/210), 
A=1,..., 10, using the oscillators of (9.120), and these 10 states constitute 
a 10 of an SO(10) subgroup of Eg. Also, using the degrees of freedom with 
twisted boundary conditions, we can construct a singlet of SO(10), using the 
oscillators of (10.69), (p46)"( p46) (p16) l0, with p, q and r all different. 
In the (R, NS) sector, there are precisely 10 real fermionic degrees of freedom 
with (untwisted) periodic boundary conditions, and the massless ground 
state is then the 16-dimensional spinor 16 of SO(10). Taken together, the 
massless left movers make up the 27 of E,, where, decomposed with respect 
to the SO(10) subgroup, 


27=16+10+1. (10.90) 


In this way, we arrive at a (27, 1) of the surviving gauge group E, x SU(3) of 
§10.4. There are 27 copies of (27, 1) because there is an œw twisted sector 
associated with each of the fixed points (10.34). 

In the bosonic formulation of the heterotic string, in the light cone gauge, 
the left movers consist of 24 real bosonic degrees of freedom, or 12 complex 
bosonic degrees of freedom with 3 of these complex degrees of freedom 
having boundary conditions twisted by 7 = 3. In addition, the internal 
bosonic degrees of freedom have boundary conditions shifted by zV” as in 
(10.72). (These shifts do not affect the normal-ordering constant.) The 
normal-ordering constant for the left movers is then 


4=p-%=}. (10.91) 


The corresponding mass formula is 
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where the shift V’ is as in (10.72), and N is the oscillator term with bosonic 
degrees of freedom with twisted boundary conditions contributing as in 
(10.83) and bosonic degrees of freedom with untwisted boundary conditions 
contributing as in (9.74). The eigenvalues of Ñ are third integral and, in view 
of the positive definiteness of the first term in (10.92), the only possibilities 
for constructing massless left movers are for Ñ = 0 or Ñ = 3. The momentum 
p} is required to be on the Eg X Ef lattice of §9.4, where the lattice consists 
of all momenta of the form 


pi = Cig 8c ng) or (ni +4,..., ng +4) (10.93) 
where the integers n; are constrained by 


>; n; = even integer. (10.94) 


i 


The only solutions of Mj. = 0 are for Ñ = 0 and these are 


pit V'=(§$-52410*) (10.95) 

pi+V'=(-é-86(+3)°) (10.96) 
and 

pit V'=(-3-3§0°) (10.97) 


where in (10.95) the underlining signifies that all five permutations are to be 
included, and in (10.96) an even number of entries of 3 is required. The 
states (10.95), (10.96) and (10.97) constitute 10, 16 and 1 of SO(10) and, as 
in the fermionic formulation, we find 27 copies of (27, 1) of Eg x SU(3), one 
for each fixed point of w. 


10.6 Wilson lines 


The orbifold theory discussed in §§10.3-10.5 has some shortcomings. The 
observable gauge group is Es X SU(3) which needs to be broken ultimately 
to SU(3) x SU(2) x U(1), and, moreover there are too many generations of 
quarks and leptons. A mechanism that can be used to achieve some or all of 
the required gauge symmetry breaking”©-@) and at the same time to 
modify the matter-field content is the introduction of Wilson lines. The 
mechanism requires the existence in the theory of non-zero quantities U of 
the form 
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U~ exp Ay dx! (10.98) 


referred to as Wilson lines, which are a generalization of integrals that occur 
in the Bohm-Aharonov effect in electrodynamics. In (10.98), k =3,...,8 
runs over compact manifold coordinates, the integral is round some closed 
loop not contractible to zero on the underlying torus of the orbifold, and the 
A, are components of some 10-dimensional gauge field with zero field 
strength. The quantities (10.98) cannot be gauged to zero by an ordinary 
gauge transformation, but they can be gauged away by means of a non- 
single-valued gauge transformation. In this alternative formulation of the 
theory the Wilson lines (10.98) are no longer present. Instead, the fermionic 
degrees of freedom realizing the gauge group in the fermionic formulation of 
the heterotic string acquire extra phases upon a circuit of the torus as a result 
of the non-single-valued gauge transformation that has been performed. 
Equivalently, in the bosonic formulation, the bosonic degrees of freedom 
acquire extra shifts upon a circuit of the torus. As a consequence, the 
boundary conditions for the twisted sectors of the orbifold are modified, as 
we now discuss. 

For the w twisted sectors of the Z, orbifold associated with the various 
fixed points of w, the boundary conditions are twisted by a space group 
element (w, 1), where, as discussed in §10.3, we may take the lattice vector l 
to be of the form 


3 
l= > Fep (10.99) 
p=1 


where r, = 0, +1. The basis vectors e, of the torus lattice constitute single 
circuits of the torus in various ‘directions’ and should, according to the above 
discussion, be associated with additional twists on the boundary conditions 
of the fermionic degrees of freedom, in the fermionic formulation, or with 
additional shifts on the boundary conditions of the bosonic degrees of 
freedom, in the bosonic formulation of the heterotic string. Thus, not only is 
the point group rotation w now embedded in the gauge group, but, in the 
theory in which non-trivial Wilson lines have been gauged away by a non- 
single-valued transformation, the discrete translations e, are also embedded 
in the gauge group. (The lattice basis vectors f, of (10.26) do not have 
independent Wilson lines because of the action of w, as in (10.28), relating 
equivalent paths on the orbifold that are inequivalent on the torus.) 

In the bosonic formulation, if the embedding of w in the gauge group is 
represented by the shift zV’ on the boundary conditions of the bosonic 
degrees of freedom, and the embedding of e, by the shift zal, then the 
momenta are shifted from the Eg x Eg lattice momenta pí by V’ + rpa}. 
Then, the left-mover mass formula for the (w, L) twisted sector of (10.92) is 
modified to 
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16 
iM? =4 X (pL +V!+r,ah) +N—-3 (10.100) 
i=l 


where r, = 0, +1, for the various fixed points of w. The spectrum of massless 
states is now different for different fixed points because of the influence of 
the embeddings al, of the lattice basis vectors e,. (The embeddings a’, 
themselves are often referred to as the Wilson lines.) 

In addition, we must demand in the untwisted sector space group 
invariance rather than just point group invariance, i.e. invariance of the 
states under the action of space group elements (w, /) and their embeddings 
rather than only under the action of point group elements w and their 
embeddings. The extra invariance due to the embedding of / must reflect the 
fact that za‘, is a shift on the coordinates x’ and that exp(27i pial) 
represents the effect of this shift on a state with momentum p! because it is 
2p{, that generates translations, as discussed in $9.4. Thus, space group 
invariance imposes the constraint that exp(27i pa‘) should be 1, or 
equivalently 


pia, = integer. (10.101) 


(A similar condition is, in general, required for the twisted sectors where 
space group invariance is implemented in a slightly more subtle way as a 
generalized Gso projection. However, in the case of the Z, orbifold, all 
massless states in the twisted sectors survive the generalized cso 
projection) for arbitrary embedding of the point group and for arbitrary 
Wilson lines.) 

Choices of the embedding of the space group in the gauge group are 
restricted by the need for the embedding to be a homomorphism and by 
modular invariance. In general, for space group elements (6,,/,) and 


(82, b) 


(81, hL )(82, L) = (0102, h + Ab) (10.102) 
and consequently for the Z, point group generated by w 
(w, 1)? = (1,0). (10.103) 


For the embedding of the space group to be homomorphism it is therefore 
necessary to have 


3(V' + rpa5) on an Eg x E;} lattice (10.104) 


for r, = 0, +1. Thus, the embeddings of the point group element w and the 
discrete translations e, are constrained by 


3y' on an Eg x Eg lattice (10.105) 
and 
3a! 


p 


on an Eg x Es lattice. (10.106) 
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Also, the fundamental modular invariance property of a consistent string 
theory (see Chapter 11) requires, for the Z, orbifold, that 


3(V' + rpa) =0 (mod 2) (10.107) 


for 7, = 0, £1. 

A simple example (Exercise 10.6) of a Z3-orbifold model with a single 
Wilson line that is consistent with the constraints (10.105)-(10.107) on the 
embeddings is obtained by taking V’ as in (10.72) and 


ay = a) = a3 = (0° 333)(0°)'. (10.108) 


Retaining only space-group-invariant states in the untwisted sector the 
gauge group is reduced to [SU(3)]*, which we may interpret as 
SU,(3) x SU, (3) X SUp(3) X SU(3) where the first three factors of SU(3) 
came from the Eg, factor of the original E, x SU(3) gauge group. The 
surviving massless matter fields in the untwisted sector constitute nine copies 
of (1, 3, 3, 1) of the [SU(3)]* gauge group. The twisted sectors with 2, r, = 0 
(mod 3) provide nine complete (27,1) representations of the original 
E, X SU(3) group, which under [SU(3)]* decompose as 


(27, 1) = (1,3, 3, 1) + (3,3, 1,1) + (3, 1,3, 1). (10.109) 
The twisted sectors with 2,7, = 1 (mod 3) provide nine copies of 

(3,3, 1,1) + (1,3, 1, 3) + 3,1,1,3) + 3(1,1,3,1) (10.110) 
and the twisted sectors with 2,7, = 2 (mod 3) provide nine copies of 

(3, 1,3, 1) + (1,1, 3,3) + (3,1, 1,3) + 3(1,3,1,1). (10.111) 


It can be seen that there is an exact cancellation of all non-abelian gauge 
anomalies amongst these surviving massless states, as required for a consist- 
ent gauge theory. It is a general result” that modular invariance of the 
string theory ensures this gauge anomaly cancellation. It will also be noticed 
that the twisted sectors in the presence of Wilson lines contain massless 
states in exotic representations of SU,(3) x SU; (3) x SUR(3), some of 
which, with a standard definition of the electric charge Qem in terms of the 
generators of the group 


Qem = T$ + TR +5Y,_+4YR (10.112) 


will be able to form fractionally charged colour singlets. This is a generic 
feature of string theories. Fully realistic theories will either have to have 
hidden-sector non-abelian gauge group quantum numbers for these exotic 
states that confine them, or some spontaneous symmetry-breaking mechan- 
ism to provide them with large masses, in view of the tight cosmological 
bounds on the abundance of fractionally charged states. 
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10.7 Calabi-Yau manifolds 


Throughout this chapter we have been focusing attention on orbifold 
compactifications of the string theory because for such compactifications the 
string field equations are the same as in the uncompactified theory. If one is 
prepared to pay the price of much more difficult field equations it is possible 
to compactify on a manifold®-“ rather than an orbifold. To ensure that (at 
least) N = 1 supersymmetry survives in four dimensions it is necessary to 
choose this six-dimensional manifold to be a manifold of SU(3) holonomy 
that is also Ricci flat, i.e. for which the Ricci tensor vanishes everywhere. 
These are the Calabi-Yau manifolds. 

A modular invariant theory may be obtained by making an embedding in 
the gauge group analogous to the standard embedding of the point group in 
the gauge group for the orbifold case. For the Calabi-Yau compactification 
the analogous procedure is to identify the expectation value of the gauge 
fields in the SU(3) factor of an Es X SU(3) subgroup of the Eg of Eg x Ej 
with the value of the spin connection for the compact manifold (of SU(3) 
holonomy). 

Non-simply connected Calabi-Yau manifolds may be constructed by 
quotienting the original simply connected Calabi-Yau manifold by a freely 
acting (i.e. without fixed points) discrete symmetry group. Then gauge 
symmetry breaking may be achieved by introducing Wilson lines“!)’, using 
non-contractible closed loops on the non-simply connected space, in a 
similar fashion to the procedure in the orbifold case. 

Calculation direct from the string theory is now very difficult because of 
the modification of the string field equations. However, topological 
methods may be used to derive the spectrum of massless states, and 
topological methods together with discrete symmetries of the manifold may 
be used to derive some selection rules on Yukawa couplings. More detailed 
calculations may be carried out by exploiting the connection between 
Calabi-Yau manifolds and theories constructed using representations of the 
superconformal algebra (Gepner models)” for which explicit calculations 
of correlation functions are possible. (At least a subset of Calabi-Yau 
manifolds at special points in moduli space, i.e. for special choices of the 
‘radii’ and ‘angles’ characterizing the manifold, are believed") to be 
equivalent to Gepner models.) It is beyond our scope here to pursue either 
the topological methods employed for Calabi-Yau manifolds, or the con- 
struction of Gepner models. 


Exercises 
10.1 Show that, except for special choices of the lattice and radii of the 


compact manifold, the massless states for an orbifold have no momentum or 
winding number on the compact manifold. 
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10.2 Check the action (10.28) and (10.29) of the point group element w on 
the lattice basis vectors. 


10.3 Show that the fixed points for the Z3 orbifold may be written in the 
form (10.33). 


10.4 Derive the mass formulae (10.73)—(10.77) and (10.82)-(10.83) for the 
orbifold twisted sector. 


10.5 Calculate the normal-ordering constants of (10.86)-(10.89). 


10.6 Construct the spectrum of massless states for the Z3-orbifold model 
with point group embedding (10.72) and Wilson lines (10.108). 
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11 


DIRECT CONSTRUCTION OF FOUR- 
DIMENSIONAL HETEROTIC STRING 
THEORIES 


11.1 Introduction 


In Chapter 10 we saw how it was possible to construct heterotic string 
theories with only four space-time dimensions by compactifying six of the 
dimensions of the ten-dimensional heterotic string of Chapter 9 on an 
orbifold or Calabi-Yau manifold. It is also possible to construct four- 
dimensional heterotic string theories in a more direct fashion without the 
intermediate state of a ten-dimensional theory. One approach" returns to 
the original heterotic string, with 10 dimensions for the superstring right 
movers and 26 dimensions for the bosonic string left movers, bosonizes the 
fermionic degrees of freedom, other than those associated with four- 
dimensional space-time, and compactifies all the right- and left-moving 
bosonic degrees of freedom on a torus, with the exception of those 
associated with four-dimensional space-time. An alternative, essentially 
equivalent, approach”) which we shall pursue here exploits the possi- 
bility discussed in Chapter 9 of fermionizing toroidally compactified bosonic 
degrees of freedom. In this approach, all bosonic degrees of freedom other 
than the four-dimensional space-time degrees of freedom are replaced by 
fermionic degrees of freedom. The boundary conditions for all the internal 
fermionic degrees of freedom (i.e. other than four-dimensional space-time) 
are then chosen in such a way as to be consistent with the fundamental 
constraint of modular invariance. In the next two sections we shall describe 
the way in which modular invariance enters a consistent string theory. 


11.2 Modular invariance and partition functions 


In string theory, interactions involving strings may be described by world 
sheet diagrams such as figure 11.1 at tree level and such as figure 11.2 at one- 
loop level and so forth. (Interacting strings will be discussed in detail in 
Chapter 12.) The essential subtlety of the one-loop diagrams is contained in 
the vacuum-to-vacuum amplitude of figure 11.3 which is a toroidal world 
sheet. It is important not to double count contributions to the path integral 
for the amplitudes coming from equivalent tori. To discuss this point it is 
useful to introduce the modular parameter ¢ to characterize tori. If we 
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Figure 11.1 The string tree level amplitude. 


Figure 11.2 The one-loop string amplitude. 


combine the world sheet coordinates t and g into a single complex coordi- 
nate 


Z=or+iT (11.1) 
then we can define a world sheet torus by making the identifications 

z=z+a, (11.2) 
and 

Zz=z+ mA (11.3) 
so that 

z= z + a(n, + Nr) (11.4) 


where A, and A, are two complex numbers, and n; and m, are arbitrary 
integers. If we wish, the conformal invariance (7.8) may be used to rescale 
the world sheet metric for the torus so as to scale å; to 1 while leaving the 
ratio fixed. It is therefore only the ratio 
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that is of significance for characterizing tori. Points on the torus may be 
written as 

Zz = 0i; + Ooh, with 0 = 0,, 0, <T (11.6) 
or, after rescaling A, to 1, as 
Z=0,+ 70. (11.7) 


However, not all values of t describe inequivalent tori. Consider the 
so-called modular transformations 


A a b Ao 
= 11.8 
=le ala se 
where a, b, c and d are integers with 
ad — bc = 1. (11.9) 


These transformations induce the transformations on the modular para- 
meter 


(11.10) 


and form a group, the ‘modular group’, SL(2, Z). The inverse transform- 
ation to (11.8) is 


Az d =b a 
= 11.11 
re aa we 
and, consequently, 
ny, + naha = nya; + naha (11.12) 


where, for arbitrary integers n; and nz, n; and n; are also arbitrary integers. 
Then, when 4; and A} are related to A, and A, by a modular transformation, 
they define the same torus, through (11.4). Consequently, tori with modular 
parameters related by (11.10) are equivalent. 

Infinities in one-loop string amplitudes arising from including equivalent 
tori infinitely many times in the path integral over world sheet metrics may 
be avoided by restricting the integration to a finite range of modular 
parameters. With the aid of the transformation (11.10) relating equivalent 
modular parameters, this range is usually chosen to be 


-1<Ret<}, Imz=0, lz] > 1. (11.13) 


For this way of avoiding infinities to make sense it is necessary that the path 
integral over string degrees of freedom, which will depend on 7, should be 
invariant under the modular transformation. (The dependence on 7 will 
arise from the periodicity of the string degrees of freedom on the torus.) For 


248 FOUR-DIMENSIONAL HETEROTIC STRING THEORIES 


the vacuum-to-vacuum amplitude what is required is that the so-called 
partition function 


~ | DX DY exp(—S_) (11.14) 


should be modular invariant, where DX and D Y refer to path integrals over 
all bosonic and fermionic degrees of freedom of the string and Sg is the string 
action continued in Euclidean space. (The vacuum-to-vacuum amplitude 
itself involves a final integration over world sheet metrics.) 

The evaluation of the partition function Z can be carried out by converting 
the Euclidean path integral to a determinant™. The form of the result may 
be made plausible by comparison with finite-temperature (T) field theory. 
In field theory at finite temperature ©, the path integral for bosonic theories 
is over fields that are periodic in the ‘time’ variable with periodicity 6 
(=1/kT), and the vacuum-to-vacuum amplitude, which is the partition 
function, is given by Tr(e~ BH ) where H is the Hamiltonian operator. In the 
present situation, roughly speaking, the modular parameter 7, which speci- 
fies the periodicity on the torus, plays the role of £ and it is not too surprising 
that the contribution to the partition function (11.14) of free bosonic degrees 
of freedom is given by 


Z = Tr(q™) Tr(G*) = Tr(q*-g%e) (11.15) 
where 

q =e"? (11.16) 
and 

g=", (11.17) 
In (11.15), the Hamiltonian of (7.67) has been written as 

H=H,+ Hp (11.18) 
where 

Hp = 2(Lo — a) (11.19) 
and 

H, = 2(L — 4) (11.20) 


where a and 4 are the normal-ordering constants for right and left movers, 
respectively. 

In the case of fermionic degrees of freedom, the path integral of finite- 
temperature field theory is over fields that are anti-periodic in the ‘time’ 
variable. We would therefore expect expression (11.15) for the partition 
function to apply in string theory for free fermionic degrees of freedom in 
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the Neveu-Schwarz sector. To decide what happens for the Ramond sector, 
it is useful to think more generally about what happens when the boundary 
conditions for the fermionic degrees of freedom are twisted boundary 
conditions and to treat the transition from the Ramond to the Neveu- 
Schwarz sector as the special case of boundary conditions twisted by 
multiplying by —1. 

For a complex fermionic left-moving degree of freedom V(o, 0, ), the 
boundary conditions in the g, and ø, directions of (11.6) on the torus may 
be specified by 


P(o, o, + 2) = e7 P(o, 0) (11.21) 
and 
P(o + 2, 0) =e 7" “P(o, 0) (11.22) 


with 0 < u, v <1. Then, the left-mover partition function factor for these 
boundary conditions takes the form 


Z? = Tr(q@™ e2i(1/2 - WN) = Tr(q H (v) ($1) e727 uNe(v)) (11.23) 


where H, (v) is the Hamiltonian for a complex fermionic left mover with 
boundary conditions twisted by e~?”” (for example, 7 = v in (10.64)) and 
N,(v) is the fermionic number operator for left movers with these twisted 
boundary conditions. The N-(v)-dependent factor in (11.23) may be made 
plausible by the following heuristic argument. First notice that we can 
transform to a fermionic degree of freedom with anti-periodic boundary 
conditions in the o, direction by making the change of variables 


Poh = Au Dony, (11.24) 


By construction, the effect of this over a period (0 < o, < x) is e“ ~ 12 for 
each occurrence of the fermionic degree of freedom. Starting from an 
expectation based on (11.15), and the following discussion for the fermionic 
Neveu—Schwarz sector, that for V the contribution to Z would be given by 


Z = Tr(q™) 


it might then be expected that upon returning to the original string degree of 
freedom V we would have to introduce a factor 


en etitu = 1/2)N,(v) 


In particular, if we take the boundary conditions in the a, and oz 
directions to be either Neveu-Schwarz (Ns) or Ramond (R) then for a single 
left-moving real fermionic degree of freedom we should have 


ZNS = Tr(gi®9)) (11.25) 
ZNS = Tr((—1)¥q7u®®)) (11.26) 
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Zis = Tr(q@®) (11.27) 
and 
ZR = Tr((-1)¥q*®) (11.28) 


where the fermion number operator Ñp(v) has been abbreviated to F. The 
left-mover Hamiltonians for a single real fermionic degree of freedom 
following from §8.5 with the normal-ordering constants as evaluated in §8.7 
are 


H (Ns) = 2 5 rb_,b, -4 (11.29) 
r>0,reZ+1/2 
and 
HR) =2 > nd_,d, +b. (11.30) 
n>O,neZ 


11.3 Partition functions and GSO projections 


In §8.8, the Gso projections for the superstring were introduced ad hoc in 
order to delete tachyonic ground states and to obtain equal numbers of 
bosonic and fermionic degrees of freedom, as required for a space-time 
supersymmetric theory. In this section, it will be shown that projections of 
this type can be derived by demanding a modular invariant partition 
function, which as we saw in §11.2 is necessary to avoid infinities in one-loop 
string amplitudes. 

For simplicity, we shall consider a group of eight left-moving real 
fermionic degrees of freedom with all eight degrees of freedom having the 
same boundary conditions on the world sheet torus. The left-mover Hamil- 
tonian H, following from (11.29) and (11.30) (for a single fermionic degree 
of freedom) takes the form 


Hins) = 2 rbi_,bi —4 (11.31) 
r>0,reZ+1/2 


for Neveu-Schwarz boundary conditions, and 


H (R) =2 3 ndi „di, +3 (11.32) 


n>O,neZ 


for Ramond boundary conditions, where the sum over i runs over the eight 
degrees of freedom. 

To construct a modular invariant partition function it is necessary in 
general to take a linear combination of terms with definite boundary 
conditions. To explore this, consider the effect of a modular transformation 
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on a fermionic degree of freedom with boundary conditions as in (11.21) and 
(11.22), which we now write as 


P(o, 0, + 2) = hF, 0;) (11.33) 
and 

P(o + 1, 01) = gV(02, 01) (11.34) 
where 

Gee ek (11.35) 


If points on the torus after the modular transformation (11.8) are written as 
Z=03A, + 05,5 with 0 < 01,05 < 7 (11.36) 


the coordinates (04, o1) are related to (02, 0,) by 
o3 d —=c\/o 
= . 11.37 
er ala) el 


In terms of the new coordinates (03,0;) the boundary conditions for 
W(o4, 01) may be written as 


V(03, 0; + 2) = h'V(o, 01) (11.38) 
and 

P(o + 1,01) = g'V(93, 01) (11.39) 
with 

(h', g') = (h85, hg’). (11.40) 
Put another way, if we write 

gee See) (11.41) 


the connection between the boundary conditions for V on the torus defined 
by t and the boundary conditions for V on the torus defined by 7’ of (11.10) is 


(o 7 k ao} (11.42) 


Thus, the partition function contribution Z} on the torus defined by 7 is 
mapped to the partition function contribution Z¥; on the torus defined by 7’. 
Since, in general, the boundary conditions (v’, u’ ) differ from the boundary 
conditions (v, u), a modular invariant partition function must be con- 
structed as a linear combination of terms of the type Z}. 

For the present case, if we consider the modular transformation 


v=-1t (11.43) 
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then the mapping between partition function contributions on the torus 
defined by f? and the torus defined by 7’ is 


Z> Zip Z >Z Zin > Zi? — ZH Zp (11.44) 
up to possible phase factors. For the modular transformation 


al Tt 


= 11.45 
ars oe) 
the corresponding mapping is 
zi> Ziz Zz > Zo” An VAN > Zp (11.46) 


up to possible phase factors. To determine the phase factors involved 
in these transformations we next construct the partition function terms 
explicitly. 

Using the left-mover Hamiltonians (11.29) and (11.30), together with 
(11.25)-(11.28), and remembering that Z% as defined in (11.23) is for a single 
complex fermionic degree of freedom, we find that (Exercise 11.1) 


Zig=q-"? || a+”? (11.47) 

n=] 
Zy? = q7"? [| (1—g"-1y (11.48) 

n=] 
Zin = 24" || a +q”? (11.49) 

n=1 

and 

= 0. (11.50) 


The factor of 2 in (11.49) and the vanishing of Z8 derive from the 
contributions of the two possible Ramond ground states for each pair of real 
fermions discussed in §8.8. For the Neveu-Schwarz and Ramond sectors 
under discussion here with eight real fermionic degrees of freedom or 
equivalently four complex fermionic degrees of freedom, the relevant 
partition function contributions are 


ZN = [Zi] (11.51) 
ZR = [ZP] (11.52) 
ZNs = [Zin] (11.53) 


and 
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ZÈ = [Z$]. (11.54) 


The infinite products in (11.47)-(11.49) are special cases of the genera- 


lized 6-functions?, 


, (a | = gi? Y+ M6 griu- v) 
v 


feo 


x Į] (1 = qe —v) e™iu)(1 = qr" +u-~1) eos) (11.55) 


n=1 


and in general (Exercise 11.2) 
Ze = eM -v) e(t} i): (11.56) 
v 


These generalized 6-functions possess the useful shift properties: 


s(t e-em as 
o(otab)=-emalli4 as 


They transform under modular transformations (11.10) as 


selale as 


where €, is a twelfth root of unity independent of u and v, 


and 


at+b 
=> ~ 
ct+d 


(11.60) 


and the action of a on 


o) 
i (o 7 c ol (11.61) 


For the present case, 
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1 4 
ZNS = — fe (7) i] (11.62) 
2 
4 
| (11.63) 


ji (11.64) 


and 
Ze=0 (11.65) 


where we have used the identity 


[[ a+ amat qe") =2 7] ata? 


n=1 n=1 


ak Xn — 1)2 
=> i %2, (11.66) 


We may now construct a modular invariant partition function by taking a 
suitable superposition of these terms 


Z = NNSZNS + NR`ZR + NSZNs + NRZR. (11.67) 


Relationships between the coefficients 7 required for modular invariance 
may be obtained by applying the transformation property (11.59). In the 
present discussion, employing only a group of eight left-moving real fermio- 
nic degrees of freedom, we should disregard the factors ¢,, which cancel 
between left and right movers in a complete model. Then, using the modular 
transformation 


to 7’ =t/(% +1) (11.68) 
we find that 

ZNs(@/(z + 1)) = — ZNs(F) (11.69) 
and 

ZRs(t(E + 1)) = — ZR8(#) (11.70) 


and modular invariance of Z requires 
"Ns = — NS- (11.71) 
Also, using the modular transformation 


it =-1/ (11.72) 
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Figure 11.3 The vacuum-to-vacuum string amplitude. 


we find that 

ZRS(-1/¢) = Z8, (2) (11.73) 
and 

Z8,(-1/2) = ZR) (11.74) 
and modular invariance of Z requires 

NRS = MNs- (11.75) 


Thus, the modular invariant partition function takes the form 


_4)\F+1 
ONS) Z = mC +( P 2 gos) 


E (0 + ee ') | (11.76) 


where 
N = NRINNS- (11.77) 


Remembering that the partition function is essentially the vacuum-to- 
vacuum amplitude of the theory of figure 11.3, equation (11.76) implies 
projections (Gso projections) on the string states. For the Neveu-Schwarz 
sector, the Gso projection P is 


_1+(1"+! 


5 NS sector. (11.78) 


P 


In agreement with (8.155). For the Ramond sector, the projection is 


_1+n(-1)+! 


P 
2 


R sector (11.79) 
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in agreement with (8.157). The coefficient 7 is not determined by modular 
invariance of the partition function. 

However, consideration of unitarity shows that 7 should be +1. All this 
discussion has been for a group of eight real fermionic left movers. If instead 
we consider a group of sixteen real fermionic left movers, as appropriate for 
the internal degrees of freedom in the fermionic formulation of the heterotic 
string, the projection (11.78) is modified to (1 + (—1)*)/2 in agreement with 
(9.134). 

Strictly, we should be considering right and left movers simultaneously to 
impose modular invariance on the complete partition function of (11.15). 
For a complex fermionic right mover with boundary conditions twisted by 
e771" and e 7” in the a, and o, directions on the world sheet torus, 
respectively, the partition function contribution is instead Z}, consistently 
with the replacement of q by q in (11.15). It is not difficult (Exercise 11.3) to 
repeat the arguments employed here retaining all right- and left-moving 
fermionic degrees of freedom of the superstring to arrive at the Gso 
projections (11.78) and (11.79), which now apply separately to left and right 
movers. As in §8.8, type-IIB and type-ITA superstring theories are possible 
depending on whether y in (11.79) has the same or opposite values for left 
and right movers. Thus, the Gso projections that were introduced ad hoc in 
88.8 can now be derived from the fundamental requirement of modular 
invariance of the theory. 

In the next section, we shall discuss the way in which the requirement of 
modular invariance can be used in the construction of consistent four- 
dimensional heterotic string theories. 


11.4 Four-dimensional heterotic string theories 


In this section, we shall develop the fermionic construction of four- 
dimensional heterotic string theories described in the introduction where all 
bosonic degrees of freedom other than those associated with four- 
dimensional space-time are fermionized®-©). Before proceeding to the 
constraints imposed on such theories by modular invariance, we shall first 
establish notations for the boundary conditions for the fermionic degrees of 
freedom, and shall also consider the requirements for world sheet supersym- 
metry. 

When all bosonic degrees of freedom other than those associated with 
four-dimensional space-time are fermionized the complete set of degrees of 
freedom of the heterotic string, in the light cone gauge, is as follows. 
Associated with four-dimensional space-time there are the bosonic degrees 
of freedom X’, and the real fermionic right movers We, i= 1,2. It will be 
convenient to group these two real fermionic degrees of freedom into a 
single complex degree of freedom, which we denote by y. There are 18 real 
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fermionic right-mover internal degrees of freedom Ax, Ak and Akg, 
k =3,...,8, because for each of the ‘original’ real fermionic degrees of 
freedom there are two more arising from the fermionization of the corre- 
sponding bosonic degree of freedom. 

We shall assume in what follows that these real fermionic degrees of 
freedom occur in pairs of triplets with the same boundary conditions, so that 
we can assemble the six triplets of real fermionic degrees of freedom into 
three triplets of complex fermionic degrees, which we denote by Afr, A5p 
and A§p, a = 1, 2, 3. Finally, there are 44 real fermionic left-moving degrees 
of freedom, which we assume can be assembled into 22 complex fermionic 
degrees of freedom which we denote by f, A = 1,..., 22. The action for 
all these string degrees of freedom is 


S= zeo [9, Xi 3, X’ — ð Xİ ð, Xİ + 2i(7 an + HC) 

+ 2i(AfR ô+Afr + Afr ô+Afr + ASR ô ASR + HC) 

+ 2i(f a_E4 + no)] (11.80) 
where 

ð+ = 3(0, + ðo). (11.81) 


The fermionic degrees of freedom, both left and right movers, will be 
denoted collectively by Y(t, o), and twisted-sector boundary conditions 
will be written in the form 


Wr, o + 2) =e 2M '(z, o) (11.82) 
with 
0<W' <1. (11.83) 


It is convenient to split the vector W of boundary conditions W’ into right- 
and left-mover boundary conditions Wp and W, by writing 


W = (Wa|W,). (11.84) 


It is also convenient to write Wp in a way that displays the triplets of 
fermionic degrees of freedom so that 


W = (s(a;b,c1) (a2b2c2) (a3b3¢3)| Wi) (11.85) 
where the twists are for the degrees of freedom 
(n(AirAdRA3R) (AtrMjRA3R) (AtrA3RRARR Et ). 


It is important, for the elimination of ghosts from the theory to be 
possible, that the right movers (which derive from the superstring) should 
possess world sheet supersymmetry (unspoiled by the process of fermioniza- 
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tion). With all the bosonic degrees of freedom other than those associated 
with four-dimensional space-time fermionized, the world sheet supersym- 
metry has to be realized in a non-linear way. To discover the form of the 
supersymmetry transformations in these circumstances it is necessary to find 
transformations that leave the action invariant and such that the commuta- 
tor of two such transformations is a translation, as appropriate for the 
supersymmetry algebra. This program has been carried®) through with the 
resulting world sheet supercurrent Tp (which is the analogue of (8.11)) 


Tr =2iVQ a, Xi +i y AkpAkpike. (11.86) 
k 


For this supercurrent to be well defined, all terms in Tr must have the same 
boundary conditions, and so the boundary conditions for the product of xp, 
Akp and Ak must be the same as those for Yh. If, as assumed above, the 
triplets Af, , ASR and AR of real fermionic degrees of freedom are assembled 
into triplets Afp, ASp and Ap of complex fermionic degrees of freedom, the 
resulting condition on the boundary conditions, referred to as the triplet 
constraint, is 


a, + ba +c, = S (mod 1) (11.87) 


where a,, ba and c, and s are half-integers or integers. 

To construct a modular invariant partition function it is necessary to take a 
superposition of terms with the various allowed boundary conditions in the 
0, and o, directions on the world sheet torus for the vacuum-to-vacuum 
amplitude. In the present case, the generalization of (11.23) to include all 
left- and right-moving fermionic degrees of freedom is 


ZW, = Tr(qM gta) eiw- W')- N(W)) (11.88) 
where Wọ is defined to be 

Wo = (O IO. (11.89) 
Scalar products are defined to have a minus sign for right movers so that, for 
example, 

W- N =W Ñ — W Ñr (11.90) 
and 

N (W) = (Nr(W)IN (W)) (11.91) 


is the vector of fermionic number operators for right and left movers with 
boundary conditions twisted by W. 

Z% factorizes as a product of partition function factors and their conju- 
gates of the type (11.23) for the 22 complex left movers and 10 complex right 
movers. 
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10 32 
Ze = |] Zh |] z. (11.92) 
f=1 f=11 


Now, a modular invariant partition function must be constructed as a 
superposition of the type 


Z= >» cw.z¥, (11.93) 


wW,w' 


for some coefficients CH., where the sum is over all allowed boundary 
conditions in the o, and o> directions. 

Using the general expression (11.56) for the factors in ZW. in terms of 
generalized -functions and the modular transformation property (11.59), 
conditions for (11.93) to be modular invariant may be derived®:@-©, 
These conditions fall into two general types. First, when a modular trans- 
formation maps Z% to itself, modular invariance requires that no phase 
factor should arise from the transformation. (This occurs when 
(h', 2’) = (h, g) in (11.40).) This restricts the choices of boundary con- 
ditions W in a consistent theory. Second, when a modular transformation 
maps partition function terms C¥.ZW. into other such terms, relationships 
amongst the Cy. are required for modular invariance. In the way discussed 
in §11.3, summing over o, boundary conditions W for fixed o) boundary 
conditions W’ leads to generalized Gso projections. 

The somewhat lengthy calculations involved are to be found given in some 
detail in the original literature@®, to which we refer the reader. The 
results as regards the allowed boundary conditions in a modular invariant 
theory may be summarized as follows. All allowed boundary conditions can 
be written as linear combinations of a set of ‘basis vectors’ {W;}, so the most 
general boundary conditions W are 


w= aW. (11.94) 


If the order m; of W; is defined to the smallest integer such that the 
components of m,;W; (no summation on i) are integers, then the a; are 
integers taking values in the range 0 to m; — 1. The bar over the top of a;W; 
means that one is to take the fractional part of its components so that the 
components of W satisfy (11.83). Basis vectors W; consistent with modular 
invariance satisfy 


m ò Wh, =0 (mod 2) (11.95) 
pave 
1 


mY Wie =0 (mod2) (11.96) 
$ 
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where W has been separated into right- and left-mover boundary conditions 
as in (11.84), 


mW;:W;=0 (mod 2) m; even (11.97) 

mW,;:W,;=0 (mod 1) m; odd (11.98) 
(no sum on į implied), and, for i # j, 

mjW;;W,;=0 (mod 1) mj even (11.99) 
and 

2m,W;:W;=0 (mod 1) my odd (11.100) 


where m; is the least common multiple of m; and m,, and the scalar products 
are again defined in the fashion of (11.90). 

Once a set of basis vectors W; has been chosen, all sectors of the theory 
corresponding to distinct choices of boundary conditions are obtained from 
(11.94). However, the theory is not completely specified until the genera- 
lized Gso projections have been determined. Modular invariance tightly 
constrains these projections for any choice of the W; but there is still some 
freedom, which may be parametrized by certain parameters k,; which are 
subject to the conditions 


mk, =0 (mod 1) (11.101) 

kj + kj = Wi W; (mod 1) (11.102) 
and 

ka + ko + 5; — 3W;-W;=0 (mod 1) (11.103) 


where s; is the first entry of W; as in (11.85), and no sum oni or j is implied 
in (11.101) or (11.103). The generalized cso projections for the W twisted 
sector, with W given by (11.94), may be cast in the form 


Wi N(W)=s;- W; W+ 2 kja;+ ko (mod1) (11.104) 
j 


where 
N(W) = (Na(W)|NL(W)) (11.105) 


is the vector of eigenvalues of the fermionic number operator N (W) for the 
sector with boundary conditions twisted by W, and the scalar products are 
again defined as in (11.90). 

There is an important subtlety when some of the fermionic degrees of 
freedom have Ramond boundary conditions. Then, N(W) contains a contri- 
bution from the zero modes e, of the subset Y® with Ramond boundary 
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conditions of the complete set of fermionic degrees of freedom (right- and 
left-moving) Y”. These zero modes create spinor ground states 


Ing) = [| (e,)"+|0) na=00r1 (11.106) 


as in (8.159), and the contribution No to 2, N*(W) is 
No = > tes (11.107) 


a 


When =, N°(W) is multiplied by 5 in the generalized aso projection (11.104) 
(as can occur when W; has entries of 4 in appropriate positions), the 
zero-mode contribution to (11.104) only depends on whether No is even or 
odd, and this amounts to the chirality of the spinor ground state (for both 
right and left movers together) entering the projection, since the chirality of 
the ground state is given by 


x= (-1)* (11.108) 


as a consequence of (8.164). 


11.5 Semi-realistic four-dimensional models 


We shall now construct some examples“) of four-dimensional heterotic 
string theories using the approach of the previous section. The simplest 
example to be studied employs just two basis vectors wọ and w; with wo (as 
before) given by 


Wo = (OG) (11.109) 
and W, given by 
W, = (0 (033) (033) (053)|(3)*). (11.110) 


(This choice of basis vectors is consistent with the modular invariance and 
world sheet supersymmetry constraints of §11.4.) Since both basis vectors 
have order two, the model has four sectors given by 


Ww=0 Wo W, Wo+ Wi. (11.111) 


The normal-ordering constants ag and a, for the 0 sector and Wọ + W; 
sector are negative and consequently these sectors contain no massless 
states. The normal-ordering constants for the other sectors are 


(ag, a.) = 6, 1) for the Wọ sector 


(dp, a) = (0, 1) for the W; sector. (11.112) 
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The parameters k,; that enter the generalized cso projections are restricted 
by (11.101)-(11.103) to take the values 


ko =0 or 4 (mod1) (11.113) 

ki or +4 (mod1) (11.114) 
and 

ko =kio= ku (mod 1). (11.115) 


There are 32 complex fermionic degrees of freedom (both right and left 
movers) W’,/ = 1, ..., 32, and there are transverse four-dimensional space- 
time real bosonic degrees of freedom X a and X g „j = 1,2, whose oscillators 
can be used in the construction of string states. Let us consider the Wy sector 
first. Adopting the notations of (9.101) and (9.109) for complex fermionic 
degrees of freedom, with obvious modifications for right movers, the 
massless right movers are 


(f12)'lO)R and (g2) "Or f=1,...,10 (11.116) 
and the massless left movers are 

ál j=i1,2 (11.117) 
and 
(fin Finy Or EÝ Biny lO. Fih Y Ein Y Or 

m,n=11,...,32. (11.118) 


The Wọ sector is subject to the generalized cso projections (deriving from 
(11.104)), 


and 


N,- > Nk=0 (mod2) (11.120) 
1=3,4,6,7,9,10 


where Np and N are the sums over all components of Np and NL, 


Ne = 3 Nh (11.121) 
f=1,....10 
and 
N= > Ni. (11.122) 
f= 11.....32 


Amongst other things, these projections delete potential tachyonic states 
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with m = m7 = —4. The massless states in the Wọ sector surviving the 
generalized cso projections are as follows. First there are the states 

(Finy Oral (11.123) 
and 

(812) 0ra}: (11.124) 


which for / = 1 provide the graviton, dilaton and antisymmetric tensor. In 
the present four-dimensional case, the antisymmetric tensor is just a single 
(pseudo) scalar state, so the graviton is accompanied by two real scalars. For 
l= 2,5 and 8, which is also consistent with the generalized Gso projections, 
we obtain instead six real vector fields. It may be conjectured at this stage 
that these are the six graviphotons that occur in the N = 4 supergravity 
multiplet of table 1.3, and we shall see shortly that the model does indeed 
contain all the massless states necessary to complete this supermultiplet. 

Second, there are the states obtained by taking a right mover of the form 
(11.116) and a left mover of the form (11.118). Observing that (f %2) 10L 
and (¢7%)"|0),, taken together provide the components of an SO(44) vector, 
we see that the left movers (11.118) are the antisymmetric part of the 
product of two SO(44) vectors and so transform as the adjoint represen- 
tation of SO(44). Taking / = 1 for the right movers we obtain vector fields in 
the adjoint of SO(44) that can provide the gauge fields of SO(44). Taking 
instead / = 2, 5 or 8 (which also satisfies the generalized cso projections) 
gives six multiplets of real scalars in the adjoint of SO(44) (as required for 
the N = 4 vector supermultiplet of table 1.3). 

Next, let us consider the W, sector. In that case the massless right movers 
are just the ground state |0)p, and the massless left movers are (11.117) and 
(11.118), exactly as for the Wy sector. Because the right movers V', Y7, Y5 
and Y$ have periodic boundary conditions, the ground state |0)p is an SO(8) 
spinor. In this case, the generalized Gso projections are 


Ni- Nk=0 (mod2) (11.125) 
l=3,4,6,7,9,10 


and 


It is important to notice that (11.126) contains contributions from the zero 
modes of Y!, Y?, Y° and YS, which means that the chirality of the SO(8) 
spinor ground state enters this projection in the way discussed at the end of 
§11.4. In consequence, the surviving massless states possess a single SO(8) 
chirality. 

Taking |0)p as the right mover and the left mover of (11.117) to obtain the 
states 


264 FOUR-DIMENSIONAL HETEROTIC STRING THEORIES 
Orat: j=i,2 (11.127) 


provides four four-dimensional vector spinor states with helicity 3 and four 
four-dimensional spinor states with helicity 3 along with the same numbers 
of massless states with helicity —3 and —3, as required for N = 4 supergravity 
gravitinos and associated spin-+ components. Taken together with the 
massless states already obtained in the wo sector, these states complete the 
N = 4supergravity multiplet of table 1.3. 

Taking |0)p as the right mover and the left movers of (11.118) provides 
four states with helicity 4 and four with helicity —4 in the adjoint of SO(44) as 
required for the N = 4 gauginos. Together with the massless states in the 
adjoint of SO(44) from the Wọ sector these states complete the N = 4 vector 
supermultiplet of table 1.3. 

Thus, the model generated by the basis vectors Wy and W; is an N = 4 
supergravity theory with SO(44) gauge fields. More realistic models with 
N = 1 supergravity may be obtained by adding further basis vectors consist- 
ent with the modular invariance and world sheet supersymmetry con- 
straints. We first add a single additional basis vector W, where 


W2 = (0 (033) (503) (305)|(3)'* 0°). (11.128) 


Then, in addition to the massless states in the Wy and W; sectors there are 
also massless states in the W, sector with fermionic super-partners in the 
Wo + W, + W, sector. The parameters k; required for the generalized Gso 
projections satisfy (11.113)-(11.115) and additionally 


ky=0 or £! (mod1) (11.129) 

ky =0 or 4 (mod1) (11.130) 

Kay = Koz = ka (mod 1) (11.131) 
and 

ko, = ky +4 (mod 1). (11.132) 


The massless spectrum in the Wọ sector is modified by the W, generalized 
GSO projection 


N! — F NR =0 (mod2). (11.133) 
l=11,....24 l=3.,4.5.,.7,8., 10 


The three complex gauge singlet vector fields are reduced to a single 
complex vector field or, equivalently, two real vector fields. For the gauge 
non-singlet vector fields, either both left-mover indices m and n of (11.118) 
have to belong to {11,..., 24} or both have to belong to {25,..., 32}. In 
this way, the surviving gauge fields make up the adjoint of SO(28) x SO(16). 
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Moreover, the original three complex scalars in the adjoint of SO(44) are 
reduced to one complex scalar in the adjoint of SO(28), one complex scalar 
in the adjoint of SO(16) (each with right-mover index / = 2 in (11.116)) and 
two complex scalars which are vectors of both $O(28) and SO(16) (with 
right-mover index / = 5 or 8). 

For the W; sector, the W, generalized Gso projection is 


N! = ` Na =2(k +k»). (11.134) 


7=11,...,24 1=3,4,5.7,8, 10 


Noticing that NÎ and N$ have zero-mode contributions, we see that for the 
gravitinos a definite chirality is chosen in the corresponding SO(4) subgroup 
of SO(8). In consequence, the number of gravitinos is reduced from four to 
two. Similarly, the number of massless spin-3 states associated with the 
gravitinos in the original N = 4 theory is reduced to two. In the case of the 
gauginos, the projection is also influenced by the representation of 
SO(28) x SO(16) to which the left movers belong. As a result, there are 
surviving gauginos in the adjoint of SO(28) and in the adjoint of SO(16) for 
one right-mover SO(4) chirality, and surviving erstwhile gauginos (not now 
associated with any gauge fields) transforming as a vector of both SO(28) 
and SO(16) for the other SO(4) chirality. 

It can now be seen that the massless states correspond to an N=2 
supergravity theory with SO(28) x SO(16) gauge group. The N = 2 super- 
gravity multiplet of table 1.2 is made up of the graviton and a single real 
gauge singlet vector from the Wọ sector together with two gravitinos each 
with helicity +3 from the W; sector. The remaining real gauge singlet vector 
from the Wọ sector joins forces with two massless spin-} states each with 
helicity +5 from the W, sector and two real scalars from the Wọ sector 
(originally the dilaton and antisymmetric tensor of the N = 4 theory) to form 
a gauge singlet N = 2 vector supermultiplet as in table 1.2. Moreover, the Wọ 
and W, sectors provide the gauge fields together with their gauginos and two 
real scalars, all in the adjoint of SO(28) x SO(16). In addition, the complex 
scalars and erstwhile gauginos in the vector representation of both SO(28) 
and SO(16) constitute an N = 2 hypermultiplet as in table 1.2. 

In the W, sector, the massless states in the first instance are 


(0) |O). (11.135) 


where because of the zero modes the right-mover ground state |0)p is an 
SO(8) spinor and the left-mover ground state is an SO(16) spinor. The Wo, 
W, and W, generalized cso projections on the W, sector take the form 


Ni = Nr =1+ 2(ko2 + Koo) (mod 1) (11.136) 


Nos ` NR =1+2(k +k) (mod1) (11.137) 
i=3,4,6,7,9,10 
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and 


Ni — >: Nk=0 (mod2). (11.138) 
?7=11,...,24 1=3.4,5,7,8,10 


After applying these generalized Gso projections, a definite right-mover 
SO(8) chirality is associated with a definite left-mover SO(16) chirality. 
However, since the SO(8) spinor contains both four-dimensional space-time 
chiralities the theory is non-chiral, as expected for N = 2 supergravity. 

A chiral N = 1 supersymmetric theory may be obtained by the addition of 
one further basis vector 


Ws = (0 (305) (034) (430)/()’ 0” GY 0°). (11.139) 


The parameters k;; in the generalized cso projections then satisfy (11.113)- 
(11.115), (11.129)-(11.132) and additionally 


k3 = kog = k33 +4 (mod 1) (11.140) 

kx, =k; +4 (mod 1) (11.141) 
and 

k32 = ka (mod 1). (11.142) 


The normal-ordering constants are such that no new sectors with massless 
states arise. 
The W; generalized cso projection for the Wo sector takes the form 


N,(SO(14)) + N(SO(6)) — Da Nk=0 (mod2) (11.143) 
1=2,4,6,7,8,9 
where 
N,(SO(14)) = > Ni (11.144) 
Z=11,...,17 
and 
N,(SO(6)) = Nt. (11.145) 
- = >» PTI i 


This projection removes the remaining gauge singlet complex vector field 
and so removes the real vector in the N = 2 supergravity multiplet and the 
real vector in the gauge singlet N = 2 vector supermultiplet of which it is 
composed. The gauge fields are reduced to those of SO(14) x SO(14) 
x SO(10) x SO(6) and the model can be regarded as an SO(10) grand 
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unified theory with horizontal symmetry group SO(6) and SO(14) x SO(14) 
hidden-sector gauge group. 
In the W; sector, the W; projection takes the form 


N,(SO(14)) + N,(SO(6)) — 2 NL =14 2(ki3 + k33) (11.146) 
l=2,4,6,7,8,9 


where NR and N% have zero-mode contributions. The projection therefore 
selects a definite chirality in the SO(4) associated with NR, and NÎ and 
halves the number of gravitinos leaving just a single gravitino as required for 
the N = 1 supergravity multiplet. The gauginos are unaffected. Thus, we 
end up with the supergravity and the gauge field vector supermultiplet of an 


N = 1 theory. 
Finally, the W3 generalized cso projection for the W, sector takes the form 
N(SO(14)) + Ni (SO(6))- SNR 
1=2,4,6,7,8,9 
= 1 + 2(k23 + k33) (mod 2) (11.147) 


where Ni (SO(6)), NR, N& and NR have a zero-mode contribution. Com- 
bining (11.147) with (11.136) which has zero-mode contributions from Nk, 
Nz, N$, NR and 


N,(SO(16)) = > NL (11.148) 


l=25,...,32 


we see that the four-dimensional space-time chirality for the right movers is 
correlated with the SO(10) chirality for the left movers. However, both 
SO(16) chiralities are allowed. Thus, after all projections, the W3 sector 
contains massless SO(14) x SO'(14) singlet states in 


2(16, 4), + 2(16, 4), + 2(16, 4)p + 2(16,4)p (11.149) 


where (a,b); r denotes the representation a of SO(10), b of SO(6) and 
four-dimensional space-time chirality L or R. The two copies of each 
representation occur because, as a result of the Wy, W, and W; projections, 
there is definite chirality in the SO(4) associated with N$ and NR (and so 
two states) for a given space-time chirality. We now have a chiral theory, as 
is permitted for N = 1 supersymmetry, with 16 generations in 16 of SO(10), 
together with their anti-particles. 

The discussion given in this chapter can be generalized slightly to allow for 
the possible presence of some real fermionic degrees of freedom ®© which 
cannot be paired with other fermionic degrees of freedom with the same 
boundary conditions to form complex fermionic degrees of freedom. With 
this generalization, it has proved possible to construct potentially realistic 
three-generation models with flipped SU(5) x U(1) grand unification. 
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Exercises 


11.1 Derive the partition function contributions for periodic and anti- 
periodic boundary conditions (11.47)—(11.50). 


11.2 Derive the partition function Z} of (11.56) for general v and u. 


11.3 Use modular invariance to derive the Gso projections for the super- 
string. 
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SUPERSTRING INTERACTIONS 
12.1 Introduction 


Apart from the intrinsic interest in formulating a consistent, relativistic 
quantum string theory, its importance stems from the fact (belief) that it may 
provide a finite quantum theory of all of the interactions in nature, including 
gravitation. The particles whose interactions we study are identified with 
single (massless) modes of the string. If we are to ascertain the consistency 
(or lack of it) of string theory with the real world, it is obviously essential that 
we can calculate scattering amplitudes whose external lines represent single- 
particle states, but whose internal structure includes all of the allowed string 
modes, not just a few single-particle states. Thus we are interested in 
calculating diagrams such as the closed-string diagrams shown in figure 12.1. 

This task is made feasible by utilizing the invariance of the theory under a 
conformal rescaling of the world sheet metric hyg(t, o), described in 87.2. 
Under a finite such transformation, 


hyo has (12.1) 


with A(z, ø) an arbitrary function of the world sheet coordinates t, o. By a 
suitable choice of A we can always arrange that the external lines ‘puncture’ 
the world sheet at finite points. The simplest illustration is provided by a 
single incoming particle and a single outgoing particle, as shown in figure 
12.1(a), with a cylindrical world sheet, parametrized by z, œ with 


—-x<z< aw 0<g<2n (12.2) 


and having the metric 


ds? = dz? + R? dq’. (12.3) 
Instead of z we may use the parameter 6 defined by 

z= 2R In(tan 36) 0<6<az. (12.4) 
Then 

ds? = R7[(sin 0)? d8? + dg] (12.5) 


and exploiting the conformal invariance allows us to rescale the metric witha 
factor 


e^ = sin’ 6. (12.6) 
Then the new metric is 


DOI: 10.1201/9780367805807-12 
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Figure 12.1 Conformal transformations of the closed-string world sheet mapping 
asymptotic states into finite points. 


ds? = R*(d6? + sin? 6 dg”) (12.7) 


which we recognize as the metric on a 2-sphere of radius R. The initial and 
final string states at z = —%, +% correspond to 6 = 0, x, i.e. the north and 
south poles of the sphere, as shown in figure 12.1(a’). 

For more complicated processes, such as those shown in figure 12.1, (b) 
and (c), a suitable conformal factor e^ can always be found that maps each 
external string state onto a finite point on the world sheet, as shown in figure 
12.1, (b’) and (c’). This is possible because we only need to choose a 
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X-CO 


Figure 12.2 Conformal transformations of the open-string world sheet. 


conformal factor e^ that has the desired asymptotic behaviour for each 
external string, and these can be chosen independently. 

Similar remarks apply in the case of open-string scattering, as shown in 
figure 12.2(a). The world sheet can be conformally mapped onto a disk, or 
onto the upper half-plane, with the external states now appearing at finite 
points on the boundary, as shown in figure 12.2, (b) and (c). 

In order to construct scattering amplitudes we must next deduce or define 
a vertex operator characterizing the particular particle being emitted or 
absorbed at this (finite) point on the world sheet. This is done for the lowest- 
lying states of the bosonic string in §12.2; the required operator is derived 
using the Lorentz properties of the particle, together with its ‘conformal 
dimension’, which describes its behaviour under world sheet reparametriza- 
tions. In §§12.2 and 12.3 we present the rules for calculating on-shell tree 
scattering amplitudes for the open (and closed) bosonic string, using the 
previously derived vertex operators and a propagator whose form is moti- 
vated by our experience of calculating scattering amplitudes in (bosonic) 
quantum field theory. We also verify that the (open-string) amplitudes 
possess the anticipated symmetry under a cyclic permutation of the external 
particles, and have poles corresponding to the known tachyon, vector states 
and the whole tower of massive string states. The generalization of these 
topics to the superstring is addressed in §12.5. In this case we need the vertex 
operators for the emission of a boson from a bosonic state of the string, the 
emission of a boson from a fermionic state of the string, and the emission of a 
fermion from a fermionic state of the string, turning it into a bosonic state. 
The form of these superstring operators is constrained by requiring invar- 
iance under supersymmetric reparametrizations of the world sheet. We also 
use the vertex operators to determine the three-graviton vertex and the 
graviton-gravitino-gravitino vertex in the context of the closed superstring. 
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The former reproduces the three-graviton vertex which may be derived from 
general relativity, while the latter reproduces the interaction vertex that was 
obtained previously in supergravity theory. Finally, in §12.6, we outline 
recent developments that are beyond the scope of this text. In particular we 
indicate how scattering amplitudes are calculated in (potentially) realistic 
theories such as the orbifold and fermionic models discussed in Chapters 10 
and 11. We also give a short report on the current status of the most 
developed realistic model, the flipped SU(5) x U(1) (fermionic) model. 


12.2 Bosonic string vertex operators and conformal dimensions 


For closed strings, when we have mapped the external string states to 
puncture the world sheet at finite points, there must appear local operators 
that characterize the individual string states associated with each such point. 
We denote by W, (t, o) the local operator that corresponds to the absorption 
of a string state |A) at the point (t, a) on the world sheet. W, must carry the 
quantum numbers appropriate to the state |A) and must be constructed from 
the operator X“ and its derivatives (in the case of the bosonic string). Thus in 
the case where |A) is the (tachyon) ground state, W, must be a (D- 
dimensional) scalar, while if |A) is a graviton state, W, must transform 
as a spin-2 Lorentz tensor. However, with only this information there is still 
considerable freedom in choosing an appropriate W,. 

Besides the Lorentz properties discussed above we must also ensure the 
correct behaviour under translations. A state |k} of momentum k“ is 
multiplied by a factor e~'*- when the translation 


X"—» X” +a” (12.8) 


is effected. Thus we expect W,(z, a) to be multiplied by the operator e~ £: * 


if it is to describe the absorption of the state |A, k) having momentum k. 
Further, since any vertex operator W,(t, a) may be inserted at any point on 
the world sheet, the quantity that is required for the calculation of scattering 
amplitudes is the operator 


VA(k) = | da V—hWa(z, o) e™i E~, (12.9) 


Since (by construction) all string theories are invariant under reparametriza- 
tions of the world sheet, we should expect that V,(k) also has this property. 
In particular it should be invariant under rescaling of the world sheet 
parameters 


a> io (12.10a) 
T> Ar. (12.10b) 
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(Such a rescaling will not destroy the conformal gauge choice (7.13), (7.14).) 
Since the measure acquires a factor 4? as a result of the rescaling, we require 
that W, e'*-* acquires a (compensating) factor of 1~?. Now, the invar- 
iance of the bosonic string action (7.4) under the above rescaling suggests 
that X“ is invariant. (In that case the required 47? comes from the two 
derivatives ða, dg in (7.4).) Further, if X“ is invariant, it would appear that 
e i*-* is also invariant. But this is not correct, as we shall see shortly. 

For open strings, the external string states are mapped onto the boundary 
of the world sheet, so there is a vertex operator W,(r) that is associated with 
the absorption of the state |A) at the point on the boundary parametrized by 
t. In this case the quantity needed for the calculation of scattering ampli- 
tudes is 


V,(k) = | dr Vh,,W,(t) eiO (12.11) 


where k is the momentum of the absorbed state, and X(r) is evaluated on the 
boundary (o = 0 or 27x) of the world sheet. Then under the rescaling (12.10) 
of the parameter T, by reasoning as we did above, we require that for the 
open string W, e '*:* acquires a (compensating) factor 2; the difference 
arises because, since the external states are inserted on the boundary of the 
world sheet, there is only a single integration variable in (12.11). 

The rescalings (12.10) are merely special cases of the reparametrizations 


og—a'(o) (12.12a) 
tT 1'(t) (12.12b) 


which preserve the conformal gauge. The above observations about the 
behaviour of the local operator W, e~'*:* under the rescalings can then be 
understood as statements about the ‘conformal dimension’ of the operator. 
This is defined as follows. Consider a local operator A(t), such as arises in 
the open-string vertex operator for example. Under the reparametrizations 
(12.12b) A(t) is transformed into A’(t’) and we say that A(z) has ‘conformal 
dimension J’ when 


Al(t »=($ Z] Ac, (12.13) 


So if the open-string W, e'*-* has conformal dimension one, then (in 
particular) it will acquire the required 4~' under the rescaling (12.10b). 

The infinitesimal generators of the coordinate transformation (12.125) 
are just the Virasoro operators introduced in $87.5, 7.6. To see this consider 
an infinitesimal general coordinate transformation of the circle parame- 
trized by 0,0 = 6 < 2x, 


6 6' = 6+ a(6). (12.14) 
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Define 
Zan (12.15) 
then 
zoz'=2A1+ e&z))=z+ éz Tl (12.16) 
and 
\ n+l df. 
feyza +) qe (12.17) 
Thus the operators (corresponding to e(z) = — z”) are 
Li ae (12.182) 
dz 
ine d 
a hn 12.185 
ie T ( ) 


generate the reparametrization, and it is easy to check that they realize the 
Virasoro algebra (7.96) (without the central extension). The relevance of 
this to the case in hand is apparent when we note that although z is not an 
angular variable it becomes such in the open-string mode expansion (7.43) 
since it arises only in the form ef” with n integral. 

The definition (12.13) becomes 


z’ dz 
z dz’ 


A'(z’) -( ) A@ (12.19) 


in terms of the variable z, so for the infinitesimal transformation (12.16) we 
find 


dA de 
A(z) = A'(z) — A(z) = — —+JA—|- 12.20 
A(z) = A'(z) (2) ze E J H ( ) 
Taking € = — z” we deduce 
[Lm A(z)] = 2” fe + mJ) A(z) (12.21) 
z 
and expanding A(z) in its moments 
A(z) = > Az” (12.22) 


gives 
[Lins An] = [MO — 1) — Ams n- (12.23) 
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The Virasoro generators (7.92) for the open string are 
Lin =~}: > Am — p&p: (12.24) 


and with o = 0 the moment X% of X“(r, 0) = X*(z) is (from (7.43)) 
X4 = at (n #0). (12.25) 


We leave it as an exercise (Exercise 12.2) to show that 
[Lm Xh] RA (m+ n)X m+n (12.26) 


thereby suggesting that X“(z) has conformal dimension J = 0; however, this 
does not work for n = 0, because the momentum part of X“ in (7.43) 
involves t = —ilnz. Thus X#(z) is strictly not an operator of definite 
conformal dimension. On the other hand it is easy to check that 
—i ô X“(t, 0) = zð, X”(z) does have definite conformal dimension J = 1 
(and this is essentially all that is needed for the invariance of the action), so 
in this weak sense X“ has J = 0. 

This also indicates why e'* * might have J # 0 in general; the exponen- 
tiation of the momentum term gives a power of z (see (12.27) below), and we 
can imagine that this might ensure that e'*-*© has definite conformal 
dimension. The verification that this is the case, and the determination of the 
J-value, is considerably more involved. First we have to be more precise 
about what we mean by e'*'*), We shall study the normal-ordered form 


A(z) = :e 1%: *@); = exp) ~ Kies 2") exp(-ik.X —k.p\nz) 
n 


n=] 


æ 


», “Ss 2") (12.27) 


n=1 


X exp 


Rather than determine the moments A, it is easier to work with (12.21). 
The algebra is straightforward but tedious (Exercise 12.3); commuting Lm, 
given in (12.24), with A(z) generates terms that are not in normal-ordered 
form whereas the right-hand side of (12.21) is normal ordered, and it is 
necessary to reorder carefully. The upshot is that the conformal dimension 
of :e7'*-*@): ig 


J= — k?/2. (12.28) 
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Let us return to the question of the vertex operators. It follows from (7.98) 
that the open-string ground state has a mass M satisfying 


M?=-2 (12.29) 


(since a = 1). Thus the conformal dimension of :e~'*-*™: for the tachyonic 
ground state |0,k) having momentum k is J = 1. Since we require that 
W, e '*-* has conformal dimension one, it follows that the tachyon vertex 
operator Wọ has zero conformal dimension. Thus we may take 


Wo=1. (12.30) 


The first excited state of the open string is the massless vector state 
obtained by operating on the state |0, k) with the a_, operators. Since this is 
a massless vector (k? = 0) in D space-time dimensions, there are only D — 2 
physical states corresponding to the D — 2 directions transverse to the 
vector k. A vector state |v; €, k) having polarization € and momentum k is 
given by 


lv; €, k) = ea” 1/0; k) (12.31a) 
with 

k =0 e.k=0 e= -]1. (12.31b) 
Since the conformal dimension of :e~'*:*: is now zero, from (12.28), the 


corresponding vertex operator W, e(t) must have conformal dimension 
J= 1. We therefore take 


W, (T) = 4,[e,X*(z, 0)] (12.32a) 


or 
W, (2) =i z£ [e X“). (12.32b) 


(The overall normalization will be justified later.) 

Things are only slightly more complicated when we address the closed- 
string vertex operators. In this case, since the external states are conformally 
mapped onto any point on the world sheet, we need first to know the 
conformal dimension of :exp(—i k. X(t, 0)): with 


X(t, 0) = XQ(t — 0) + XP(t + 0) (12.33) 


and Xk having the mode expansions given in (7.26) and (7.27). The 
separation (12.32) implies that the exponential factorizes as 


:exp(—i k. X(t, o)): = :exp(—ik.Xp)::exp(—ik.X,): (12.34) 


and it is apparent that such an operator has conformal dimensions associated 
with each of the independent reparametrizations 
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0,701 (0) (12.35a) 

0.201 (o) (12.35b) 
where 

04=tta (12.35c) 


parametrize the left- and right-moving modes respectively. Let us define J, 
as the conformal dimension associated with (12.35a), and Jp that associated 
with (12.355). For the operator (12.34) it is clear that 


JL =Jp. (12.36) 


The calculation of this common value proceeds very similarly to the 
open-string case with the result 


J = Jp = —§k’. (12.37) 


The factor of four difference between this result and the open-string result 
(12.28) arises from the overall factor of two difference in the mode 
expansions (7.26), (7.27) compared with the open-string expansion (7.43); 
effectively this replaces k by k/2 in the calculation of the conformal 
dimension. 

We saw in §7.8 that the closed-string ground state is tachyonic with mass 
M satisfying 


M?=-8 (12.38) 


so the conformal dimensions J, and Jp of :e~'*'*: for the ground state are 
J,, = Jp = 1. Thus it acquires a factor of 47+ under each of the independent 
rescalings 


0,104 (12.39a) 
o_—ho_ (12.39b) 


and consequently a factor 47? under the simultaneous rescaling. It follows 
that the (closed-string) tachyon vertex operator Wọ has zero conformal 
dimensions, and we may take 


Wy=1 (12.40) 


as in the open string. 

The first excited states of the closed string are the massless states given in 
(7.120), corresponding to the graviton, antisymmetric tensor, and dilaton 
states. 

As in (12.31), the massless graviton state with polarization tensor €,, and 
momentum k is given by 


|g; €, k) = Evo ilo rá lO (12.41a) 
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Figure 12.3 The N-particle open-string amplitude. 


with 
k=0 Euv = Eyy e, =0 k“e,,=0. (12.41b) 


The corresponding vertex operator W, «must have J, = Jp = 1 and is given 
by 


W, AT, 0) = Epy 3 X4 0- X” (12.42a) 
that is 

Wp elT, 0) = JEn 3a X“ °X” (12.42b) 
where, as in (8.38), 

d+ = d/don = $(ð, + 4,). (12.42c) 


The anti-symmetric tensor and dilaton states have vertex operators con- 
structed in an analogous manner. 


12.3 Bosonic open-string scattering amplitudes 


To date there is no really satisfactory quantum field theory of strings. As a 
result we are not yet able to derive the rules for calculating amplitudes from 
a Lagrangian in the manner that we are accustomed to using for point 
particles. Instead we have to postulate certain rules for constructing dia- 
grams, which have been found to yield scattering amplitudes with the 
features that we would expect in the light of our knowledge of point particle 
scattering amplitudes. At present the rules give satisfactory results for on- 
shell S-matrix elements only. In this section we shall address the calculation 
of tree amplitudes only. There are non-trivial complications in extending the 
techniques to loop amplitudes that are beyond the scope of this book. 

Our experience of calculating Feynman diagrams leads us to expect that a 
(tree) scattering amplitude will have associated with it (i) vertex factors 
V,(k;), in general momentum dependent, characterizing the absorption of 
string states |A,; k;) of momentum k,, and (ii) propagator factors A associ- 
ated with the propagation of the string between two vertices“, Then the 
amplitude for the N-particle process shown in figure 12.3 is given by 
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An= go (Ay ; kil Va (k2) AV, (ks) NV ge (ky - i)IAn; ky) (12.43) 


where g is the string coupling constant. The vertex factors are just the 
products :W, e~'*:*:, introduced in §12.2, but evaluated at t = 0 (z= 1). 
The propagators A are analogous to the familiar scalar-field Feynman 
propagator (p* — m? +i.«)~'; the (open-string) mass formula is given in 
(7.98): 


1M? = — ` oh paun — 1 (12.44) 


and we see from (7.91) and (7.92) that the Hamiltonian H, given in (7.97), is 
H= Lo- 1 =- }4(p? —- M?). (12.45) 
We therefore take the propagator to be 
A=(Ly-1-ie (12.46) 


not worrying too much at present with the normalization. We write each 
propagator A in (12.43) using the integral representation 


1 
a=] dzz% ?, (12.47) 
0 
Then 
1 1 1 
av=] al fs... CIN -1 (A: kilVg,(ky)zbo7 Vazi 
0 73 Jo 24 0 ZN-1 E 


X (2324)%0~ Va, (ka) (2324) 7% +} + + (z3z4 + zy 1)! 
X Vay_ (kn -1X234 t zy) t] 
X (Z324 Zy 1)" T lAn; ky). (12.48) 


The operator Lo generates t translations, so for any local operator A(t) 
we have 


A(t) = È HA (0) et = eit DA) eiD, (12.49) 
In terms of the variable introduced in the previous section 

z=elt (12.50) 
this gives 

A(z) = zT A(z% tt, (12.51) 


Thus we may rewrite (12.48) as 
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Ay= gr? f 2f T f dN- (4,; ki|Va(kz, z2) 
0 73 Jo 74 0 4N-1 

X Vaj(ks, Z3) Va (k4, 2324) °° 

X Vas-i(kN - 15 2324°°* ZN—1) AN; kw) (12.52a) 
where 

2=1 (12.52b) 
and we have used 

(Lo — 1)|Ay; ky) = 0. (12.52c) 
Changing variables to 

Yi = 292Z32Z4°°° Zi (i=2,3,.... N—1) (12.53) 
gives 

vo i 

[| a (12.54) 


and the domain of integration is 
Dp: O0<ynyi1<yn-2°°' <3 <y =l. (12.55) 
Then 


N-1 
Z dy; 2 
an= a| T Zihi kalaka yala s) 
d Yi 


i=3 
X Vay_i(Kn 15 ¥n-1)/Ans kw). (12.56) 


We may view the above manipulations as follows. The integral represen- 
tation of the propagator, used in (12.47), requires the integration of the 
variable z in (12.50) to be along the imaginary axis t =it’,0<1' < œ. Itis 
therefore natural to associate the initial state |A,,, ky) with ty = œ, corre- 
sponding to yy = 0, and the final state |A; k,) with ti = —©, y; = &. 

However, we observed in §12.1 that for open-string scattering we can 
always choose a mapping of the world sheet onto the upper half-plane, or 
onto a disk, with the external states appearing at finite points, as in figure 
12.2, (b) and (c). Thus the scattering amplitude ought to be invariant under 
the cyclic transformation of the N external particles: 


(Ay, ky; A2, k2; ++ +3 Ans kn) > (An, ky; At, Ki; ttt Anai kni). (12.57) 


Obviously to prove this statement, we will need to perform a conformal 
transformation in which 
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tote, (i=1,...,.N-1) (12.58) 
ot (12.58) 


but to do this we need to associate vertex operators V,,(ky, yy) and 
V,(k1, y1) with the initial and final states in (12.56). 
Consider first the case where |A) is a tachyon state, so W, = 1. Then 


|A; k) = lim z*”?V,(k, z)|O, 0) (12.59) 
z—->0 ' 


where |0, 0) is the zero-momentum Fock space ground state. The reason for 
inclusion of the factor z*/? = z7! is that we may write V,(k, z) in the form 
(12.27) and only the zero-mode piece 


Zo Seo he els (12.60) 


contributes in the tachyon state. It is easy to see (Exercise 12.3) that we may 
rewrite this as 


dike ~ k2 = 2 =i 
Ze e ik.x, k.p- k?/2 _ z k.p + k?/2 o ik.x (12.61) 
so 


Zol0, 0) = 22 et k-x1Q, 0) is zr 


A, k) (12.62) 


and it is this 27%”? (= z for the tachyon) that must be cancelled in (12.59). 
Similarly 


(A; k| = lim (0, 0/V,(k, z)”. (12.63) 


Thus we may rewrite (12.56) as 


N-1 


: -2 -k 2 dy; 
Án = lim g^ Zii “ayya ji Z1 (0, OVa lki» y1) 


yi> &, yyw 0 @ 23 


xX Valkas yo) 00° Vino (knw 1>YN- 1)Vaylkw, yn)l0, 0) (12.64) 


with the domain & given in (12.55) 

Using this form for the amplitude the cyclic invariance may be readily 
established. It is instructive to do this, since the proof utilizes the residual 
symmetry (SL(2, R) in fact), which preserves the conformal gauge choice 
made in (7.13), (7.14). However, it is not needed for the calculation of the 
simple string amplitudes that constitute the main objective of this chapter. 
We therefore refer the interested reader to Appendix B for the details. 

The simplest amplitudes to calculate are the three-point functions A3, 
since it is apparent from (12.56) that no integrations are needed. The three- 
tachyon vertex is 
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A3 = g(0; kı|Vo(k2, 1)|0; ks) (12.65) 
with 
Volk, 2) = :Woe tk *); (12.66) 


and W,)=1, as given in (12.30). It is clear from (12.27) that only the 
zero-mode part of Vo(k, 1) contributes: 


A; = 30; kyle! *10; kz) = g(0; k,|0; ky + k3) 
= g(2m)P56)(k, + kz + k3). (12.67) 


Evidently such an energy-momentum-conserving 6-function, multiplied by 
(2x)? , will appear in all amplitudes, and we shall only exhibit the remainder 
of the amplitude: 


A3 ~ g. (12.68) 
Next consider the tachyon—tachyon—vector vertex: 

A3 = (0; ky|Vy,e(k2, 1)10; k3) (12.69a) 
where 

V, dk, z) = W, (2) e EZO (12.69b) 
with W, e(z) given in (12.32). Thus using (7.43) (and setting / = 1) 

W, (2) =€.p + >, €.a,27", (12.70) 

n#0 

Hence 

A3 = g(0; kile2. p|0; ka + kz) ~ gen. (ky + k3) (12.71) 


with e, the polarization of the external vector state. Since e, is transverse to 
k2, as given in (12.31b), 


A3 ~ 8€.k3 = — gez. kı = 3862. (k3 — kı) (12.72) 
using energy-momentum conservation. The same result must of course be 
obtained if we cyclically permute the states so that the vector state is the 
initial state and we insert a tachyon vertex operator: 

A3 = 800; k3|Vo(k1 , 1)|V; e2, ka) = 8(0; k3|Vo(k, 1)e2. a110; k2) 
= g(0; kaje ~i “i e“ ez. a10; k2) 
= gO; k3 + k,|[ky ~ 4, ED. a_]|0; ka) TUES gek: (12.73) 


in agreement with (12.72). Incidentally, this agreement provides the pro- 
mised justification of the overall normalization of the vector emission vertex 
operator (12.32). 

The triple-vector vertex is given by 
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A3 = gly; €, ky|V, elke, 1)|v; €3, k3) 
= g(0; kile. a[(€2.@-1 + @.pte.a)e ke 
x et * ek Jes, a_4|0; k3) 
~ — gfe. €263. k1 + €). €361. k2 + 63. €162. k3 
— (e1. k2)(€2.k3)(€3.kı)] 
= g[e. €263. (k2 — ky) + €z. €361. (k3 — k2) + €. 6162. (kı — k3) 
— €.(k3 — k2)e2. (kı — kz )e3. (k2 — kı )] (12.74) 


and we have used the fact that only the n = 0, +1 modes are active in this 
case. The final form shows that this amplitude is antisymmetric: 


A3(1, 2, 3) = — A3(2, 1,3) (12.75) 


so the full (Bose symmetric) amplitude for the process, obtained by adding 
these two amplitudes, for example, is zero. Thus, as in QED, the triple- 
(massless-) vector amplitude is zero in an abelian gauge theory. However, it 
survives in a non-abelian theory, in which there is a compensating totally 
anti-symmetric group theory factor f*”¢ associated with the vertex. We note 
too that the first three terms of (12.74) give precisely the momentum 
dependence of the triple-vector vertex in non-abelian theories, as can be 
verified by comparison with equation (10.75) of Bailin and Love®. (Of 
course in that case the vertex is for general off-shell vector particles, and 
derives from the cubic terms of the Yang-Mills Lagrangian —4F,” Fap -) 
The last term in (12.74) is actually of order a’, and amounts to an additional 
term proportional to f*” F, u Fo” Fop” in the effective (Yang-Mills) Lagran- 
gian. 

We turn now to the simplest four-particle amplitude, involving four 
tachyons. From (12.56) we have 


1 

d 

Aa =g? | 200; kl Valkas DV olka, y): ka) (12.76) 
0 

Using (12.27) and (12.61) the zero-mode part of Vo(k3, y) gives 


evi kax —k,.p- KV/210; ka) = eTii ky x =k,.k, + 10; k4) 


= y7- 10; k3 + k4) (12.77a) 
since k3 = — 2 for a tachyon state and we have defined 
s=(k, +k) = (k3 + kg)? = 2k3.k4 — 4. (12.77b) 


Similarly the zero-mode part of Vo(k2, 1) converts (0; k,| to (0; k, + k2|. The 
contribution of the non-zero modes is then determined by 


foe) ow 


(0, olexp| BY “2-2 exp| - > Ean yn) l0, 0) (12.78) 


m=t1 n=] 
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ky k, 


Figure 12.4 s-channel exchange contribution to 44. 


and this is most easily evaluated using the ‘coherent state’ methods, 
described in Appendix C. Using the result 


(Ge^:ieB:} = 48) (12.79) 


it is apparent that we only need 


(aB)=(0,0|[ X S-an) L “stony |0, 0) 
m=1 ' n=l 
= > “2:83 yr = — k,.k3in(1 — y). (12.80) 


n=l1 


Putting these results together we get (the Veneziano“ amplitude) 


1 
Ag ~e| dyy 4-20 — y)? = °B|- > -1,- : -1 (12.81a) 
0 \ 
where 
t= (ki + ky)? = (ky + k3)* = 2k2.k3 — 4 (12.81b) 
and B is the beta function 
i 4 _; _ T(a)P(b) 
= a-1(1 =x) T! = A. 12.81 
B(a, b) [des eee ess (12.810) 


Note that because the gamma functions have poles where their arguments 
are -zero or negative integers, the amplitude A, has poles when 
s,t= —2,0,2,4,.... This result is in accord with what we would expect 
from field theory considerations. We have already established in (12.68) the 
existence of a non-zero three-tachyon vertex, when all three tachyons are 
on-shell. Thus there ought to be a contribution to A, arising from the 
exchange of a tachyon (T) between the pairs k,, k, and k3, k4, as shown in 
figure 12.4. 
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k, k 


ky k, 


Figure 12.5 t-channel exchange contribution to A4. 


Our experience of field theory leads us to expect a pole in the amplitude 
from the propagator of T which contributes (k? — m3-)~', where k is the 
momentum of T, and mr is its mass. Thus using energy-momentum 
conservation, the pole is when k? = (k; + ka} = s = —2, in accordance 
with the vanishing of the argument of the gamma function F(—s/2 — 1) in 
A4. The other s-channel poles arise from couplings of the tachyon to the 
massless vector, as suggested by (12.73), and to the whole tower of massive 
string states. In the same way the t-channel poles may be understood to arise 
from exchanges between the pairs kz, k3 and k}, k4. 

The fact that this amplitude (12.81) is symmetric under the interchange of 
s and tis, however, quite amazing from a field theory viewpoint. It amounts 
to the statement that the diagrams in figure 12.4 are equal to the diagrams in 
figure 12.5. More generally, for N-point amplitudes, A y is invariant under 
cyclic interchange of the momenta k,, k3,..., ky. 


12.4 Bosonic closed-string amplitudes 


The evaluation of closed-string amplitudes proceeds analogously to that of 
the open-string amplitudes. The principal difference arises because the 
world sheet for a closed string is (topologically) a sphere, and the external 
particles puncture the sphere (generally) at finite points. As explained in 
$12.1, the world sheet can be transformed to an ordinary round sphere, and 
then mapped onto the entire (complex) place. Then after the Wick rotation 
t=ir' the right-moving part of the world sheet Xp(t — a) becomes a 
function Xp(z) of the complex variable 


ge etl = 0) e72 +io) (12.82a) 


while the left-moving piece X,(t + o) becomes a function X, (Z) of the 
complex conjugate variable 


Z= etto) = eTe i 0), (12.82b) 
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There is a difference too in the propagator. The closed-string mass formulae 
are given in (7.84), (7.85), (7.86), and using the expressions for Lo, Lo given 
in (7.65), (7.66) we see that the Hamiltonian H, given in (7.67), is 

H = 2(Ly + Lo — 2) = — Xp? — M?) (12.83) 


so, with the same normalization as (12.46), we take the propagator to be 


5 1 = 
A =}(L + Lo- 2)! =1| dpp% tT? (12.84) 
0 
where we have introduced the integral representation analogous to that 
given in (12.47). However, we also have the constraint (7.87) which requires 


(Lo — Lo) |p) = 0 (12.85) 


for any physical state |g). Since this constraint has not been incorporated 
into (12.84), it is clear that non-physical states will be propagated by A. To 
restrict the propagation to physical states obeying (12.85) we modify A to 


O | Sebo gh- 
0 0 


4a 47 lesi |z|* 
(12.86a) 
where 
z=pe'? (12.86b) 
d*z = pdpdg. (12.86c) 


Just as in the open-string case (12.43) the amplitude for a general (tree) 
scattering process is given by 


Ay = g“ KOSE ki|Va(k2) AV 4,(k3) +++ AVay_ (Ky - 1)|Ans ky) 
+ permutations (12.87) 


with g the string coupling constant, and the vertex factors V,,(k;) character- 
ize the absorption of a state |A;) of momentum k; (at the point 
(t, o) = (0, 0)). Since there is no well-defined order for the N — 2 emitted 
particles, the amplitude Aj, includes a sum over all permutations of the 
vertex operators. Then, just as the open-string amplitude is symmetric under 
cyclic reordering of the N external particles, so the closed-string amplitude 
includes all possible orderings of the N external states. 

The separation of the world sheet X“(t, a) into right- and left-moving 
pieces also entails a similar separation of the vertex factors V (k), so 


Va(k) = Var(k, o- = 0)V a (k, o, = 0) (12.88) 


with o defined in (12.35c). Lo, Lo generate translations of o_, o, for the 
right- and left-moving pieces, so 
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Vaglk, T — 0) = e246 — DLV, glk, Oe AE Oh (12.892) 
Valk, t + 0) = e0 + DEY, (ke, 0) en 2 + Le (12.89) 


which, as in (12.51), can be rewritten in terms of the variables z, Zintroduced 
in (12.82): 


Var(k, z) = 207 Var k, 1277? (12.90a) 
Valk 2) e240 Val dz ote (12.90b) 


As before these are precisely the factors that appear in the propagator A 
given in (12.86). For this reason the final expression for A y is very similar to 
(12.56): 


-1 


N-2 N 2 
dz; - 
Av=(£) 4r a a (Ay; kil Va (k, 1, 1) Va, (3, 23, 23) °° 
4r 2 i23 |z;l 


x Vay (knw -1 ZN -1 Zv—1)|An; ky?) + permutations (12.91a) 
with 

x Va(k, z, Z) = Var(k, 2)VaL(k, 2) (12.91b) 
as in (12.88). The domain of integration is 

D: 0< |zy_1|<|zv_2]<-+-<|z| <1. (12.91c) 
In this case the simplest amplitude, the three-tachyon vertex is 
A3 = g(03 ky| ete Fa) ee XL DIQ: k3) = g0; k,| 71% *10; k3} (12.92) 


since only the zero-mode part of the vertex operator is activated. The 
external tachyon states are defined by 


|0; k) =e***10)g|0), (12.93) 
(with k? = —8). Then as in (12.68) 

A; = g(0; k,|0; k2 + k3) (12.94a) 
that is 

A~g (12.94b) 


omitting the energy-momentum-conserving 6-function multiplied by (27)®?. 

Similarly the tachyon-tachyon-graviton vertex may be derived in a way 
that closely parallels the tachyon-tachyon-vector vertex in open-string 
theory: 


A3 = (0; kil Vz.e(k2, 1, 1)|0; k3) (12.95a) 


where 
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Vg, e(k, z, Z) = Wee XCD (12.95b) 
with W, .(t, a) given in (12.42). Using the expansions (7.26), (7.27) we find 
W,,A1, 1) = (pu + Za, )(3p, + 24,). (12.96) 


A; = 48(0; k,\€S” pup,l0; ka + k3) ~ geg” kaka, 
z geh kinki a sees’ k3,k1, (12.97) 


using energy-momentum conservation and the transverse properties 
(12.41b) of e5”. 

We leave the other closed-string three-point vertices as exercises and turn 
now to the four-tachyon scattering amplitude. Equation (12.87) gives 


A4, = (0; k,|Volk2) AVo(k3)l0; k4) 
+ g°(0; ky|Vo(k3) AVo(k2)|0; k4) (12.98) 


and, using (12.86), we can write the first term as in (12.91) as 


5 


d? s 
g | p OK lVolka, 1, Volks, z, 2) 
z si 


=> 0; k4). (12.99) 
4z 


Similarly, we can use the propagator in the second term to write it as 


g d?z -1 5-1 
z] Tz (0; ki|Volk3, 2°, 27} )Vo(k2, 1, 1)|0; k4). (12.100) 
7 <1 [2I 


Now change variables in this term to 


w=z! w=3z! (12.101) 
so that 

dz dw 
Then 


2 2 
A4 = = [eo ky|P[Vo(k2. 1, 1)Vo(ks, z, Z)]|0; k4) (12.103) 


where the region of integration is the whole of the z-plane and P is an 


ordering operation, defined by 


Volka, 1, 1)Vo(k3. Zs, Žž) |z] <= 1 


P[Vo(k2, 1, 1)Vo(k3, Z, z)] = ie z, 3 Volk2, 1,1) Izl >1. (12.104) 


The factorization property (12.88) of the vertex operator means that the 
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integrand in (12.103) also factorizes into left- and right-moving pieces. The 
contributions of each of these is readily evaluated as in the open-string case 
(see (12.77) to (12.80)). First note that using the notation (12.82) 


X"(z, 2) = XR(2) + XD (12.1052) 
with 

X&(z) = 5x" - a Inz+ > À; auzon (12.105b) 

XE) =4x"- : p“ini+ ; 2. ale”, (12.105c) 


Thus the zero-mode part of Vo(k3, z, Z) gives 
exp(—i k3.x — 4k3.p In 22)|0; ky) = e's * (zz) ks halt — G4 
= |z|~*s 4/2 +210; ks + k4) (12.106) 


since for the closed-string tachyon state k3 = —8. As in (12.80), the non-zero 
mode contribution is 


(1 — zy) 401 — 2) M4 (12.107) 


so 


z aE fez |z|- k21 — z|- hel? (12.108) 


The general expression for integrals of this and more general forms is 
given in poner D (see (D11)). 


Thus“? 
iie g TA — kz. ka/AT( — ky. k3/4)0( — ky .k3/4) 
4 T'(k3.k4/4)0 (ka. k3/4)P (k; .k3/4) 
ee (12.1094) 
where 
s= (k; +k} =2k;.k2— 16 (12.109b) 
t= (k, + k3)? = 2k>.kz — 16 (12.109c) 
u = (k, + k3} = 2k; .k3 — 16 (12.109) 


now, because of the different tachyon mass. As expected this has poles at 


S,t,u = 8(n — 1) n=0,1,2,... (12.110) 
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corresponding to the tachyon, (massless) graviton, anti-symmetric tensor, 
dilaton, and the whole tower of massive string states. 

The factorization (12.88) of the closed-string vertex operator into vertex 
operators (12.89a) and (12.895) associated with the right- and left-moving 
modes, suggests that the result (12.109) might also be separable. Also, since 
both of the vertex operators (12.89a) and (12.89b) are similar to the open- 
string vertex operator, we might suspect that our result is expressible in 
terms of the open-string result (12.81) for the four-tachyon scattering 
amplitude. It is easy to verify that this is the case. Using the elementary 
property 

Pa) — x) = z/sin ax (12.111) 


we see that 


in 2t/8 St tu 
Aciosed = sin Tt, Aopen — —| Aopen; = 12.112 
LAJA s, t, u) Ir 4 ipg (F7 ( ) 


where A3P°™(s, f) is given in (12.81). 


12.5 The superstring vertex operator 


In order to calculate scattering amplitudes for a superstring theory, it is 
obviously essential to construct vertex operators for three basic processes: 
(i) the emission of an on-shell bosonic state from a bosonic string; (ii) the 
emission of an on-shell bosonic state from a fermionic string; and (iii) the 
emission of an on-shell fermionic state from a bosonic string, changing it toa 
fermionic string. (The latter will then fix the emission of an on-shell 
fermionic state from a fermionic string, changing it to a bosonic string.) One 
might suspect that the first of these, involving only bosons and the bosonic 
string, would be covered by our earlier treatment in §12.2, and indeed it is 
true that we require the vertex operator V,(0), describing the emission of 
the bosonic state A from the point t = 0 on the edge of an open string, to 
have conformal dimension 


J=1. (12.113) 


However, in a superstring theory V,(0) is constrained by the Virasoro 
super-algebra; the rescalings (12.10) are now merely special cases of the 
world sheet super-reparametrizations that preserve the super-conformal 
gauge (8.28), (8.29). In the (open-) superstring theory we now require the 
existence of an operator W,(0) such that 


Va (0) = [G,, W(0)] = (12.114) 


for all re Z +4. We take the commutator [ , ]_ or anti-commutator 
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[ , ]s depending upon whether W,(0) is a world sheet bosonic or 
fermionic operator. 

Then it can be shown (Exercise 12.10) that V,(0) has the required 
conformal dimension J = 1 if and only if W,(0) has conformal dimension 
J = 4. We can verify this as follows. Take 


W,(0) = :exp(—ik.X(0)): (12.115) 


with X(z) having the usual (open-string) expansion, as in (12.27). Then 
using 
G,=- > DY un (12.116) 


neZ 


which is the open-string analogue of (8.76), we find 


[G,, W,(0)] = — V2k. p(0) ek *O); (12.1172) 
where 
1 ; 
y(t) = == bt emi" (12.117b) 
v2 re 2 1/2 


is the (Ns) world sheet fermion field. Now, the invariance of the superstring 
action (8.1) under the rescalings (12.10) requires that y“ (and Y“) acquire a 
factor of 47! under the rescaling, which is consistent with y having 
conformal dimension J = 3. Thus in this case V,(0) defined in (12.114) will 
have the required conformal dimension J = 1 if and only if the conformal 
dimension of W, in (12.115) is J = $. We have seen already, in (12.28), that 
the conformal dimension of W, is —k*/2, so we only get the required value 
for k? = —1, which corresponds to the tachyonic state that is removed by the 
GSO projection. 

The (undeleted) massless vector state |v; €, k) having momentum k and 
polarization vector e is given by 


|v; e, k) = — €,b%4/2|0; k}. (12.118) 
This suggests that to construct the vertex operator we take 

W, = — V2e.y(0) :e 1k XO; (12.119) 
which has J = 4, since k? = 0. Then 

V, = {G,, W,} (12.120) 


in which we take the anti-commutator of G, with W,,, since both are 
fermionic, has the required conformal dimension J = 1. This may also be 
readily verified by calculating V, explicitly, which gives 


V, = :[-€.d,X(0) — 2e. y(0)k. y(0)] e 1k XO: (12.121) 
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The general rule is that if W is a bosonic operator (on the world sheet), such 
as (12.115), involving an even number of ws, then V is constructed using the 
commutator with G,, as in (12.114). However, if W is a fermionic operator 
on the world sheet, such as (12.119), involving an odd number of ws then V is 
constructed using the anti-commutator with G,, as in (12.120). In fact we 
saw in §8.8 that the Gso projection deletes states involving an even number 
of ws in the Ns sector, so we will only ever need the anti-commutator 
(12.120) for physical processes in this sector. 

In the Ramond sector, describing space-time fermions, the bosonic 
emission vertex operators have essentially the same form as when emitted in 
the Neveu-Schwarz sector; a vertex operator is associated with emission at a 
specific point on the world sheet, and this should not be affected by the 
difference in boundary conditions which is the only distinction between the 
space-time bosonic (Ns) and the space-time fermionic (R) sectors. The 
formulae (12.114) relating V, to W, must have G, replaced by F,,, with 


P= > dh, Quen (12.122) 
neZ 


which is the open-string analogue of (8.78), and the upshot is that one simply 
uses the expansion (12.117b) of y“(r) in half-integral modes for emission 
from a bosonic (Ns) string or 


y(t) = = > Geom (12.123) 


nez 


for emission from a fermionic (R) string. 

The vertex operator (Vp) that describes fermion emission” from a 
bosonic string is altogether more complicated. It must change the incoming 
bosonic string into an outgoing fermionic string. In the R-Ns formulation 
that we are using this entails changing the boundary conditions of the y“ 
field. Thus V; must be associated with a cut on the world sheet with a 
branch point at the specific point where the emission occurs, and it is 
difficult, at first sight, to see how to construct such an operator from X“, y”. 
The trick is to bosonize the R-Ns fermions in pairs: 


YTI pe = eti Yn (12.124) 
and then construct the spin operators 

Džin = e™ Fm? (12.125) 
Then 

Oa = D4 12D412D212D212D 212 (12.126) 


has 32 (=2°) components and transforms as an SO(10) spinor 16 + 16 
representation, and creates the required cuts in all of the y“. However, 0, 
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has conformal dimension 3 and has to be augmented by a (ghost spin) 
operator >, 1/2 having dimension 2 in order to obtain the requisite J = 1. Itis 
beyond the scope of this book to give further details of this, and we refer the 
interested reader to the extensive literature on this topic. Suffice it to say 


that the vertex operator 
VY f= Soyer Oe EX (12.127) 


relates to the emission of a massless fermion of momentum k described by 
the spinor u“, and so 


T“k,u = 0 (12.128) 


with T“ the 10-dimensional gamma matrices. It is also true, but not obvious, 
that the appearance of the super-conformal ghost operator & 1/2 is compat- 
ible with the decoupling of these ghosts, as well as the time-like ghosts 
discussed in §8.6. 

The extension of all of these considerations to the closed superstring is 
straightforward, and very similar to that given in §12.2 for bosonic string. 
This is because the left- and right-moving components are essentially 
independent in the closed string, and each behaves very much like the open 
string. As in (12.88), the vertex operator factorizes into left- and right- 
moving pieces: 


Va = VaLVaR (12.129) 
and we require that the conformal dimensions satisfy 
JL =1=Jp. (12.130) 


Consider first the massless (ten-dimensional) graviton bosonic states (8.168) 
that survive the Gso projection with momentum k and polarization tensor 
€,,- Then the associated vertex operator is 


Vek) = €,,[3-XR + spp. YrI[O-XL T swik 5 Yı] e` ga (12.131) 
in which the right- and left-moving contributions are obtained by computing 
the anti-commutators of G, and G, with 
vie Aun, 
analogously to (12.121); ô+ are defined in (12.42c). 
The vertex operators for the other massless states in (8.166), (8.167) and 
(8.169) that survive the Gso projection are constructed similarly. Thus for 


the (ten-dimensional) gravitino fermionic states (8.166) having momentum 
k and vector spinor u, of definite chirality, the vertex operator is 


Vs, k) = EZER ORIO XE +Iytk.yrJe** (12.132) 


where 5È ⁄ is the right movers’conformal ghost operator, and ©} is defined 
as in (12.126) for the right-moving r-ns fermions. 
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12.6 Superstring scattering amplitudes 


As in the bosonic string we consider only tree scattering amplitudes. We 
start with the N-boson amplitude Ay. As before, we expect that the 
superstring amplitude has the form (12.43) 


An= am *(pilVa,(k2) AV, ,(k3) ed Vay_ (An - 1)|@n) (12.133) 


and that for suitably chosen vertex operators V4, and propagator A, this will 
possess the usual properties of unitarity and, in the case of open strings, 
cyclic symmetry. The propagator is determined, as before, from the Hamil- 
tonian. For the open string we have 


H= -3(p - M°) = Lo- a (12.134) 


where, in the bosonic (Ns) sector, Lois given by (8.93) and ang = 3, as given 
in (8.154). Thus we take the superstring propagator to be 


1 
A= (Ly —-3)7! | des ores, (12.135) 
0 


Then proceeding as in §12.3 it is easy to show that A y is given precisely as in 
(12.56) by 


N-1 


= dy; 
av= =| T] Deep, iVachas Dals) 
@ i23 7i 


X Va, (kw 1: Yn -1)1n).- (12.136) 


However, it is not possible to proceed as we did before to obtain the form 
(12.64) which facilitates the proof of cyclic symmetry. The problem is best 
illustrated by considering an N-tachyon amplitude, even though the Gso 
projection deletes this state. We see from (12.62) that the incoming tachyon 
state |0; k) is obtained from 


|0; k) = lim z“? "10, 0) = lim z?W(k, z)|0,0). (12.137) 


Then the analogue of (12.64) will involve N — 2 V-operators and two 
W-operators, rather than the N V-operators we had in the bosonic string; 
this derives from the conformal dimensions of the operator Wọ being 
—k?/2 = į rather than the J = 1 of the vertex operators Vy. For this reason 
the proof of cyclic symmetry is most readily given in a different ‘picture’ to 
the one we have discussed so far. It is beyond the scope of this book to give 
details of the alternative (F,) picture or its equivalence to the (F>) picture we 
have used hitherto. The interested reader is referred to other texts® for 
this. 
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The simplest amplitude is the three-point function A3. Since the tachyon 
state is deleted by the cso projection, the lowest-mass bosonic state is the 
massless vector state. The three-vector vertex” is 


A3 = gv; €, kı Vi e(k2)lv; E3, k3) 
= (0; kile i bi2V v e(k2)63. b 17210; k3). (12.138) 


Using the vertex (12.121), and exhibiting only the active modes in this 
amplitude, we find 


Vo elka) = [-62.p — &.b-1/2k2. b12 + ky. b-172€2. b172] eta.) (12.139) 
Thus, using the anti-commutation relations, we find 
A3 = g(€ . 6362. k3 — € . &63. ka + & koe). 63) = fgle . &63. (kı — k2) 

+ €z. €361 . (k2 — k3) + 63. €162. (k3 = k,)]. (12.140) 


Just like the (open-) bosonic string amplitude (12.74), this amplitude is Bose 
anti-symmetric, and survives only in a non-abelian theory. However, unlike 
in (12.74), there are no additional O(a’) terms; superstring theory delivers 
precisely the three-vector interaction vertex of the Yang-Mills Lagrangian. 

For the closed superstring, the analogous process is the three-graviton 
vertex. We leave it as an exercise to show that using the graviton emission 
vertex (12.131) we get 


A3= eget e” eS" (ky = ky)a + Mualke — k3)p + Nap(ks — k1)u] 

X [Novlki — k2)g + myplko — k3)o + Npolks — k1),I- (12.141) 
Thus if we write the open-string three-vector amplitude (12.140) as 

Agr” = geĵe3E5 V pualKi, k2, k3) (12.142) 
we see that the closed-string three-graviton amplitude (12.141) is given by 
A5 = gef eZ eS V pralki, ko» 2k3)VovpGka » 2k2, 3s). (12.143) 


This gives precisely the same three-graviton vertex as that implied by the 
Einstein—Hilbert action of general relativity: 


Lor = y -gR (12.144a) 
where 
8 = det(g,,,) (12.144) 


and & is the curvature scalar. In the weak-field limit, in which g,,,(x) is 
expanded about the flat metric 7,,,: 


Eux) = Nuw khu (x) 


Lor generates trilinear terms in the graviton field h,, which reproduce the 
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vertex (12.142) for on-shell gravitons (Exercise 12.14). This is one of the 
string theory ‘miracles’. Nothing like space-time reparametrization invar- 
iance was input into the string action, and yet it has emerged in the effective 
action. 

As before, the first non-trivial amplitudes are the four-point functions. 
For the open-string four-vector amplitude we need 


Ape | E E E E E mle ky (12.1454) 
ze 
where 
lu; €, k) = €.b_4,2|0; k (12.145b) 
and 


V, elk, z) = — :[i ze ð} X(z) + 2€.y(z)k. p(z)] e *® (12.145¢) 


with z = eÏ", as in the bosonic string. The existence of the fermionic modes, 
as well as the additional complication of the vector vertex, make this 
calculation considerably more involved than that for the four-tachyon 
amplitude that was carried out in §12.4. It is nevertheless straightforward 
and we merely outline the calculation. First we use the zero-mode contri- 
butions to the exp(—i kX) factors to write 


Ag = g?| dee 10; kı + kalba -e-ki + D E2. Ay, 


m#z0 


+ 2h. (Dea PO Wolke, Diles ks + > E3. QZ ” 


n#0 
+ 2ks. waa. V) Walks 2):€4.b_ 1/2/03 k3 + k4) (12.146a) 


where 


x 


Wk, z) = exp|- an zr) exp| > E z (12.146b) 


p=1 q=1 q 


and because the vector particles are massless 
s= (k, + kY = 2k. k2 
t = (ky + k3} = 2k2. ks 
u = (k3 + k,)? = 2k;3.k;. (12.146c) 


This splits into four pieces as follows. First, there is the contribution 
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proportional to the bosonic piece of both square brackets. This may be 
evaluated using the previous results in (12.78) and (12.80), as well as 


| > E2. Am, Wolk3, 2)|= O65: k37; z Wolks, z) (12.147a) 


tm>0 


Wolke, 1), > €3.4,Z a = €3. k27 z Wolke. 1) (12.147b) 


n<0 
E a z 
» E2. Ay, > €3.Q,Z | = — 6.6 0-7 (12.147c) 
m n<0 g 


Next there is the contribution proportional to the fermionic piece 
k2.%(1)e&2.Y(1) of the first bracket and the bosonic piece of the second 
bracket. The fermionic operators generate a factor €, . k2€2. €4 — €] . ko €4, 
and the remaining bosonic piece can be determined as above. Similarly the 
bosonic piece of the first bracket multiplied by the fermionic piece of the 
second generates a factor €.k3€3.€4— €;.€3k3.€,. Finally, there is the 
contribution proportional to the fermionic piece of both square brackets. 
This requires the evaluation of 


(Oley .bi2k2. per. pUks. Y(z)es. Y(z)e4. 120). (12.148) 
This too is straightforward (but tedious) and uses the contraction 


Oly“ Dy”) = — Ne q” (12.149) 


extensively. The final result is that 


=-3g SD {— a[sterz€oq + sue3€14 + tHe 12634] 
+ 3s[kyak32€24 + kz3ka1613 + kiskq€23 + Kaks1€14] 
+ 3t[karka3€31 + kz4kı2€24 + Koak13€34 + kzıka2€21] 
+ Sulky2k43€32 + kz4k21€14 + kyako3€s4 + k32k41612]}  (12.150a) 
where 
Ej = |. kj = &. kj. (12.150b) 


The calculation of the analogous process for the closed superstring, namely 
the four-graviton amplitude®®, proceeds similarly, and, as in (12.112), the 
final result is expressible in terms of the open-string four-vector amplitude 
(12.150). If we write the latter as 
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g T(—s/2)0(—t/2) a 


Agen = Td + u/2) €i AMEA ’ ky ’ k3 ’ k4) (12.151) 


then the required closed-string four-graviton amplitude is given by 
Agors m Cs, t, u) @ BP’ ey ef? V agy Gk oy bka > 5k; ’ 5k4) 

X Vagyo Gki, 3k2, 3k, Zka) (12.152a) 
where 


T(-s/8)(-t/8)T(—u/8) 
T( + s/8)T( + 1/8)1( + u/8) 


C(s,t,u)=—-2 (12.1525) 
As expected, both open- and closed-string amplitudes have no tachyon 
poles, and possess the poles from the massless and massive modes in the 
superstring spectrum. 

The only other amplitudes that we address are those (tree) processes in 
which bosons are emitted from a fermionic string. Thus there are two 
external fermion lines, and, if bosons are emitted, the required amplitude is 
given by® an expression analogous to (12.133): 


Az, n = 8 wi |W SWS ++» SWylyr) (12.153) 


where |w,) and |v) are physical fermion states. For the open string these 
satisfy 


Fly) = 0 m>0 (12.154) 


analogously to the closed-string constraint (8.104). Actually the constraint 
equations also require 


Foly) = 0 (12.155) 


since there is no normal-ordering ambiguity. Also, as in (8.111) and (8.115), 
we see that 


F? = Lo (12.156) 
so Fo plays the role of the Dirac operator, and 
S= F3! = RLg! (12.157) 


is then the analogue of the fermionic propagator that is needed in (12.153). 
The factors W; are precisely those discussed earlier in this section. So for 
vector emission we use the vertex operator given in (12.119), but now, since 
we are concerned with emission from a fermionic string, we use the Ramond 
sector expansion of 


y(t) = <3 > dit int, (12.158) 
nez 
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In the case of the open string the simplest example is the emission of a vector 
particle from the Ramond (spinor) ground state 

|0; au (k) (12.159) 


where a is the (summed) spinor index and u°(k) is a (massless) spinor. Then 
(suppressing the spinor indices) 


A2, = gu(k,)(0; ky |W,, e(k2)|0; k3)u(k3) 
= — gii(k,)(0; kı|ezdo|0; kz + k3)u(ks) 


Bah ia 
~ We i geSu(k,)y,u(ks) (12.160) 
where the last step follows because the operators 
y“ =i V2dk (12.161) 
satisfy the Clifford algebra 
{y",y"} = 2 (12.162) 


as in (8.124) and (8.125), and therefore are represented by Dirac matrices 
(also denoted by y“) acting on the spinor indices. We note that this is 
precisely the gaugino vertex contained in the (non-abelian) vector superfield 
Lagrangian (3.138). 

The analogous process for the closed string is graviton emission from a 
gravitino (ground) state. For example we consider the gravitino state of 
momentum & described by the vector spinor u” which is constructed from 
the right-moving Neveu-Schwarz ground state and the left-moving Ramond 
ground state: 


lg; u“, k} = — b£ 40; k)R|0; Kirau alk) (12.163a) 
Y’kpuu(k) = 0 = k“u,(k) (12.163b) 


The required graviton vertex operator is then constructed using the bosonic 
right-moving prescription tensored with the fermionic left-moving recipe: 


eld, XRCO) + WRK. YR] PLO) e7, (12.164) 
The amplitude for graviton emission from a gravitino then factorizes to give 
A21 = 8€2p0 RO; ki b42:[0-X R(0) + JW RCO) ka. PR(O)|D* 17210; ka + Ks) 
X y(ky) 10; ky! 7(O)!0; ko + ks), uz (ks) 
= 1gerpol =N" (k2 + k3)? + “PKS — °K Sit, (ky yg (ks ) 
= £8019" (ki — kz)? + "(ky — ki} + "(ks — ka)“ 
x (kı) u; (k3). (12.165) 
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We leave it as an exercise to verify that this is precisely the interaction vertex 
that arises in the supergravity Lagrangian discussed in Chapter 4. 


12.7 A review of further developments 


It is beyond the scope of a book at this level to take the development of string 
theory much further. In particular we shall not construct the vertex opera- 
tors or scattering amplitudes for the ten-dimensional heterotic string theory 
that was described in Chapter 9. We trust that a conscientious reader who 
has followed the developments thus far should have little difficulty in sewing 
together the bosonic string vertex operators, appropriate to the left-moving 
modes of the heterotic string, and the superstring vertex operators, appro- 
priate to the right movers. It is, though, perhaps of some interest to 
comment on how calculations are performed in the potentially realistic 
cases, such as when the ten-dimensional heterotic string is compactified to 
four dimensions on an orbifold, as discussed in Chapter 10, or when a four- 
dimensional heterotic string theory is constructed directly, as discussed in 
Chapter 11. 

The purpose of all of these calculations is to determine the effective 
supergravity (grand unified?) theory that emerges at the string scale, and 
then to use the renormalization group techniques discussed in Chapter 6 to 
confront the low-energy (TeV scale) experimental data. We have seen in 
Chapter 5 that in general a supergravity theory involving chiral and vector 
superfields is characterized by the superpotential W(®;), the Kahler poten- 
tial G(q;*, pi), and the gauge kinetic function f,,(®,); as before, ®; denotes 
the chiral superfields, and œ; their scalar-field components. The most 
immediately accessible of these is the superpotential W. Its form determines 
the (renormalizable and non-renormalizable) point interactions of the 
fields, so the calculation of these interactions enables one to infer W. 

We start with the orbifold compactifications discussed in Chapter 10. 
Physical states arise in both the untwisted sector (U) as well as twisted sectors 
(T) and the allowed couplings are constrained by the requirement of point 
group, or more generally space group, invariance. Suppose we consider a 
trilinear (Yukawa) coupling of three twisted-sector states. Each is associ- 
ated with the string centre-of-mass coordinates at a fixed point (f) of the 
orbifold satisfying 


(6, Df=oftl=f (12.166) 


where 0 is a point group element and / a lattice vector. Since f is only 
defined up to a lattice vector (A) 


f~fra (12.167) 
the lattice vector / associated with f is only defined up to (1 — 6)A: 
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I~1+(1-)A. (12.168) 


Let us denote the space group elements associated with the three fixed 
points by (6;, l) (i = 1, 2,3). Then point group invariance requires 


6,603 =I (12.169) 


the identity element of the point group. Thus there is no constraint on UUU 
couplings from point group invariance and TUU couplings are always forbid- 
den. For the Z, orbifold the only (left chiral) twisted-sector states T are in the 
0 = w sector, so TTU couplings are also forbidden. The allowed TTT couplings 
are further constrained by space group invariance. We require that 


(81, l )(82, l2)(83, 45) ~ (Z, 0) (12.170) 
using the equivalences (12.168) for each i. It is easy to see that this entails 
L+bh+h~0. (12.171) 


In the case of the Z; orbifold the associated lattice vectors (/;) are given in 
(10.35) and space group invariance requires the indices p‘ to satisfy 


pS? +p? + pS =0 (mod 3). (12.172) 


There remains the problem of calculating the non-zero couplings that are 
allowed by space group invariance. The simplest case is when all states are 
untwisted; these correspond to states that are already present in the Hilbert 
space before the orbifold construction, i.e. states from strictly periodic 
loops. In this case the construction of the vertex operator is a straight- 
forward application of (12.129) but now only Vap is a superstring vertex 
operator; V41 is built using the bosonic string results of §12.2. The Yukawa 
couplings can then be calculated, for example, by evaluating the matrix 
element of the vertex operator for the emission of an (untwisted) boson 
between two (untwisted) fermionic states. In fact this prescription works 
also for the Tru Yukawa couplings, when they exist. The two external 
fermionic states are taken to be the twisted-sector fermions, and the vertex 
operator for the emission of the untwisted bosonic state is evaluated using 
the expansions of X(z, Z), Wp(z) appropriate to the twisted sector to which 
the incoming fermion belongs. (Point group invariance requires that the 
outgoing fermion belongs to the same twisted sector.) In this case it is clear 
that the coupling is independent of the particular fixed point associated with 
the twisted-sector states. Because of this the Tru and uuu Yukawa couplings 
have a universal strength and there is no chance of obtaining a hierarchy of 
Yukawa coupling strengths. Such a hierarchy is desirable phenomenologi- 
cally, since when the electroweak symmetry breaking occurs it will convert 
into a hierarchy of fermion masses, thereby explaining the huge disparities 
observed in the quark and lepton mass spectrum. (It was for this reason that 
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in $6.3 as a first approximation we ignored all Yukawa couplings except the 
coupling of the top quark to the electroweak Higgs.) 

The evaluation of the TTT couplings, in which all three states belong to 
twisted sectors, is more subtle and the outcome has more chance of 
phenomenological success. This is because the strength of the coupling does 
now depend upon the fixed points associated with each twisted state. We 
shall not give much detail, but we shall endeavour to explain how the fixed- 
point dependence enters. 

We consider a Zy point group with elements 6” (r=0,1,...,N— 1) 
satisfying 


erat. (12.173) 

As before the twisted-sector states are associated with fixed points f 
satisfying 

1-6) f+Ayqal (12.174) 


where /, A are lattice vectors. The twisted-sector ground states are created by 
‘twist fields’ ogr p(z, Z) analogous to the spin field introduced in §12.5: 


oar p(z, 2)|0) = [00r p). (12.175) 


The required Yukawa coupling acquires its dependence on the fixed points 
via the three-point correlation function 


Z= Olor f (Za Ža)00!, fy (Zp; Žp )Oo” f. (Zc, 2,)|0) (12.176a) 
where 
k+il+m=0 (mod N) (12.176b) 


is necessary to satisfy point group invariance (12.169) and the lattice vectors 
lab, defined in (12.174), must satisfy (12.171). The correlation function 
may be calculated using the path integral method mentioned in §7.9, in 
which we perform a functional integral over the string coordinate fields 
X'(z, 2). To do this we split X‘(z, Z) into a classical piece (X,,) with quantum 
excitations (X,): 


X'(z, 3) = X4(z, 2) + X} (z, 2) (12.177) 
where only the classical piece feels the lattice shift when taken around the 
twist field og -. The action S is given by 

S= = | d?z (3, X ðX + 0;X d,X) (12.178) 


where X*, ¥®* are three complex coordinates (in which the twist acts 
diagonally, as in (10.27), for example). Since S is quadratic the required 
correlation function Z factorizes into a quantum and classical part 
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Z=Z,) es (12.179) 


Xa 


and the fixed-point dependence enters via Sa. To see how, consider a loop € 
enclosing the two twist fields at z4, z, with net zero twist. Thus if p and q are 
the smallest integers such that 


pk = ql, (12.180) 


% encircles z, p times in an anti-clockwise sense and z, / times in a clock- 
wise sense. Then the shift in X,, around this closed path is 


AX = dz Xo + f dž ðX a (12.181) 
€ 


€ 


and this is required to be the lattice vector v arising in the product of the 
space group elements 


(6%, la)P(0', 1) 4 = [0"*, (1 = OPE) fa + 2a)] 

x (07%, (1 — O77) (f, + 2e)] = (1, v) (12.1822) 
where 

v= (1 — 0PX fi- fp + A) (12.182b) 


is related to the difference between the fixed points. This determines the 
overall normalization of 0,X, (or 0;X4), and hence the value of Sa, 
the required correlation function, and the Yukawa coupling. Because of 
the exponential suppression there is the possibility that for suitable values of 
the scale factors (moduli) of the orbifold and the other (angular) defor- 
mation parameters we can achieve the required hierarchy of Yukawa 
couplings at the string scale needed to generate the observed hierarchy of 
fermion masses. Recent work‘! suggests that a reasonable fit to the 
physical fermion masses is feasible for some orbifold models. However, the 
Yukawa couplings also determine the mixing of the electroweak eigenstates 
to form the mass eigenstates. This is encoded in the Cabibbo—Kobayashi- 
Maskawa matrix, and there is no possibility of fitting its parameters, at least 
at the renormalizable level. 

In fact, the calculation of the interaction terms in the Lagrangian (or the 
superpotential W(®;)) is not sufficient to determine the coupling strength of 
the physical fields because, until the Kahler potential G(g, v7) is known, we 
do not know that the string states have canonical kinetic terms; diagonaliz- 
ing and normalizing these could enhance or weaken any hierarchy emerging 
from the superpotential. The derivation of the Kahler potential from string 
amplitudes can be done, at least for untwisted moduli fields (U,). The 
upshot is that the quantity 
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2 

Gia 2G | (12.183) 
dg; OG! 

defined in (5.40), which multiplies the kinetic term D,,g; D“ọ” in (5.38), has 

the generic form 


3 
Gj~ ô; | | G+ Da” (12.184) 


a=] 


with the ‘modular weights’ p,; fractional numbers typically in the range 
(—1, 5). Thus there is a power law hierarchy as well as the exponential 
hierarchy already discussed. 

We saw in Chapter 3 that the convergence of the gauge coupling constants 
in the supersymmetric standard model provides the best (circumstantial) 
evidence so far for supersymmetry and grand unification. String theory also 
requires the gauge coupling constants to have a common value"), so one 
might also construe the above convergence as evidence for string theory. 
However, the unification scale from the string is at 10!8 GeV, significantly 
higher than the energy scale (10'° GeV) at which the coupling constants are 
‘observed’ to converge. So the convergence is also the best evidence against 
string theory. It may be that there is additional so-far-unobserved matter, 
beyond the reach of current accelerators, but lighter than the unification 
scale. This matter would affect the running of the coupling constants and 
could delay the unification. There are certainly models in which this 
occurs“!”), Alternatively, it may be that the massive string modes generate 
threshold corrections that have the same effect, although this has not so far 
been achieved in model orbifold calculations“. At any rate, the aesthetic 
and theoretical arguments for string theory, that it is the only known theory 
that can provide a consistent quantum theory of all of the interactions 
observed in nature, remain compelling. The ‘evidence’ against it is recog- 
nized as a problem, but it is not (yet?) regarded as fatal. 

The fact that the gauge coupling constants unify at the string scale is not 
necessarily evidence of non-abelian unification. However, the fact that the 
known matter is organized into (three complete generations of) a few 
representations (5, 10, 1) of SU(5) or a single representation (16) of SO(10) 
certainly points towards a grand unification group that contains something 
like these groups. If we assume, as we shall, that this (supergravity) GUT 
originates in the string theory, then the possible models are constrained by a 
(fairly) general theorem that excludes the existence of matter in the adjoint 
or higher representations“). This means that the minimal SU(5) theory, 
which we discussed in Chapter 6, cannot emerge from string theory; the 
adjoint scalar multiplet 2, introduced in (6.16) in order to break the SU(5), 
does not occur. The allowed matter representations are 5, 10, 1 and their 
conjugates. Thus we require a GuT with electroweak and cut Higgs particles 
in one or more of these representations. The flipped SU(5) x U(1) model is 
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then a prime candidate in this context, and realistic models have been 
constructed using the direct construction discussed in Chapter 11, in which 
all degrees of freedom other than these relating to the four-dimensional 
space-time are fermionized“'>. The model is called ‘flipped’ because, 
compared with the ordinary (minimal) SU(5), lepton and quark flavour 
assignments to the representations are interchanged (or flipped). Thus the 
assignments are now 


5: L, ue (12.1854) 
10: Q, d‘, v° (12.1855) 
1: e° (12.185c) 


where L, Q denote the (left chiral) lepton and quark doublets, and u°, d°, v°, 
e° the corresponding singlets. Although the SU(3), and SU(2), gauge 
groups are (still) embedded in SU(5), the U(1),., is not, as is immediately 
apparent from the assignment of e° to a singlet representation. This is why 
the GuT must be enlarged to SU(5) x U(1). The appearance of the electro- 
weak singlet v, in the 10 also indicates that the SU(5) can be broken using 
this representation for the cur scalars, rather than the adjoint (24) scalars of 
the minimal SU(5). It is also natural that besides the (three generations of) 
chiral matter there is additional ‘vector-like’ matter, in this case in5 + 5 and 
10 + 10 representations, besides the Higgs scalars required to ensure the 
spontaneous breaking of the Gut and electroweak symmetry breaking. This 
additional matter removed the gap between the ‘observed’ unification scale 
of 10'° GeV and the string unification scale of 10'* GeV, as discussed earlier. 

As already mentioned, any specific string model generates a unique 
supergravity theory that can in principle be compared with experiment. In 
practice, though, it is necessary to make additional assumptions. For 
example, besides the ‘observable’ sector of the theory, which houses the GuT 
that we have been discussing, there is a ‘hidden’ sector, with respect to 
whose gauge group all observable matter is a singlet representation. The 
hidden-sector gauge couplings are assumed to become large at an intermedi- 
ate scale and trigger supersymmetry breaking via hierarchically small, soft, 
supersymmetry-breaking parameters. In principle what happens is fully 
determined, but in practice these non-perturbative effects are not really 
calculable, and we have to supplement the model with assumptions about 
the precise nature of the soft supersymmetry-breaking parameters. Even so, 
the number of parameters is considerably less than the 20 or so of the 
minimal SU(5) supergravity GUT discussed earlier. Such models are at the 
level of making falsifiable predictions’® for the particle and sparticle 
spectra, which should be tested soon at the Tevatron and LEP 200. This 
interplay between string-inspired models and experimental data is the only 
method currently available for determining which particular string theory 
really is the ‘theory of everything’. 
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Exercises 


12.1 Check that the operators L,, in (12.18) obey the Virasoro algebra 
(7.96) without the central extension. 


12.2 Verify (12.26) for n + 0. Hence show that ô, X has conformal dimen- 
sion J = 1. 


12.3 Show that :exp(—-ik.X(z)): has conformal dimension J = —3k 
directly from (12.21). 


12.4 Verify (12.62). 
12.5 Calculate the open-bosonic-string vector—-vector-tachyon vertex. 


12.6 Show that the O(k°) term in the three-vector vertex (12.74) would 
arise from an effective Lagrangian tr(F,,”F,°F,“). 


12.7 Calculate the closed-bosonic-string graviton—graviton—tachyon ver- 
tex. 


12.8 Calculate the closed-bosonic-string three-graviton vertex. 
12.9 Verify (12.112). 


12.10 Show that if the superstring vertex operators V,, W4 are related as 
in (12.114) then V, has conformal dimension J = 1 if and only if W, has 
conformal dimension J = 4, 


12.11 Show that the invariance of the superstring action (8.1) under the 
rescalings (12.10) requires that y“ acquires a factor 471% under the rescal- 
ing. 


12.12 Show that if the open-string state |v; e, k) is a physical state, obeying 
Giply) = Othen e.k = 0. 


12.13 Show that the closed-superstring three-graviton vertex is given by 
(12.141), and verify (12.143). 


12.14 Show that the (Einstein—-Hilbert) action (12.144) generates the 
three-graviton vertex given in (12.141). 


12.15 Verify (12.147) and (12.149). 


12.16 Calculate the gravitino—gravitino—graviton vertex deriving from the 
supergravity action (4.65). 
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APPENDIX A 


WEYL SPINOR FIERZ IDENTITIES 


We summarize here the complete set of Fierz identities for Weyl spinors. 
They may all be derived from the matrix identities (1.85) and (1.88), which 
in an obvious notation may be written as 


1x1=}0“85, (A1) 
or 

1x 1=4[181 - 0” 8 Tn]. (A2) 
Then besides the immediate identities (1.87) and (1.89): 
(OPN) = — ONP) — (00n) (YOu) (A3) 
(6g) (Zi) = — 3(80"N) (ZG, P) (A4) 
we have 
(6g) (xo"'D) = ~ 3[(40" (xq) + 2(60,7)(yo"” p) (A5) 
(8g) (ZE"n) = — iin) p) — 200” n)(FG,¢)) (A6) 
(60"G)(yo") = — 3[(80"i)(xo" p) + (60"7)(xo" P) 

— "(8079 )(LO,G) — i” (00,7) (40; F)] (A7) 
(60"G)(ZO"n) = — 3[n” (OnE) + U00” n) (ZF) 

= Un)" G) — 400” n\ FE" p) (A8) 
(Og)(xo""n) = — Anxo p) + (00n) xe) 

= (40"n)(x0;"9) + (00""'n)(xo;"@)) (A9) 
(OPZET) = —3[(80" TXT p) — (00 TZE" p) 

+ i e” A(O 1X0 p)] (A10) 


(00 "pxo T) = in OTe) — n” Oo Tae) 

+ i (00 TAZP)] + COo Top) 

— (Ba “TAx” p) + i eP (00 xo} p) (A11) 
(80 pA(ZT N) = — 4l t (On) (ZT" P) — n°" (ONZE p) 

+ i e(O) ZTP) — i00 nT" p) 

— (0) (Z"q) + i eP (004 nZ P) (A12) 
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(00 PZT T) = -Eiin — nn” (00° 7) RE) 
+ n“ (00n (ZE p) + yn (00n) ZT p) 
— n” (00 “nZ p) — ”"(0*n)(Z5"9) 
+ n” (00 “n (ZE p) + n” (80%) (ZTP) 
— n (0o n (ZE) — n” (00n) ZTP) 
+ i e” P(0o n) (ZE p) — i e7? (00n) Z5" P) 
= i e“°(80"n) (ZTP) + ie”? (Bon) (ZG, p)]. (A13) 


We leave the verification of these as an exercise in which the following 
identities may also prove useful: 


oot =- iint” -y”o“ + i ea] (A14) 
ato = biT -yT + iea] (A15) 
gg"? Se tin”"n z y*n” +i elves 


+ (eno + nak — nto" — nohy]. (A16) 
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CYCLIC SYMMETRY OF THE OPEN-STRING 
SCATTERING AMPLITUDE 


The proof of this requires the use of the residual conformal invariance that 
preserves the conformal gauge choice made in (7.13), (7.14). This residual 
symmetry is in fact SL(2,R): the group of 2 x 2 real matrices of unit 
determinant. It is the group of all (1, 1) analytic mappings z— z’ of the 
upper half complex plane into itself: 


,_az+b 


Taan T (Bla) 
with 

a,b,c,d real 

ad —bc=1. (B1b) 


Such mappings are called ‘Möbius transformations’. 

It is easy to see that this symmetry is a (finite-dimensional) subalgebra, 
generated by L4, Lo, L-1, of the infinite-dimensional Virasoro algebra. The 
generator L,, is associated with the infinitesimal transformation 


z=z' =z- et (B2) 


as given in (12.16). Thus the finite operator e*“» generates the transform- 
ation obeying 


E =—2"t! (B3a) 
with 

z(0) =z 2A) =z". (B3b) 
Hence 

Whze ti = z' = ; =~ (B4a) 

eĉloz e440 = z’ = e?z (B4b) 

ekaze ™ isz =z (B4c) 


and we see that the general transformation is given by (B1a). The restriction 
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ad — bc = 1 is convenient, since there are only three independent para- 
meters. 

The zero-momentum state |0; 0) which appears in (12.59) (uniquely) has 
the property that it is annihilated by all three generators of the SL(2, R) 
algebra 


L,/0, 0) =0 i=0,+1 (B5) 


with L; given in (12.24). We leave it as an exercise to verify this statement, 
but note in passing that, since it is annihilated by Lo, and not by Ly — a, |0; 0) 
is not a physical state. We note also that the SL(2, R) subalgebra generated 
by L; (i = +1, 0) is unaffected by the central extension term in (7.96), so 


[L,, L-1] = 2Lo (B6) 


just as for the classical algebra. 
To prove the cyclic property we consider a general SL(2, R) transform- 
ation 


A(T) = exp(A_,L_, + AgLo + AL, J (B7) 
Then it follows from (B5) that the state |0; 0) satisfies 
A(T)|0; 0) = |0; 0). (B8) 


Also, the transformation A(T) generates the conformal transformation 
(B1), as we have seen, and since the vertex operators V,(k, y) that appear in 
(12.64) have conformal dimension J = 1, as we argued after (12.13), it 
follows from (12.19) that 


A(T] Va, J 2] AT) = Valk, y) E = vaky) Z. (B9) 


Thus each of the factors V,(k;, y;) dy,;/y; (i= 3, ..., N — 1) appearing in 
(12.64) can be replaced by the SL(2, R)-transformed factor, if we choose. 
Further, it is easy to see that the transformation (B1) preserves the order of 
the events (12.55) on the boundary of the world sheet. 

This would be sufficient to demonstrate the invariance of the integral in 
(12.64) if we were integrating over all of the variables y; (i = 1,2, ..., N), 
whereas in actuality yy = 0, yə = 1 and y; — are fixed. If we were to allow 
integrations over all of the y,, including i= 1,2, N, this would overcount 
because we would be including configurations that can be mapped into each 
other by the use of the Möbius transformations given in (B1). In fact the 
overcounting would be by an infinite amount, equal to the volume of the 
non-compact group. 

This is analogous to the problem encountered when quantizing gauge 
theories using the path integral technique, as discussed in Bailin and 
Love"), Chapter 10, for example. The naive first guess is to perform a 
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functional integral over all gauge configurations A “(x), including those that 
are gauge transformations of each other. Then because the Yang-Mills 
Lagrangian is gauge invariant, the integrand is constant over the infinite 
surface in gauge field space obtained from a given A %(x) by applying all 
possible gauge transformations. 

Similarly, in the present case integrating over all of the y, overcounts each 
inequivalent set of y; by the volume of SL(2, R). As explained in $10.4 of 
Bailin and Love", the correct procedure is to impose delta-function 
constraints on three of the integration parameters 


Yi = Yio (@=1,2,N) (B10) 


and to include in the integrand the Fadeev-Popov determinant arising from 
the (infinitesimal) SL(2, R) transformations (B4) 


Yio Yio = Yi — (4-1 + Aoyio + ArYi0)- (B11) 
The required determinant is then the Jacobian 


Par 1 ywo Yio 
de Zio) = 1 yoo yo (i=1,2,N;j=-—1,0,1) 
i 1 Yno Yo 
= (¥10 — Y20)(¥20 — Yno)(Yno — Y10) 
> — Yio as Vig ©, Y2 = 1, Yno = 9 (B12) 


and this is precisely what is required to convert the factor ( yio Y2Yno) ` 
associated with V,,, Va, and Va, into yio yno as appears in (12.64) when k; 
and ky are tachyons. Thus the amplitude (12.64) is invariant under the 
(Möbius) transformations, and can be written in the more symmetric form 


N N 
2 dy; i 
Ay = g^ il {| i [| Ay; - De y)O( Ya — Yao OC Yo — Yoo OC Ve — Yeo) 


$ 


fai! j=2 

X (Ya — YoYo — Yo Ye — Ya X0; O| Volk, ¥1) VolKes y2) 

x Vo(kn, yn )[0; 0) (B13) 
and we previously selected (a, b, c = 1,2, N) with the fixed values 

(y10> Y20; Yno) = (®, 1, 0). (B14) 


We now use this invariance to demonstrate the cyclic invariance of the 
amplitude (12.64). For simplicity we consider only the case when all N 
particles are tachyons. The general Möbius transformation preserves the 
cyclic order of the coordinates y;. In fact, since 


dy’ -2 
== +d B15 
apn eta) (B15) 
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the transformation preserves the actual order of those events for which 
cy; + d > 0, and the actual order of those with cy; + d < 0. The cyclic aspect 
operates when we have coordinates of both types. We consider just such a 
transformation so that points y; satisfying 


INT IN Si SIN 52 OO Saye yı (B16) 
are mapped into y; satisfying 
Yn-1<Yn-25°°*<ya<yi SYN (B17) 


for example. To verify the cyclic property we need to be able to commute the 
vertex factor Vo(ky, yn) past the preceding vertex factors so that the 
resulting expression is just the cyclic permutation applied to (B13). In fact 
commuting Vo(ky, yy) past all of the preceding vertex operators gives an 
overall factor of unity. To see this we note that commuting Vo(ky, yN) past 
any one of the tachyon vertex operators gives a phase factor 


Volkis yi)Volkw YN) = Volkw. YN) Volki, yi) eX. (B18) 
This may be proved by using 


e^ eP = e? e^ el^ B] (B19) 
when [A, B] is a c-number. In our case the required commutator is 
[i ki X(yi), i kn. X(yn)] = tk; ky (B20) 


since y;< yy. Then taking Vo(ky, yn) past all of the Vo(k;, y;) gives an 
overall phase factor 
N-1 
exp ky . ` k Se nat: (B21) 
i=l 


Thus the SL(2, R) invariance allows us to prove that the amplitude (B13) 
is equal to a similar expression in which the cyclic transformation (12.57) has 
been applied. 
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COHERENT STATE METHODS 


In order to evaluate quantities such as (12.78), it suffices to consider a single 
oscillator mode with annihilation operator œ and creation operator a 
satisfying 


[a, a7] =1, (C1) 


This is because different modes commute, and we can always normalize the 
operators so that (C1) is satisfied. In order to establish (12.79), therefore, we 
need only consider operators A, B with 


A=aa' + aa (C2a) 

B = bia’ + bza. (C2b) 
Then 

ref: = en” eht (C3a) 

seP: = ehi" eh” (C3b) 
and 

(0|:e4::eP:]0) = (Ole%2* e?:*'|0). (C4) 
The ‘coherent’ state |b,) is defined by 

pyser Y Eh (C5a) 

om, V”! 

where 

In) = (a")"0) (C56) 
is the standard (normalized) number operator eigenstate satisfying 

Nin) = nin) (C6a) 
with 

N=a'a (C6b) 
and 


(min) = Omn- (C6c) 
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So the right-hand side of (C4) is the scalar product of two coherent states 
az”bi 


(albi) = X 72 (min) = e", = e0480, (C7) 


Thus we have shown that 
(O}:e4::e8:|0) = e1480 (C8) 
which is (12.79). 


This may be generalized to 
(O|:efi:efz: + +» re4:|0) = exp Y (014,40) (C9) 


which arises when we calculate the N-tachyon scattering amplitude, using 
(12.64) for example. Using (12.80) we see that the contribution of the non- 
zero modes to the integrand is 


H (1 — yy h. (C10) 
i<j 


The contribution from the zero-mode pieces is easily determined using 
(12.61). We get 


(0; Ol Zofka ¥s)Za(Ra» 32) = + Zolhns¥n)!050=(T] z] JT x“) (Ct 
i i<j 
so the integrand of (12.64) is 
(0; 0 | | Volks, y)/ydl0;0) = | | O- yE“: (C12) 
i i<j 


Using the symmetric form (B13) of (12.64) established in Appendix B we see 
that the N-tachyon scattering amplitude is given by 


An= gy *| |] dy; pi Ay; -17 y)0(Va — yao )O( Ye — Yoo )O(Ye — Yeo) 


i=1 j=2 
X (Ya — Ye) ¥e — Vee — Ya) |] (Yi — Ym) km (C13) 


k<l 


which is the Koba—Nielsen formula™, 
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CLOSED-STRING INTEGRALS 


The integral (12.109), which is required in order to evaluate the four- 
tachyon amplitude in the closed-bosonic-string theory, is a special case of 
the more general integral 


d?z a Ban m 
Ka, n; B, m) = |< laleli — 2|2"(1 — 2) (D1) 
which is convergent for 


Re(a+B+m+n+2)<0 
Re(atn+2)>0 


Re(B+m+2)>0. (D2) 
We substitute an integral representation of |z|“ 
1 fis 2 
Oi d ~a/2-—1 ,-s|z|? D 
|z T e (D3) 


which follows from the standard definition of the I function 


r(p)= [ duu? her? (D4) 
0 


by changing the integration variable to u = s|z|?. Similarly for |1 — z|’. Then 


1 a ~al Stoll 4, -62-1 
I = ——]) d dtt 
D), i 


2 
x exe = 2)” ee Raat (D5) 
x 
Next we do the z-integral. This is easily done using the generating integral 
2 
JA, u) = [= exp[—s|z|? — t1 — z|? + Az + u(1 — 2)]. (D6) 


This integral separates into standard (Gaussian) integrals when Cartesian 
coordinates are used for z= x + i y. Then 


(D7) 


1 Àt + us — st 
IA m) = exp") 
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so the z-integral in (D5) is obtained by differentiating with respect to A, u: 
rg 


Gry esis + D, (D8) 


dz Z(1 — z)” e7? -A -2 = 
a 


Of course this result follows only when n,m are integral, but we can 
continue to the case when they are non-integral. Next we change integration 
variables to u and x where 


st 


u= PERT (D9a) 
es ae (D9b) 
st+t 
The domain of integration is 
0<u<o 0<x<1, (D10) 
Then the required integral (D5) is“ 
1 1 æ 
I= dx xt t #274 — xy" +82 | guu” 82-2 ene 
Terror) ile can aeu : 
_T(+n+ aT + m + pRa - 62-1) rate 


T'(—al2)I(—B/DT (2 + m+n + al2 + B/2) 
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